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The martingale limit theory is the core content of stochastic processes and higher probability theory, characterized
by martingale, upper martingale, lower martingale, Doob convergence theorem, Robbins-Siegmund lemma, and
martingale inequalities, to describe the asymptotic convergence law of stochastic iterative sequences. The processes
of stochastic optimization, temporal iterative learning, swarm intelligence search, and reinforcement learning
temporal decision-making in artificial intelligence (AI) are essentially random recursive sequences with noise.
traditional laws of large numbers and central limit theorems are difficult to fully characterize their convergence, while
martingale limit theory can provide rigorous proofs and error bounds estimates for almost surely convergence and
probabilistic convergence. This paper summarizes the core theorem system of martingale limit theory, systematically
claborates on its application principles in stochastic gradient descent (SGD) optimization, swarm intelligence
algorithms, reinforcement learning, large model context learning, and trustworthy Al uncertainty measurement. It
analyses the supporting role of martingale theory in the convergence proofs, variance control, and theoretical
interpretability of Al algorithms, and looks forward to the research trend of the integration of martingale limit theory

and general Al.
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Introduction

As artificial intelligence (AI) moves from empirical tuning to theoretical modeling, mathematical proofs of
algorithm convergence, stability, and generalization have become research hotspots. Deep learning,
reinforcement learning, swarm intelligence optimization and other algorithms all belong to the random iterative
recursive process: each iteration introduces batch sampling noise, environmental random disturbances, gradient
estimation errors, forming a series of random sequences that rely on historical information. The law of large
numbers in classical probability theory only applies to independent and identically distributed samples, and
cannot describe random processes with correlation between previous and subsequent iterations. However,
martingale limit theory precisely establishes limit criteria for dependent random sequences that are suitable for
information flow, becoming a high-order mathematical tool for analysing Al random iteration algorithms (Zhou,
2016; Gu, Cheng, & Wang, 2024).

Martingale was originally used to describe the stochastic processes of fair games, and after the systematic
establishment of the martingale convergence theorem by Doob, it gradually became the theoretical basis for
stochastic approximation and optimization. In modern machine learning, convergence proofs for models, such as
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stochastic gradient descent (SGD), Adam optimizer, temporal differential (TD) learning, genetic algorithm, grey
wolf optimization algorithm, and contextual learning are almost all based on martingale limit theory as the core
proof framework. Compared to basic probability theory, martingale theory can answer key questions, such as
whether random iterations can converge, how fast they converge, how errors are bounded, and how oscillations
are suppressed. It is a bridge that connects Al engineering practice with mathematical theory. Therefore, studying
the applications of martingale limit theory in Al has important theoretical value for understanding the underlying
logic of Al algorithms, improving optimizer design and building a trustworthy Al system.

The Basic System of Martingale Limit Theory

The martingale limit theory is based on filter spaces, conditional expectations, and random sequences. The
core concepts and theorems are as follows (Yan, 1998; Borkar, 2008).

Martingale, Upper Martingale, and Lower Martingale

Let (Q, F, {F,}, P) is a probability space with filter, and the random sequence {X,} satisfies:

Martingale: E[X,+1| F,]= X. , expectations remain unchanged, martingale corresponds to fair stochastic
processes;

Supermartingale: E[X,+1| F,]<X,, expectations decrease overall;

Submartingling: E[X,+1| F] =X, , expectations increase overall.

The iterative sequence of the loss function in deep learning is essentially a nonnegative supermartingale:
after each step of random gradient update, the loss conditional expectation shows an overall downward trend,
accompanied by random oscillations.

Core Limit Theorems

Doob martingale convergence theorem. A non-negative supermartingale with a lower bound almost surely
converges to a finite random variable. This theorem serves as the cornerstone for proving the convergence of
SGD, indicating that as long as the loss function has a lower bound, the random iterations will eventually
converge to a stable value.

Robbins-Siegmund lemma (near-supermartingale convergence lemma). It relaxes the strict
supermartingale condition and allows small noise perturbations in the iterative process. As long as the sum of the
perturbation terms converges, the sequence still converges almost surely. It is the most commonly used
martingale tool in modern stochastic optimization.

Martingale inequalities. Martingale inequalities including Azuma’s inequality, Burkholder’s inequality,
and Freedman’s inequality, which are used to provide upper bounds on the high-probability error of stochastic
gradients and control the variance of iterations.

Central limit theorem for martingales. The standardized martingale difference partial sums and its
asymptotically follow a normal distribution, which can be utilized to estimate the convergence rate and
asymptotic error of algorithms.

Doob Decomposition Theorem

Any submartingale can be decomposed into the sum of a martingale process and a predictable increasing
drift process. In Al optimization, the iterative sequence can be decomposed into a deterministic gradient descent
term and a random noise martingale term, achieving the separation of trend and perturbation, which facilitates

error analysis.
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Applications of Martingale Limit Theory in Various Fields of AI

Applications in Deep Learning Stochastic Optimization Algorithms

SGD is the core algorithm in deep learning training.

Proof of SGD convergence. Traditional probability theory cannot accomplish this proof, and martingale
limit theory is the only rigorous mathematical tool.

Theoretical analysis of momentum method and Adam optimizer. Momentum SGD and Adam
incorporate moving averages of first-order and second-order moments, allowing the oscillatory terms in the
iterative process to be decomposed into martingale difference sequences. Researchers address the longstanding
issue of optimizers being “empirically effective but theoretically unclear.”

Variance control and generalizability explanation. The Azuma martingale inequality is used to provide
a high-probability upper bound on the parameter update bias, quantifying the impact of mini-batch sampling
noise on model training. The quadratic variation of the martingale difference sequences can explain why SGD
noise has a regularizing effect, demonstrating from the perspective of stochastic processes that random gradient
noise can suppress overfitting, providing a new theoretical explanation for the generalization ability of deep
learning.

Applications in Swarm Intelligence Optimization Algorithms

Swarm intelligence search algorithms, such as genetic algorithms, Grey Wolf Optimization (GWO), Particle
Swarm Optimization (PSO), and ant colony algorithms belong to Markov-type stochastic iterative optimization
processes. Their global convergences have long lacked rigorous proofs, and martingale limit theory has become
the mainstream analytical method.

Currently, the paradigm of “Markov chain + martingale convergence theorem” is widely adopted in the field
of control and optimization to analyse the convergence of various meta-heuristic intelligent algorithms and
provide theoretical guidance for algorithm improvement.

Applications in Reinforcement Learning

Reinforcement learning performs temporal iteration based on the Markov Decision Process (MDP). The
update processes of value function of TD learning, Q learning, and PPO algorithms are all dependent random
sequences. Martingale limit theory plays a key role in convergence proof, variance reduction and risk-sensitive
learning.

The convergence proofs of TD learning and Q learning: The temporal difference error sequence belongs to
the martingale difference sequence, and the value function iteration process constitutes a near-upper martingale.
With the help of the Robbins-Siegmund lemma, it can be proven that under appropriate learning rate scheduling,
the Q-value function almost surely converges to the optimal value function, thus improving the mathematical
foundation of reinforcement learning.

In offline reinforcement learning with experience replay priority sampling optimization, scholars have
proposed a martingale-based priority sampling strategy: using the magnitude of martingale differences to measure
sample temporal errors, preferentially selecting samples that contribute more to value updates, reducing iterative
variance, and enhancing the stability of offline policy training. This method has been applied to classic offline
reinforcement learning algorithms, such as BCQ.

Risk-sensitive reinforcement learning decomposes the value trajectory into a trend term and a martingale
fluctuation term through Doob decomposition, utilizes the quadratic variation of martingales to measure strategic
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risk, and constructs a risk-sensitive reinforcement learning framework that enables agents to make trade-offs
between reward expectations and fluctuation risks. It is suitable for high-safety scenarios, such as autonomous
driving and robot control. Meanwhile, the Approximate Martingale Process (AMP) method is used in large-scale
reinforcement learning systems, such as ride-hailing scheduling and queue network optimization, effectively
reducing Monte Carlo sampling variance.

Applications in Large Language Models and Contextual Learning

In recent years, martingale theory has been introduced into the research on large language models and
contextual learning. The Bayesian inference process itself satisfies the martingale property: as the number of
observed samples increases, the posterior probability constitutes a martingale sequence, and uncertainty gradually
decreases. By examining whether the contextual learning process satisfies the martingale property, researchers
can determine whether the contextual reasoning of large models is equivalent to Bayesian learning. By
experiments researchers have found that large models exhibit deviations from the martingale property during the
generation process, explaining phenomena, such as abnormal contextual learning uncertainty and overconfidence
in predictions. This provides new insights for uncertainty calibration of large models.

Meanwhile, the loss iteration during the training process of Transformer and the reward sequence of human-
feedback reinforcement learning can both be modeled as near-supermartingales. By utilizing martingale
convergence conditions to optimize learning rate scheduling, the stability and convergence speed of large model

training can be improved.

Advantages of Martingale Limit Theory Over Basic Probability Theory

Firstly, it has a wider scope of application. Basic probability theory primarily focuses on independent
random variables, whereas martingale theory specifically addresses dependent random sequences related to
previous and subsequent iterations, perfectly fitting the Al random iteration training process.

Secondly, the convergence conclusion is more refined. The Doob theorem can provide a strong conclusion
of almost sure convergence, while the law of large numbers can only guarantee convergence in the average sense.

Thirdly, quantifiable error bounds. Martingale inequalities, such as those of Azuma and Freedman can
provide upper bounds on the probability error for a finite number of iteration steps, enabling quantitative analysis.

Fourth, separable trend and noise. The Doob decomposition can decompose the iterative process into a
deterministic optimization trend and a random martingale noise, facilitating the explanation of phenomena, such

as algorithm oscillation and slow convergence.

Research Outlook

Firstly, by combining martingale limit theory with causal inference, a novel learning framework that
combines temporal iteration and causal constraints is constructed, addressing the current limitation of Al in
learning only correlations.

Secondly, by leveraging the Robbins-Siegmund lemma to refine the learning rate scheduling strategy, we
can design an optimizer with faster convergence and stronger stability, thereby enhancing the training efficiency
of extremely large models.

Thirdly, unify the proof systems of SGD, reinforcement learning, and swarm intelligence algorithms, and
establish a general theory of Al stochastic optimization based on martingale theory.
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Fourthly, leveraging martingale fluctuation detection and martingale convergence determination, we can
construct mechanisms for detecting large model illusions and identifying abnormal outputs, thereby promoting

the development of trustworthy Al

Conclusion

Martingale limit theory serves as a crucial bridge between advanced probability theory and the theoretical
framework of Al. If basic probability theory is considered an application tool for Al, then martingale limit theory
stands as the theoretical cornerstone for AI’s random iterative algorithms. From the convergence proofs of deep
learning optimizers to the temporal iteration in reinforcement learning, optimization through swarm intelligence
algorithms, and contextual learning in large models, martingales, supermartingales, martingale convergence
theorems, and martingale inequalities continuously provide rigorous mathematical support for Al algorithms. As
Al evolves from engineering practice towards theoretical maturity, martingale limit theory will play an
increasingly important role, becoming an indispensable mathematical foundation for research on general Al and
trustworthy Al
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