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Solution of Helmholtz Equation Using Finite Differences

Method in Wires Have Different Properties along X-Axis

Ayse Nihan Basmaci Filiz
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Abstract: In this paper, frequencies of electromagnetic wave in a conductive wire are investigated theoretically. The conductive wire

has specific variable material properties along the length of itself. Furthermore, material properties varying along the length of the wire
are determined according to a specific mathematical function. In addition, the central finite difference method is applied to the Maxwell
equations. The accuracy of the mode 1 frequency parameter is obtained to be 0.06%. This result can be obtained by assuming the
number of conductive wire nodes 20. The obtained results show a very good agreement with the exact solution results.
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1. Introduction

Due to the fast developments in applied mathematics,
acoustics and electromagnetics,
Hembholtz partial

more and more.

vibrations,
requirement of solutions for

differential equation increases
Depending on the developments, it is important to
examine the subject of electromagnetic wave in theory.
Maxwell’s equations are obtained and the
electromagnetic wave is examined in details [1-3].
According to Mathews and Fink’s [4] study, the
mathematical base of finite differences method and the
use of Taylor series equation and the O(h?) truncation
described.

Mikhailenko’s [5] study, the wave characteristic of a

operations  are In Mastryukov and
two-dimensional structure with a total of 25 nodes
arranged diagonally in each of the five pieces has been
analysed using the finite difference method.

Wave characteristic of a two-dimensional structure
is investigated. The two-dimensional structure has
nodes which are aligned in a linear row on the x and y

axes. [6].
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In Acharjeea et al.’s [7] study, wave behaviour is
examined using the finite differences time domain
method (FDTD). In this study, the wave also reflects by
hitting a specific surface. The equation of the
3-dimensional Helmholtz is solved by using the
iterative methods [8].

Tinga [9] has studied on a wave behaviour of a
specific structure that has non-uniform material
properties. In the study of Tinga, variation of the
frequencies depending on non-uniform material
properties of the used structure has been examined.

In this article, material properties varying along the
length of a conductive wire are determined according
to the exponential and linear mathematical functions.
Frequencies of electromagnetic wave in the conductive

wire are obtained.

2. Theoretical Analysis

Firstly, a conductive wire is divided into » nodes as
shown in Fig. 1. Material properties of the wire vary
along one end to another.

The distance between each node is called number of
steps, /. As can be seen, r(x) is defined as a specific
function.

By using backward Eq. (2) and forward Eq. (1)

taylor series expansion:
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Fig. 1 Central finite differences node points.
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Fig.2 Homogenous conductive wire.
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Fig.3 Nonhomogeneous conductive wire.
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Substraction of Egs. (1) and (2) is divided into 2 in
order to find central differences first derivative
expression in O(hz) order, Eq. (4):

ar | h39%r
r(x+h)—r(x—h)—2h£+?ﬁ 3)

or _ r(x+h)-r(x—h)
%= “)

Sum of Egs. (1) and (2) is given in Eq. (5):
rGc+h) +r(x—h) = 2r) + 02 2L (5)

In order to express Eq. (6), Eq. (5) is simplified and a
second derivative expression is obtained [4]:

ﬁ __ r(x+h)-2r(x)+r(x—h)

. ©

In a source free, linear isotropic and homogenous

region, Maxwell’s equations are [3]:

207
n

—

Right Side

Material 2

X

—
VxE = —jouH (7a)
VxH = —jweE (7b)

It should be noted that, u is permeabilty, € is
permittivity, E is electrical field and H is magnetic
field.

Eq. (8) is obtained by using Egs. (7a) and (7b):

2
S+ wiueH =0 (8)

In Eq. (8), k indicates wave number in a homogenous
wire as shown in Fig. 2.

The nonhomogenous conductive wire is given in Fig.
3. It has different material properties along the length
of itself and the wire length, L is defined as 1 m.

Eq. (9a) is obtained due to the change in the material
properties of the nonhomogenous wire:

=t kr(w)?H =0 (9a)

82H
2
kr(w) is the material property characteristics
function of the nonhomogenous wire including the
frequencies of the wire.
kr = Juew (9b)
When material property characteristic function of
the nonhomogeneous wire (kr) is expressed in

exponential form, Eq. (10) is obtained where y is
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indicated as an exponential constant. It should be noted Helmbholtz equation. In this purpose, Eq. (6) and Eq.

that, linear results are obtained in the high values of y. (10) are replaced to Eq. (9a):
k2—-k1 k1-k2 (x+h)-2 +r(x—h
k= () e+ (k+555) o) BN | gt =0 (1)
According to the kr function in Eq. (10), Eq. (11) is Eq. 11 is obtained, thus. Eq. 11 is also expressed in its
obtained. indices notation form as follows:
The effect of the exponential constant, y on the kr
, P stant, ¥ sy (k2 - Z)p = 0 (12)
function can be clearly seen from Fig. 4. It should be h
noted that, the left side of the given graph in Fig. 4 is If node number, n is defined as 3, the solution is
labelled as k1 whereas right side is labelled as £2. obtained as Eq. (13a). If the node number, n is
Quadrative derivative expression is applied to increased, the matrix expands diagonally.

[(r@?-32) &
h_lz (kr((u)z _%) [‘rzl [ l (13a)
0

1
= kr(a))2 - —

In Eq. (13a), if determinant solution of 3x3 matrix is solved as equals to zero, nontrivial solution is obtained (Eq.
(13b)).

(kr(@)? - 2) = 0
. (kr@)? - 2) 1 ~0 (13b)
0 v (@ -5)

To solve the Eq. (13b), the determinant of the

. o : : 3. Results and Discussions
coefficient matrix is equalized to zero. Accordingly,

the w values are obtained as the frequency parameters. e, 5 shows that the aceuracy of the reslting o
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Fig. 4 Adjustment of variable material property characteristic due to exponential constant.
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Fig.5 Convergence study of finite differences method.

[EY
o

Frequency Parameter - W
[ep}

»

—4+—Mode 1 —#— Mode 2 —4~—Mode 3

o

1 3 j
v Linear

Fig. 6 Variation of frequency parameters due to y (k2/k1:2/1).

14

3 12 —4—Mode 1 =fll=Mode 2 =#=Mode 3
@ 10
=
(]
£
[
o
> 6
c
S
o 4 \
o

0

0.5 1 1.5 2

kr

Fig. 7 Variation of frequency parameter due to kr (linear formation).
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Fig. 8 Variation of fundamental frequency due to kr (exponential formation).

values increases in proportion to the increase in the
number of nodes. In this article, node number, 7 is
defined as 20. It should be noted that, the fundamental
frequency error rate is obtained as 0.06% compared to
the exact solution. The more the modes increase, the
more the frequency error rate increases. Accordingly,
fundamental frequency has the smallest error rate.

In Fig. 6, as the exponential constant increases, the
decrease in the dimensional frequency parameters
occurs. The material property in high values of the y
constant indicates linear behaviour. The frequencies
obtained in the linear material property behaviour have
the smallest values.

In Figs. 7 and 8, the effect of material property
characteristic, k» which is expressed in linear and
exponential form, is examined on the frequency
parameters. Depending on the increase in material
property characteristic, kr, the obtained frequency

values decrease as can be clearly seen from the figures.

4. Conclusion

In this article, effects of variable material property
characteristic on electromagnetic wave frequencies
were investigated. For this purpose, the frequency
values of electromagnetic wave occurring in a
conductive wire whose material properties changes
from one end to another are obtained. Central finite
method was utilized in

difference obtaining

electromagnetic wave frequencies. When the central
finite difference method is applied, the number of
nodes specified must be sufficient to reach the
frequency values close to the exact frequency values.
In this regard, the number of nodes for the finite
difference method was defined as 20. Obtained results
show that,
proportional to the increase in the material property

frequency values decrease directly

characteristic, kr.

As a future research, this analysis can also be
performed for wires whose material properties changes
transversely and whose cross-section area alternating
along the x-axis.
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