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Abstract: Gravity and electromagnetism are two sides of the same coin, which is the clue of this unification. Gravity and

electromagnetism are represented by two mathematical structures, symmetric and antisymmetric respectively. Einstein gravitational
field equation is the symmetric mathematical structure. Electrodynamics Lagrangian is three parts, for electromagnetic field, Dirac
field and interaction term. The definition of canonical energy momentum tensor was used for each term in Electrodynamics
Lagrangian to construct the antisymmetric mathematical structure; symmetric and antisymmetric gravitational field equations are two

sides of the same Lagrangian.
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1. Gravity and Electromagnetism Are Two
Sides of the Same Coin

Gravitational objects have spin and angular

momentum; spin and angular momentum of
gravitational objects are related to basic quantum
properties

of elementary particles. The angular

momentum  for the sun is given by

_ 2 1050 )
Jon ™M, @R, ®107 ergs.s; for solar system
_ 2
_Msolsysa)aR
case of a galaxy the angular momentum is given by
Jgal - Mgal

M,,=10"g; R *= 10" em’; @, =2x107"" HZ
and the

it is J ~10* ergs.s . In the

solsys solsys

2
a)JR gl where

value of angular momentum s

Jg a R 107 ergs.s - Similarly for cluster of galaxies,

the angular momentum is given by

‘]C]ust:MClusta)o—RzClust ~10"° h in Hubble scale

and for the universe ‘]univ ~10"°h. Spin density (c =

spin/volume) is the same for a wide range; for an

electron, the spin density is given by
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=73 ~10°ergs.s/cc-
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For proton o, ~109ergs_s/ CcC and also for the

solar system we have o ~109ergs.s/ cc; for a

solsys
10100 h
galaxy Oy =——5 ~ 10%ergs.s / CC, spin density
3 gal
10120h
for universe o =———~ 109ergs.s/ cC [1]. Not
4R’
3 TRy

only this, but also magnetic fields seem to be
everywhere that we can look in the universe [2].
Magnetic fields are observed to be of the order of 10"
G in neutron stars, 10° G in solar type stars. Magnetic
fields of order a few pG also have been detected in
radio galaxies [3]. Magnetic fields are associated with
all gravitational objects; gravitational objects are
magnetic dipoles; electromagnetism not only tied to
charged particles, but the planets, stars, galaxies and

clusters.

2. Symmetric and
Mathematical Structures

Antisymmetric

Unification of gravity and electromagnetism has
Weyl,
Eddington, Einstein, Infeld, Born and Schrodinger.

been pursued by many scientists, like
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Weyl initiated this unification; Eddington considered
connection as the central concept then decomposed its
Ricci tensor to symmetric Ricei tensor ( R v ) Which
represents gravity and antisymmetric Ricci tensor
(R, ) represents electromagnetism.

Infeld and Born followed the path of Eddington

then derived the Lagrangian

Log = \/—det(glw + FW) — ,/—g, they considered

the asymmetric metric g( w) = g v + FVG , its
symmetric term J uv  Tepresents  gravity and
antisymmetric ~ term  ( F,_ )  represents

is the determinant of the
g/lv [4]. Schrodinger
generalized Eddington Lagrangian to a new form
constant (A) [5];

despite the failure of these previous attempts, they in

electromagnetism, g
symmetric metric tensor

containing the cosmological

its entirety refer to something cannot be neglected that
gravity and electromagnetism should be represented
by two mathematical structures.

3. Curvature Tensor

Riemann tensor in terms of Christoffel’s symbols is
defined by

R‘?ﬂm = F’le"y I —Fﬂwl'Yy ot o -7 o)

Riemann Christoffel tensor is of rank four,
contravariant in ¢ and covariant in p, v, and o, and

also
R = 0 )

Is the necessary condition for the validity of the
special theory of Relativity and for the absence of
permanent gravitational field or the necessary and

sufficient condition that the space time is flat [6].
Lowering the last index in the Riemann Christoftel

tensor with the symmetric metric tensor, the lowered

tensor Rﬂ o

5 . .
=R wo9s 18 symmetric  under
interchanging of the first and last pair of indices and
antisymmetric in p, € and in v, 6. Symmetric and

antisymmetric Ricci tensors can be written as follow

Ruv = Rams = ﬁmﬁzv _Flwrd 5 +r6u5,v _r&m s(3)

—RY  — -1°
R/U - R ovo _rééo-,v I ov, o (4)
Symmetric and antisymmetric Ricci tensors give us

the opportunity to have symmetric and antisymmetric

gravitational field equations.

4. General Theory of Relativity

General relativity is the modern theory of gravity;
General theory of relativity relates gravitational field
to the curvature of space time. Symmetric stress
energy tensor T, is the source of gravitational field in
general theory of relativity.

In the presence of permanent gravitational field, the
symmetric gravitational field equation is

871G
= o T/lV ®)

1
Rﬂv _E Rgﬂv + Ag,uv

R is the Ricci scalar and G is the gravitational
constant.
Einstein-Hilbert action for gravity is given by

ct

S = [LspdV = flénG(R —2M)/—gd*y , where,

dv = /—gd4x is invariant volume element and

gravity Lagrangian is defined by

4
Lop = 1o (R —20) (6)

Gravity Lagrangian is a combination of Ricci scalar
and cosmological constant.

5. Electrodynamics

Electrodynamics Lagrangian is given by

Lgp = _iFVUFmT + &(ivav _m) "4 (7
where, F"is the electromagnetic field strength
tensor, D" is the gauge contravariant derivative, ¥
is matter field, =y i their adjoint, | =+/—1
and 7, is the four Dirac matrices with (v=0,1 ... 3).

The electromagnetic field strength tensor (F"7) is
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given by
0 -E -E, -E]
cw_|E 0 B B
E, B, 0 -B
E3 _Bz 1 0 i
and
0 E E E]
- | 0 -B B
“ |_E, B, 0 -B,
-E, B, B 0 |

and they lowered index counterpart.
The first term of Electrodynamics Lagrangian for

the electromagnetic field is given by
rem. — _ %FUU’FUU (8)

Canonical energy momentum  tensor for

electromagnetic field Lagrangian is

9 em. _ aLem
va (dvAk)

aaAu - gvo['e'm' (9)

Using the identityM =4F,,, we find
o0(0" A*)

vo i o

0, " =-F,F ”+%ng&F‘” (10)

Eq. (10) is not antisymmetric due to the asymmetric

tensor (—F‘,/,Faﬂ) [7]; for this,

tensor is the

suppose the
asymmetric sum of symmetric,
antisymmetric tensor and can be written as follow.

-k, F=0°x,,-F,F =02, «ay

v o ' o

The divergence tensor is arbitrary antisymmetric
=Xoou), it is
constructed from electromagnetic field strength tensor

tensor in their first two indices ( Xy,

(F,, ) and electromagnetic vector potential ( A)[).

Eq. (11) in terms of this definition can be rewritten
as

—F F*=0"(F,A)~F,F*0°(F_A)(2)

w o v o

Employing the Maxwell equation, we obtain

—FWFG“:—jV Aﬂ—F FX+j, Aﬂ (13)

v o

The antisymmetric stress energy tensor for

electromagnetic field can be written in the form:

Tvae‘m = ijy +igv0'F§ﬂF& (14)

- . : 87G
If we multiplied this equation by 7 |» we find
c

8mG 871G . 8nG
& lve ™ = A — a8kt (15)

The second term in electrodynamics Lagrangian for

Dirac field is given by
LPirac =y (iy,d” -m)y (16)

The canonical energy momentum tensor is defined
by

) aLDiraC aLDiTaC
Bys"7 = ———s o) e P o) o, 9"
_ gvo_LDiTaC
17)
O’ = Wiy, 0, ¥ — guo W(ina0* —m)y
(18)

The canonical energy momentum tensor that has

been presented in this equation is not antisymmetric
due to the symmetric term (Viyv 0, W). For this, the

antisymmetric stress energy tensor can be written as
the canonical energy momentum tensor minus this

symmetric term as follow:

Dirac _—
Tvcr -

Ops "% — Wiy, 0, (19)

TvaDiraC = —guo LDirac (20)
87G
Multiplying Eq. (20) by( 2 j , we have
C
8nG i 8TG =
:TTvaDlTaC = = :Tgva W(lylal - m) 14 (21)

Third term is the interaction Lagrangian and given
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by
. — 87G

Lt = —eyy, WAV (22) tensor; multiplying the previous equation by[ o j ,

The canonical energy momentum tensor is given by
int — _ int we find

91;:7 - gvo'L (23) @T int _ % Lint (25)

And antisymmetric stress energy tensor is ct VO o+ Bvo
int _ int If we added Egs. (15) and (21) to Eq. (25), we have

Tye = —8uol (24)

Antisymmetric stress energy tensor for interaction

Lagrangian is the same canonical energy momentum

8mG [Tvaem + T int + T Dlrac] — EZT_‘thUAH _ B:_fgvalﬁe.m. + LDirac + LintJ (26)
8TG 8TG
i [Tvaem + Tvamt + T Dlrac] = :_4]17‘4 + [ F(SAF ]gva c4 gva [‘//(”//"La}L m) l// - 61//]/,1 l//AA]

27)
If gauge contravariant derivative (D* = 3% + ieA?) is used in the previous equation, we find

16nG —

ki [Tvae'm + Tvaint + TvaDirac] = BTEG] A + [ZTEG FS)IFEA] Sve — gva [ 4 (lVADA m) ‘//] (28)

871G
C4

TVU = RVU +AgVU _% RgVO' (29)

Antisymmetric gravitational field equation is gauge invariant and antisymmetric stress energy tensor can be

written in the form.

ct ct 4
T =86 o 506 O TG O o
Ricci scalar is proportional to the sum of Dirac and interaction Lagrangians as follow.
167Z'G _ 2
R= w(iy,D"—my 31)
Cosmological constant is a construction from electromagnetic field strength tensor and given by:
272G _ 5
A= o F“F,, (32)
Antisymmeric Ricci tensor is given by:
872G .
R, = p LA, (33)

87G
Antisymmetric Ricci tensor is the antisymmetric term of Eq. (13) multiplied by( 2 j . Substituting by Egs.
C

(31) and (32) into Eq. (6), we have

c* [16mG = §) ] c* [ch
1611.'6[ c* y(iraD?-m)y 8nG

Gravity Lagrangian equal to electrodynamics Lagrangian, but in terms of the secondset of indices.

LGR — FSAF&_{] — LDLraC + Lmt 4+ fem — [’ED (34)

Electrodynamics Lagrangian and its parts can be written in terms of one of two sets of indices, first set is
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871G
{/1, Vv, U} and second set is {8, 0, /1} . If we multiplied Eq. (13) by( il j , we find

C4

887G
S— FV#FJ” =RW+RVJ
C
8nG .
Ry = 7[_11;‘4# - FFy

887G
The symmetric Ricci tensor is the symmetric term of Eq. (13) multiplied by( 7
C

19

(35)

(36)

] ; it has two parts, first term

is a construction of current density and electromagnetic vector potential, and second term is the gravitational field

tensor. If we substituted by Eq. (36) into Eq. (3), we find
871G _8zG

7 H T4 I A I} I b
- C4 FL:EIFG ct J"Aa“' =I ,ur)?r Av -T ;u'r M_{_r sy -T v, 8
Substituting by Eq. (33) into Eq. (4), we find
887G . s s
C4 JVA/I :F oo,V _r ov, o

This tensor takes the form of curl of vector as follow:

8:? ijﬂ =0,0, log./—9 —0_0, log\/—Q

Eq. (37) can be divided into two equations as follow.

877G u PR PR
_C—4FV,HFO' =I ,ub‘r Av - yvr A8
887G . s s
- C4 JVA,u :r oV _r uv, o
Eq. (41) can be rewritten as:
887G

_? ij,u = ava,u log \/_g —851"5#‘,

— 872G . ;
avﬁﬂ log —g +C—4 JVA# = ﬁérbw
r’ Ly 0 0 0 Ly 0 0
,uv_Eg ( Vgo;u+ ,ugcrv_ o‘g/tv)_Eg ( ygav_ agyv)

1

5 1 ; 1 ; 1 .
85F uv :Eé(sgwaygav _Eaﬁgwaagyv zzaﬁaygbv _5

aﬁaagﬁagyv

(37

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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Substitute by Eq. (46) into Eq. (43), we find

87G . 1 1 -
0,0, log /-9 + - JVAyzzaﬁa#g"V—Easaag" 0, (47)

Equating the first term on the left hand side of the equation with the first term on the right hand side of the

equation, we find

1 )
0,0, log/- :Eaﬁa#g"v (48)
1 .
0, logy~9 =-0,9", (49)
In Eq. (47) if we equate the second term by the second term, we find
887G . 1 -
- i A, =—§6saag" 9. (50)

Equating Eq. (50) with Eq. (39), we find

0,0, log\/-g —0_0, log+/— :_%a(;agg “q,., 51)
Eq. (40) can be rewritten in the form

SEG £ A y A ’
_C—4'F:'5UF0'. :r ;«51—16).1; _r ,m'@fl log _g

(32)
1 .. 1 ..
Fﬂ;ﬁzzgi (aégow-i_a,ugo‘é'_azn'g,ué')zag)L (aygoﬂ_ao‘gyé) (53)
1 s
0 =597 (0,95 40,95, —0,9,.) (54)

1 - 1 o 1 o 1 o
0 =59(0,90,40,95, 70,9, ) =977 (0,05, =0,9,,) ==5979,0,, =5 9770,9,, (59

1 1 s
F/l,uéré‘lv = l:a gﬂ (a,ugo-é' _aagyé‘ ):H:Egé‘ (avgoﬁ +a/lgm/ _ao-g/lv ):‘

= %[g*"@#gmy -9"0,9,,][970,9,, +9%0,9,,-970,9,, |

1 o o o
=21970,9059"70,9,: + 0°0,9059°70,0,, 970,959 70,9,
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-9%0,9,,9%9,9,, ~9°0,9,,970,9,, +97°0,9,,9%2,9,, |
1 lo} lo3 loa Lo} lo} o}
=2[970,9.5970,05,+9770,05,0"70,0,, ~ 9°70,0.,0"0,9,, |
1 Ao o Ao o Ao o
:Z|:g aygo' avgoﬂ,-’_g aygo' 6ﬂvgo‘v_g a,uga aaglv]
1 Ao o Ao o Ao o
=-[0.979.0,0,,+0,9779,70,0,,~9,9"79,70,9,, |
1 lo} lo} lo}
:Z[aﬂg* 4,9, +0,9%0,9,,-0,9" GUgM]
1 lo} lo} lo}
=-[0.0,979,,+0,0,9"9,,-0,0,9"9,, ]

1
:Z[ayavgli-i_ayaiglv_a a g glv:|

1 o
:Z[a#avgﬁ +0,0,9",-0,0,9°, | (56)
Using Eq. (49), we find

r*,re, == [ L9, +20,0, log -9 20,0 1ogJ—]=—a 0,9 (57)

And substituting by this equation into Eq. (52), we have

87rG , . 1, 1 .
Vi a-i _7agfavg 2 + Eg Uapai lOg Y —88.s +5g456\56/{ IDg \Jigg,:w (58)
Now, let’s construct the antisymmetric metric tensor; magnetic field in empty space is given by
E — Emei(k,.\'l—(:q.\;;) + B'me:‘(i(ﬂg —anxy) + B'mer'(k].\';—a@h) (59)

o=0+0,+o,, K= (Ky,K,, K3 ) are the wave frequency and wave vector. In general orthogonal

curvilinear coordinates a vector A defined as follow:
A =€1hl -0-(32]12 +€3h3 (60)
Let’s suppose that (Bg;, Boy, Bos) is the unit vector then equate Eq. (59) with Eq. (60), we find

(KX — i(KyXo— 1(KyX;—
h| =g a4x4)’hz =g and h3 =g!l% ) . Using these three coefficients to construct the

antisymmetric metric tensor (g, ); this tensor is in the same form of electromagnetic field strength tensor F
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and with the same signs.

0 hl h2 h3 O

h 0 —h h | |—gtnen
9oTIh h 0 —h || etren

ho—h, h 0| |—gitexen

And now, we will return to the cosmological

constant; the cosmological constant splits up into two

parts where F&F& =2FE*+2B*
472G _, 4G _,
A=—- o E-+ p B (62)
The first term of cosmological constant can be
written as:
871G
A= = P (63)
1 B.E.
N 64
P > A (64)

First term is proportional to density of vacuum
electric energy; density of vacuum electric energy is

B.E.
equivalent to binding energy per nucleon( A );

B.E. __A_mC2
A A

Am:Zmp +(A—Z)H%—MN, A is atomic mass

number, Z is atomic number, M  is a nucleus mass,

where

M, is proton mass and M is neutron mass [8];
first term is a function of atomic mass number (A) and
it is a continuous quantity. The second term of
cosmological constant can be written as:

87G
Ay=—pp, (65)
c
1 B.E.
=—B’=—72 66
P 5 ‘ A (66)

Second term is proportional to density of vacuum
magnetic energy; density of vacuum magnetic energy
equals to the absolute value of binding energy per

nucleon; second term is represented by a curve and it

Unification of Gravity and Electromagnetism

ei(k1X1*@X4) ei(kzxszzxz;) ei(k3x3—w5x4)
0 _ei(ksxr%xﬂ ei(kzxszzxz‘)
ei(k3x3—a)3x4) 0 _ei(klxl—rulx4) (61)
_ei(kzxszzxz;) ei(k1X1*@X4) 0

is the image of the first term by reflection on the
A-axis in AA -plane; all expected values for the
cosmological constant () lie on the area between the
two curves. Symmetric gravitational field equation in

empty space is

1
R =5 RO =8, A (67)
1
R#VZ ER—A g,uv (68)
Equating Eq. (36) with Eq. (68), we find
87G 887G (1
R
(69)

Antisymmetric gravitational field equation in empty
space by analogy to symmetric gravitational field

equation is

RVO' _%Rgva = _gVO'A (70)

(71)

Equating Eq. (71) with Eq. (33), we have

87G . 1
e LA, :(ER—A]QW (72)

Egs. (69) and (72) are two states of energy;
gravitational object transits between them and changes
its state from fermion to boson or vice versa; this
transition followed by emitting absorbing
gravitational field; if we added Eq. (69) into Eq. (72)
we have

8 (L)oo {n-ale, o8
2w B w5 v

or
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If we equate Eq. (58) by Eq. (73), the first term of
Eq. (58) has not comparable one in Eq. (73) and

equals to zero.

ia#avgﬁ =0 (74)

Equating second term of Eq. (58) by the first term
of Eq. (73), we find

%gﬂ"ﬁﬂé’/1 log/— :%R—A (75)

Equating third term of Eq. (58) by second term of
Eq. (73), we find

1 1
5 070,06, log\/-g = 5 R-A (76
Equating Eq. (75) by Eq. (76), we find

1 o 1 o
59* 0,0, log+/~ =Egi 9,0, log\-g (77)

80:(9# (78)
6. Conclusion
General relativity is very successful theory;

differential geometry has been extended by new

tensors and operators. These tensors are J ws 9o

0.5, 9, ; the four dimensional gradient operators
became six operators, these operators are O 0 GV ,60 s
0,,05,0,.

This study introduced new relations in differential

geometry and created new differential geometry
analysis undertaken.
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