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Abstract: In this work, we show a local study of a cyclic surface in Ը૞ produced by equiform motions of a cycloid. We 

definepartially such surfaces with some conjecture on its curvature. In general, we shall consider the condition that scalar curvature is 
locally constant. We will conclude cases of scalar curvature of following equations accounts and will put theories to explain the 
results of research and example. 
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1 Introduction 

A cycloid is a curve traced by a point on the rim of 

a circular wheel as the wheel rolls along a straight line 

without slippage. It is an example of a roulette, a 

curve generated by a curve rolling on another curve. 

The cycloid is the solution to the brachistochrone 

problem that it is the curve of fastest descent under 

constant gravity and the related tautochrone problem 

which the period of an object in descent without 

friction inside this curve does not depend on the 

object’s starting position See [1]. 

An equiform transmutation in the n-dimensional 

Euclidean space ব࢔ is an affine transmutation whose 

linear part is composed by an orthogonal 

transmutation and a homothetical transformation See 

[2-4]. Such an equiform transmutation maps points in 

߯ א ব࢔ according to the rule: 

࣑ ՜ ࢞࡭࢙ ൅ ,ࢊ ࡭ א ,ሻ࢔ሺࡿ ࢙ א जା, ࢊ א ज(1)   ࢔ 

The number ݏ  is called the scaling factor. An 

equiform motion is determined if the parameters of Eq. 

(1), including s, are given as functions of a time 

parameter .ݐ   Then an unruffled one-parameter 

equiform motion moves a point ݔ via X(t) = s(t) A(t) 

x(t) + d(t). The kinematics corresponding to this 
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transformation group is called similarity kinematics 

[5-7]. 

In this paper, we study the scalar curvature of 

three-dimensional surfaces foliated by an equiform 

motion of a cycloid curve m଴. 

Beneath a one-parameter equiform motion of 

moving space Σ଴ with preservation a fixed space ߑ . 

Suppose that ݉଴ ؿ Σ଴, which is moved according to 

an equiform motion. The point paths of the cycloid 

surface produce a 3-dimensional surface ߯ , 

comprising the position of the starting cycloid curves 

݉଴. At any moment, the measly transmutation of the 

motion will map the points of the cycloid ݉଴ within 

the velocity vectors, its end points will constitute an 

affine image of ݉଴  that transfer a subspace ߱ of 

ব࢔, with dim ሺ߱ሻ ൑ 5. This if the reason why we 

restrict our considerations to dimension ݊ ൌ 5. 

Let ߯ሺ߶ሻ be a parametrization of ݉଴ and ߯ሺݐ, ߶ሻ 

the definitive 3-surfaces foliated by the equiform 

motion [8]. If we take our study of the characteristics 

of the motion for the utmost case ՜ 0. A prime 

option is when approximating ߯ሺݐ, ߶ሻ by the first 

derivative of the trajectories. The objective of this part 

is to delimit the kinematic surfaces take out with the 

equiform motion of a cycloid and that scalar curvature 

K is constant. The confirmation of our inference 

contains a precise calculation of the scalar curvature 
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Κ of the surface ߯ሺݐ, ߶ሻ. In this discussion, equation 

Κ ൌ  .ݐ݊ܽݐݏ݊݋ܿ

Furthermore, in this case, Κ ൌ 0, we present the 

simulation of the motion of such 3-surface presenting 

the equations that represent the kinematic geometry. 

We shall discuss an example of such surface. 

2. Impersonation of the Motion 

In two copies Σ଴, ߑ, of Euclidean 5-space Ը૞, we 

show a cycloid ݉଴ of Σ଴ function point at the origin 

that explained by: 

߯ሺ߶ሻ ൌ ሺܽሺ߶ െ ݊݅ݏ ߶ሻ, ܽሺ1 െ ݏ݋ܿ ߶ሻ, 0,0,0ሻߒ, ߶ א ࣬  

Beneath a one-parameter equiform motion of ݉଴ 

in the moving space, Σ଴ with thought to fixed space 

the position of a point ߯ሺ߶ሻ ,ߑ א Σ0 at time t can be 

embodied in the steadfast system as: 

߯ሺݐ, ߶ሻ ൌ ሻ߯ሺ߶ሻݐሺܣሻݐሺݏ ൅ ݀ሺݐሻ, ݐ א ߇ ؿ ࣬, ߶ א ࣬ (2) 

where, ݀ሺݐሻ ൌ ൫ܾଵሺݐሻ,  ܾଶሺݐሻ,  ܾଷሺݐሻ, ܾସሺݐሻ,  ܾହሺݐሻ൯
Τ
 

is the translational component of the motion at the 

time t, ܣሺݐሻ ൌ ቀܽ௜௝ሺݐሻቁ , 1 ൑ ݅, ݆ ൑ 5  is an 

orthogonal matrix and ݏሺݐሻ  executes the scaling 

factor of the moving system. For varying t and fixed 

߯ሺ߶ሻ , ߯ሺݐ, ߶ሻ supplies a parametric description of the 

trajectory of ሺ߶ሻ . Further, we believe that all 

concerned functions are at lowest of class ׋ ଵ. From 

Taylor's stretching up to the first order, the adjective 

of the motion is giving by:
 

߯ሺݐ, ߶ሻ ൌ ൛ݏሺ0ሻܣሺ0ሻ ൅ ሺ0ሻܣሶሺ0ሻݏൣ ൅ ൟ߯ሺ߶ሻݐሶሺ0ሻ൧ܣሺ0ሻݏ ൅ ݀ሺ0ሻ ൅ ݐ ሶ݀ሺ0ሻ 
 

where, “·” denotes the differentiation with regard to t. 

As an equiform motion has an invariant point, we 

can suppose that the moving frame Σ଴ and the steady 

frame ߑ correspond at the zero position t = 0. Then 

we have ܣሺ0ሻ ൌ ሺ0ሻݏ  ,߇ ൌ 1  and ݀ሺ0ሻ ൌ 0. 

Hence 

߯ሺݐ, ߶ሻ ൌ ߇ൣ ൅ ൫߇′ݏ ൅ ൧߯ሺ߶ሻݐ൯ߗ ൅  ′݀ݐ

where, Ω ൌ ሶሺ0ሻܣ ൌ ሺ߱఑ሻ , 1 ൑ Κ ൑ 10 is a 

skew-symmetric matrix and ܣሺݐሻܣΤሺݐሻ ൌ  In this .߇

work all values of ݏ, ܾ௜ and their derivatives are 

calculated at ݐ ൌ 0  and for simplicity, we write ݏ ′ 

and ܾ௜
′  instead of ݏሶሺ0ሻ  and ሶܾ

௜ሺ0ሻ  respectively. 

With keeping of these frames, the exemplification of 

߯ሺݐ, ߶ሻ is given by 
 

ۉ

ۈ
ۇ

߯ଵ
߯ଶ
߯ଷ
߯ସ
߯ହی

ۋ
ۊ

ሺݐ, ߶ሻ ൌ

ۉ

ۈ
ۇ

1 ൅ s′ ݐ
െ ଵ߱ݐ
െ ଶ߱ݐ
െ ଷ߱ݐ
െ ସ߱ݐ

ଵ߱ݐ

1 ൅ s′ ݐ
െ߱ݐହ
െ߱ݐ଺
െ߱ݐ଻

ଶ߱ݐ
ହ߱ݐ

1 ൅ s′ ݐ
െ଼߱ݐ
െ߱ݐଽ

ଷ߱ݐ
଺߱ݐ
଼߱ݐ

1 ൅ s′ ݐ
െ߱ݐଵ଴

ସ߱ݐ
଻߱ݐ
ଽ߱ݐ
ଵ଴߱ݐ

1 ൅ s′ یݐ

ۋ
ۊ

ۉ

ۈ
ۇ

ܽሺ߶ െ sin ߶ሻ
ܽሺ1 െ cos ߶ሻ

0
0
0 ی

ۋ
ۊ

൅ ݐ

ۉ

ۈ
ۈ
ۇ

ܾଵ
′

ܾଶ
′

ܾଷ
′

ܾସ
′

ܾହ
′ ی

ۋ
ۋ
ۊ

 

 

or in the equivalent form 
 

ۉ

ۈ
ۇ

߯ଵ
߯ଶ
߯ଷ
߯ସ
߯ହی

ۋ
ۊ

ሺݐ, ߶ሻ ൌ ܽሺ߶ െ sin ߶ሻ

ۉ

ۈ
ۇ

1 ൅ ݏ ݐ′
െ߱ݐଵ
െ߱ݐଶ
െ߱ݐଷ
െ߱ݐସ ی

ۋ
ۊ

൅ ܽሺ1 െ cos ߶ሻ

ۉ

ۈ
ۇ

െ߱ݐଵ

1 ൅ ݏ ݐ′
െ߱ݐଷ
െ߱ݐସ
െ߱ݐହ ی

ۋ
ۊ

൅ ݐ

ۉ

ۈ
ۈ
ۇ

ܾଵ
′

ܾଶ
′

ܾଷ
′

ܾସ
′

ܾହ
′ ی

ۋ
ۋ
ۊ

            (3) 

 

For any stationary t in the up Eq. (4), we usually 

obtain an elliptic for intersection at the point 

൫ܾଵݐ
′ ,  ܾଶ

′ ,  ܾଷ
′ ,  ܾସ

′ ,  ܾହ
′ ൯. The other elliptic transitions to 

a two-dimensional at the cycloid surface ofform an 

orthogonal basis by this conditions: 

߱ଶ߱ହ ൅ ߱ଷ߱଺ ൅ ߱ସ߱଻ ൌ 0          (4) 

3. Method of Curvature Scalar Calculation 
at the Cycloid Surfaces  

In this portion, we reckon formula of the scalar 

curvature of a kinematic surface in ব࢔ generated by 

equiform motions of a cycloid satisfying the Eq. (4). 

The tangents vectors to the parametric curve of 
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ݐ ൌ ߶ , .ݐݏ݊݋ܿ ൌ .ݐݏ݊݋ܿ  At a kinematic surface, ߯ሺݐ, ߶ሻ is described by: 
߯௧ሺݐ, ߶ሻ ൌ ሺݏ′Ι ൅ Ωሻ߯ሺ߶ሻ ൅ ݀′, ߯థሺݐ, ߶ሻ ൌ ሾΙ ൅ ሺݏ ′Ι ൅ Ωሻݐሿ߯′ሺ߶ሻ 

The first fundamental method delimited by, see [9] 

݃ଵଵ ൌ ߯௧߯௧
Τ, ݃ଵଶ ൌ ߯థ߯௧

Τ,  ݃ଶଶ ൌ ߯థ߯థ
Τ   

Beneath the Eq. (4) we get: 

݃ଵଵ ൌ ߙ  ൅ ߶ሺߚ2ܽ െ sin ߶ሻ ൅ ܽଶߛ߶ሺ߶ െ sin ߶ሻ ൅ ܽଶߤሺcos 2߶ െ 1ሻ ൅ 2ܽሺߟ ൅ ሻሺ1ߜ ܽ െ cos ߶ሻ  (5-1) 

݃ଵଶ ൌ ܽ ቀܾଵ
′ ൅ ݐߚ ൅ 2ܽ߱ଵ ൅ ܽ߶ሺݏ ′ ൅ ሻቁݐߛ ሺ1 െ cos ߶ሻ ൅ ܽ൫ܾଵ

′ ൅ ݐߟ െ ܽ߱ଵ߶൯ sin ߶ ൅ ܽଶݐߤሺ2 sin ߶ െ sin 2߶ሻ 

(5-2) 
 ݃ଶଶ ൌ 2ܽଶሺ1 ൅ ݏ2 ݐ′ ൅ ଶሻሺ1ݐߛ െ cos ߶ሻ ൅ ܽଶݐߤଶሺ1 െ cos 2߶ሻ               (5-3) 

and 

ߙ  ൌ ܾଵ
′ଶ ൅ ܾଶ

′ଶ ൅ ܾଷ
′ଶ ൅ ܾସ

′ଶ ൅ ܾହ
′ଶ                           (6-1) 

ߚ ൌ ݏ ′ܾଵ
′ െ ߱ଵܾଶ

′ െ ߱ଶܾଷ
′ െ ߱ଷܾସ

′ െ ߱ସܾହ
′                        (6-2) 

ߟ  ൌ ݏ ′ܾଶ
′ ൅ ߱ଵܾଵ

′ െ ߱ହܾଷ
′ െ ߱଺ܾସ

′ െ ߱଻ܾହ
′                        (6-3) 

ߛ  ൌ ݏ ′ଶ ൅ ߱ଵ
′ଶ ൅ ߱ଶ

′ଶ ൅ ߱ଷ
′ଶ ൅ ߱ସ

′ଶ                           (6-4) 

ߜ ൌ ݏ ′ଶ ൅ ߱ଵ
′ଶ ൅ ߱ହ

′ଶ ൅ ߱଺
′ଶ ൅ ߱଻

′ଶ                           (6-5) 

ߤ ൌ
ଵ

ଶ
ቀ߱ହ

′ଶ ൅ ߱଺
′ଶ ൅ ߱଻

′ଶ െ ൫߱ଶ
′ଶ ൅ ߱ଷ

′ଶ ൅ ߱ସ
′ଶ൯ቁ                     (6-6) 

The Christoffel symbols of the second kind are determined by 

Γ௜௝
௞ ൌ

1
2

෍ ݃௞௠

ଶ

௠ୀଵ

ቆ
߲݃௜௠

௝ݔ߲
൅

߲݃௝௠

௜ݔ߲
൅

߲݃௜௠

௠ݔ߲
ቇ 

See [9], ݔଵ ൌ ଶݔ and ݐ ൌ ߶ , and ሺ݃௟௠ሻ is the inverse matrix of ൫݃௜௝൯. Then the scalar curvature of the 

surface ߯ሺݐ, ߶ሻ is 

ߢ ൌ ෍ ݃௜௝ ൥
߲Γ୧୨

୪

௟ݔ߲
െ

߲Γ୧୪
୪

௝ݔ߲
൅ ෍ ൫Γ௜௝

௟ Γ௟௠
௠ െ Γ௜௟

௠Γ௝௠
௟ ൯

ଶ

௠ୀଵ

൩

ଶ

௜,௝,௟ୀଵ

 

Notwithstanding the calculation of the scalar curvatureΚ can be accomplished, for example, by using the 

Mathematica programme, its explanation is some hulking. At the zero position ݐ ൌ 0, the scalar curvature of 

߯ሺݐ, ߶ሻ is given by: 

߈ ൌ
Ρሺథ೙ ୡ୭ୱ ௠థ,థ೙ ୱ୧୬ ௠థሻ

ொሺథ೙ ୡ୭ୱ ௠థ,థ೙ ୱ୧୬ ௠థሻ
ൌ

∑ ∑ ൫஺೙,೘థ೙ ୡ୭ୱ ௠థା஻೙,೘థ೙ ୱ୧୬ ௠థ൯ర
೙సబ

మ
೘సబ

∑ ∑ ൫஼೙,೘థ೙ ୡ୭ୱ ௠థା஽೙,೘థ೙ ୱ୧୬ ௠థ൯ళ
೙సబ

ర
೘సబ

               (7) 

The possibility the immutability of the scalar curvature Κ implies that Eq. (7) turns into: 

Κ ܳሺ߶௡ cos ݉߶ , ߶௡ sin ݉߶ሻ െ  Ρሺ߶௡ cos ݉߶ , ߶௡ sin ݉߶ሻ ൌ 0               (8) 
 

Eq. (8) indicates that if we write it as a linear 

combination of the functions 

ሼ߶௡ cos ݉߶ , ߶௡ sin ݉߶ሽ  namely, 

∑ ∑ ൫ܥ௡,௠߶௡ cos ݉߶ ൅ ௡,௠߶௡ܦ sin ݉߶൯଻
௡ୀ଴

ସ
௠ୀ଴ ൌ 0 , 

the comparable coefficients must vanish. Of here, we 

will be capable of describing all cycloid surfaces with 

fixed scalarcurvature obtained by the equiform motion 

of cycloid ݉଴ . As we shall observe, it is not 

necessary to give the explanation of Κ but only the 

coefficients of higher order for the trigonometric 

functions. We know the cases Κ ൌ 0. 

4. The Solution of Curvature Scalar in the 
Cycloid Curve 

In this part, we presume that Κ ൌ 0 on the surface 

߯ሺݐ, ߶ሻ. From Eq. (7), we have: 
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Ρሺ߶௡ cos ݉߶ , ߶௡ sin ݉߶ሻ ൌ ෍ ෍൫ܣ௡,௠߶௡ cos ݉߶ ൅ ௡,௠߶௡ܤ sin ݉߶൯

ସ

௡ୀ଴

ଶ

௠ୀ଴

ൌ 0 

(9-1) 

ܳሺ߶௡ cos ݉߶ , ߶௡ sin ݉߶ሻ ൌ ෍ ෍൫ܥ௡,௠߶௡ cos ݉߶ ൅ ௡,௠߶௡ܦ sin ݉߶൯

଻

௡ୀ଴

ସ

௠ୀ଴

് 0  

(9-2) 

We detect various cases that provide all possible 

cases, but we review this caseΚ ൌ 0 beneath this 

stipulation s′ ് 0. 

4.1 Case ࢈૚
ᇱ ૛࢈

ᇱ ് ૙ 

By solving the program Mathematica we 

get ߙ ൌ ܾଵ
′ଶ ൅ ܾଶ

′ଶ, ߚ ൌ ݏ ′ܾଵ
′ െ ߱ଵܾଶ

′ , ߟ ൌ ݏ ′ܾଶ
′ ൅

߱ଵܾଵ
′ , ߛ ൌ ݏ ′ଶ ൅ ߱ଵ

′ଶ. Then all coefficients ܣ௡,௠ ൌ
ܾ௡,௠ ൌ 0 for all 0 ൑ ݊ ൑ 2 , 0 ൑ ݉ ൑ 4  are trivial 

zero. Then the scalar curvature equal zero, from Eq. 

(7), we have: 

ܾଷ
′ଶ ൅ ܾସ

′ଶ ൅ ܾହ
′ଶ ൌ 0,            (10-1) 

߱ଶܾଷ
′ ൅ ߱ଷܾସ

′ ൅ ߱ସܾହ
′ ൌ 0,        (10-2) 

߱ହܾଷ
′ ൅ ߱଺ܾସ

′ ൅ ߱଻ܾହ
′ ൌ 0,        (10-3) 

 ߱ଶ
′ଶ ൅ ߱ଷ

′ଶ ൅ ߱ସ
′ଶ ൌ ߱ହ

′ଶ ൅ ߱଺
′ଶ ൅ ߱଻

′ଶ ൌ 0 . (10-4) 

Then we find; 

߱௜ ൌ 0 ;  ݅ ൌ 2, 3, 4, … , 7  

  ௝ܾ
′ ൌ 0 ;  ݆ ൌ 3, 4, 5             (11) 

Theorem 4.1: Let the cycloid surface ߯ሺݐ, ߶ሻ 

acquired by the Kinematic motion of cycloid curve 

݉଴ and given by Eq. (2) beneath Eq. (3). Suppose 

ܾଵ
′ ് 0,  ܾଶ

′ ് 0, then Κ ൌ 0 , on the surface if and 

only if the following two conditions: 

ܾଷ
′ଶ ൅ ܾସ

′ଶ ൅ ܾହ
′ଶ ൌ ߱ଶܾଷ

′ ൅ ߱ଷܾସ
′ ൅ ߱ସܾହ

′ ൌ ߱ହܾଷ
′ ൅

߱଺ܾସ
′ ൅ ߱଻ܾହ

′ ൌ 0, 

 ߱ଶ
′ଶ ൅ ߱ଷ

′ଶ ൅ ߱ସ
′ଶ ൌ ߱ହ

′ଶ ൅ ߱଺
′ଶ ൅ ߱଻

′ଶ. 

We mention an example of kinematic 

surfaces ߯ሺݐ, ߶ሻ with constant scalar curvature   

Κ ൌ 0 . 

Example 1: The following example explicates the 

curvature scalar when Κ ൌ 0  beneath ܾଵ
′ ܾଶ
′ ് 0. 

We elucidate an example of a Kinematic surface 

߯ሺݐ, ߶ሻ for stationary scalar curvature Κ ൌ 0. 
 

ሻݐሺܣ ൌ

ۉ

ۈ
ۇ

cos ݐ
sin ݐ

0
0
0

െ sin ݐ
cos ݐ

0
0
0

0
0

cosଶ ݐ
sin ݐ cos ݐ
sin ݐ cos ݐ

0
0

െ sin ݐ cos ݐ
cosଶ ݐ
െ sin ݐ

0
0

െ sin ݐ
sin ݐ

cosଶ ݐ ی

ۋ
ۊ

 

We presume ݏ ′ሺݐሻ ൌ ݁௧  and  ݀ሺݐሻ ൌ ሺݐ, ,ݐ 0,0,0ሻΤ , then ߱ଵ ൌ ଼߱ ൌ ߱ଽ ൌ ߱ଵ଴ ൌ 1and ߱௞ ൌ 0  for  ∑ ,଻
௞ୀଶ  

ݏ ′ ൌ 1, ܾଵ
′ ൌ 2, ܾଶ

′ ൌ 1; ܾଷ
′ ൌ ܾସ

′ ൌ ܾହ
′ ൌ 0. 

ܺሺݐ, ߶ሻ ൌ

ۉ

ۈ
ۇ

ݐ2
ݐ
0
0
0 ی

ۋ
ۊ

൅

ۉ

ۈ
ۇ

1 ൅ ݐ
െݐ
0
0
0 ی

ۋ
ۊ

ሺ߶ െ sin ߶ሻ ൅

ۉ

ۈ
ۇ

ݐ
1 ൅ ݐ

0
0
0 ی

ۋ
ۊ

ሺ1 െ cos ߶ሻ 

and 

ܻሺݐ, ߶ሻ ൌ ൭
ݐ2
ݐ
0

൱ ൅ ൭
1 ൅ ݐ

െݐ
0

൱ ሺ߶ െ sin ߶ሻ ൅ ቆ
ݐ

1 ൅ ݐ
0

ቇ ሺ1 െ cos ߶ሻ. 

5. Two-Dimensional of a Cycloid Surfaces 
with ન ് ૙ 

In this section, We assume that the scalar curvature 

Κ of surfaces ߯ሺݐ, ߶ሻ given in 

Eq. (2) is a non-zero steady . The identity Eq. (7) 

writes then as 
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Fig. 1  we have a piece of a cycloid surface ࢄሺ࢚, ࣘሻ with equation (2) that approximates.  
 

 
Fig. 2  we have a piece of a cycloid surface foliated by a cycloid curve in axonometric view ࢅሺ࢚, ࣘሻ with zero scalar 

curvature ન ൌ ૙. 
 

෍ ෍൫ܥ௡,௠߶௡ cos ݉߶ ൅ ௡,௠߶௡ܦ sin ݉߶൯

଻

௡ୀ଴

ସ

௠ୀ଴

ൌ 0  

(13) 
We compute the coefficients ܥ௡,௠ ௡,௠ܦ  ,  in 

general case (For all ܾଵ,  ܾଶ ൒ 0 ) by using 

Mathematica programme and from equation (13) the 

coefficients ܥ௡,௠ ௡,௠ܦ  ,  must be vanish. Now we 

have ܥଶ,ହ ൌ ݏΚሺߤ଼ܽ ′ଶ െ ߱ଵ
ଶሻ ൌ 0. 

This coefficient equal zero if ߤ ൌ 0  or ߱ଵ
ଶ ൌ ݏ ′ଶ 

both of them, we have to classify two cases: 

(a) If ߤ ൌ 0.  Then the coefficient ܦସ,ସ ൌ

ݏ଼ܽ ′ωଵΚሺݏ ′ଶ െ ߱ଵ
ଶሻ ൌ 0 . Implies that ωଵ ൌ 0  we 

find that the coefficient of ܥସ,ସ ൌ
ଵ

ସ
ݏ߈଼ܽ ′ସ ൌ 0 that 

leads to Κ ൌ ′ݏ  ݎ݋  0 ൌ 0  that is a ambivalence . 

(b) From ܥଶ,ହ and ܦସ,ସ we have ߱ଵ
ଶ ൌ ݏ ′ଶ. Then 

the coefficient: 

ସ,ଷܥ ൌ ݏ߈2଼ܽ ′ଶሺെ ݏ ′ଶ ൅ ሻߛ ൌ 0, 

we have ߛ ൌ ݏ ′ଶ , the coefficient of ܦସ,଴ ൌ

ଷ

ସ
ݏ߈଼ܽ ′ସ ൌ 0.  For Κ ് 0  and ݏ ′ ് 0 , it leads to 
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inconsistency. As conclusion of the above 

consequence, we deduce the following theorem- 

Theorem 5.1: There are not two-dimensional 

kinematic surfaces obtained by the equiform motion 

of a cycloid ݉଴ that given by Eq. (4) beneath Eq. (5) 

whose scalar curvature ߈ is a non-zero constant. 

6. A Domestic Isometry between 
2-Dimensional Surfaces and 5-Dimensional 
Surfaces 

In this part , we will examine the presence of a local 

isometry among a two-dimensional surface in Ը૞ 

represented by ߯ሺݐ, ߶ሻ  in Eq. (3) with constant  

scalar curvature and a two-dimensional surface     

in Euclidean three-space Ը૜. For further details see 

Eq. (4). 

See [10], we discuss a two-dimensional surface 

ҧ߯ሺݐ, ߶ሻ in Ը૜ locally isometric ߯ሺݐ, ߶ሻ specified by 

Eq. (3). Where ߯: U ՜ ܵ and  ҧ߯: U ՜ ܵҧ acquaint in 

the same domain U such that݃ଵଵ ൌ ݃ଵଵതതതത,  ݃ଵଶ ൌ ݃ଵଶതതതത  

and ݃ଶଶ ൌ ݃ଶଶതതതതത in U. Then the map 

߮ ൌ ҧ߯ ל ߯ିଵ: ߯ሺUሻ ՜ ܵҧ is a local isometry. For this, 

we presume that the initial cycloid݉଴is the same that 

in ߯ሺݐ, ߶ሻ. Then ҧ߯ሺݐ, ߶ሻ writes as:

ҧ߯ሺݐ, ߶ሻ ൌ ൭
1 ൅ ݐ ҧݏ ݐ ഥ߱ଵ ݐ ഥ߱ଶ
െݐ ഥ߱ଵ 1 ൅ ݐ ҧݏ ݐ ഥ߱ଷ
െݐ ഥ߱ଶ െݐ ഥ߱ଷ 1 ൅ ݐ ҧݏ

൱ ൭
ܽሺ߶ െ sin ߶ሻ
ܽሺ1 െ cos ߶ሻ

0
൱ ൅ ݐ ቌ

തܾ
ଵ

തܾ
ଶ

തܾ
ଷ

ቍ                    (14) 

The computation of the first fundamental form of ҧ߯ሺݐ, ߶ሻ indicates to: 

ҧ݃ଵଵ ൌ തߙ  ൅ ߶ҧሺߚ2ܽ െ sin ߶ሻ ൅ ܽଶߛҧ߶ሺ߶ െ sin ߶ሻ ൅ ܽଶߤҧሺcos 2߶ െ 1ሻ ൅ 2ܽ൫ߟҧ ൅ ഥߜ ܽ ൯ሺ1 െ cos ߶ሻ      (15-1) 

ҧ݃ଵଶ ൌ ܽ ቀതܾ
ଵ
′ ൅ ݐҧߚ ൅ 2ܽ ഥ߱ଵ ൅ ܽ߶ሺݏҧ ′ ൅ ሻቁݐҧߛ ሺ1 െ cos ߶ሻ ൅ ܽ൫തܾ

ଵ
′ ൅ ݐҧߟ െ ܽ ഥ߱ଵ߶൯ sin ߶ ൅ ܽଶߤҧݐሺ2 sin ߶ െ sin 2߶ሻ 

(15-2) 

ҧ݃ଶଶ ൌ 2ܽଶሺ1 ൅ ҧݏ2 ݐ′ ൅ ଶሻሺ1ݐҧߛ െ cos ߶ሻ ൅ ܽଶߤҧݐଶሺ1 െ cos 2߶ሻ                   (15-3) 

and 

തߙ ൌ തܾ
ଵ
′ଶ ൅ തܾ

ଶ
′ଶ ൅ തܾ

ଷ
′ଶ             (16-1) 

ҧߚ ൌ ҧݏ ′ തܾଵ
′ െ ഥ߱ଵ

തܾ
ଶ
′ െ ഥ߱ଶ

തܾ
ଷ
′ ,        (16-2) 

ҧߟ ൌ ҧݏ ′ തܾଶ
′ ൅ ഥ߱ଵ

തܾ
ଵ
′ െ ഥ߱ଷ

തܾ
ଷ
′ ,        (16-3) 

ഥߛ  ൌ ҧݏ ′ଶ ൅ ഥ߱ଵ
′ଶ ൅ ഥ߱ଶ

′ଶ,          (16-4) 

ҧߜ ൌ ҧݏ ′ଶ ൅ ഥ߱ଵ
′ଶ ൅ ഥ߱ଷ

′ଶ,          (16-5) 

ҧߤ ൌ
ଵ

ଶ
൫ ഥ߱ଵ

′ଶ ൅ ഥ߱ଷ
′ଶ൯.           (16-6) 

In this case calculated Ը૞, we have presumed that 

the original two axis of the cycloid are orthogonal. 

This means ഥ߱ଶ ഥ߱ଷ ൌ 0 . On the other hand, the first 

fundamental form of ߯ሺݐ, ߶ሻ was studied in Eq. (4). 

From ߯  and ത߯ , we have equations on the 

trigonometric functions sinሺ݉߶ሻ  and  cosሺ݉߶ሻ. 

The identities ݃௜௝ ൌ ݃పఫതതതത  imply ݏ ′ ൌ ҧݏ ′ଶ ， 

 ߱ଵ ൌ ഥ߱ଵ，  ܾଵ
′ ൌ തܾ

ଵ
′， ܾଶ

′ ൌ തܾ
ଶ
′  and ߙ ൌ ,തߙ ߚ ൌ , ҧߚ

ߛ ൌ , ҧߛ ߜ ൌ ,ҧߜ ߟ ൌ ,ҧߟ ߤ ൌ ,ҧߤ ߣ ൌ ,ҧߣ  ത߱തത ൌ 0. 
Thus： 

ܾସ
′ଶ ൅ ܾହ

′ଶ ൌ 0, 

ഥ߱ଶ
′ଶ ൌ ߱ଶ

′ଶ ൅ ߱ଷ
′ଶ ൅ ߱ସ

′ଶ, 

ഥ߱ଷ
′ଶ ൌ ߱ହ

′ଶ ൅ ߱଺
′ଶ ൅ ߱଻

′ଶ, 

ഥ߱ଶ
തܾ

ଷ
′ ൌ ߱ଶܾଷ

′ ൅ ߱ଷܾସ
′ ൅ ߱ସܾହ

′ , 

ഥ߱ଷ
തܾ

ଷ
′ ൌ ߱ହܾଷ

′ ൅ ߱଺ܾସ
′ ൅ ߱଻ܾହ

′ . 

Theorem 6.1: Examine a kinematic surface in 

Ը૞ given by the parametrization ߯ሺݐ, ߶ሻ in Eq. (3) 

beneath condition (4) and with constant scalar 

curvature. Let ത߯ሺݐ, ߶ሻ be a kinematic surface in Ը૜ 

specified by Eq. (14). If the following equations: 

ݏ ′ ൌ ҧݏ ′ଶ, ߱ଵ ൌ ഥ߱ଵ, ܾଵ
′ ൌ തܾ

ଵ
′ , ܾଶ

′ ൌ തܾ
ଶ
′ , ܾସ

′ଶ ൅ ܾହ
′ଶ ൌ 0. 

Then both surfaces ߯ሺݐ, ߶ሻ and $\bar ത߯ሺݐ, ߶ሻ are 

locally isometric. The Gaussian curvature of the 

surface ത߯ሺݐ, ߶ሻ in Euclidean space Ը૜ must vanish. 
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