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Abstract: The Cauchy problem for some parabolic fractional partial differential equation of higher orders and with time delays is 
considered. The existence and unique solution of this problem is studied. Some smoothness properties with respect to the parameters 
of these delay fractional differential equations are considered. 
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1. Introduction

We will adhere the following notations, 𝑅𝑅𝑛𝑛  is
n-dimensional Euclidean space, 𝑥𝑥, 𝑦𝑦 are elements of 
this space, 𝑞𝑞 = (𝑞𝑞1,𝑞𝑞2, … , 𝑞𝑞𝑛𝑛) is a multi-index,  

𝐷𝐷𝑥𝑥 =  
𝜕𝜕
𝜕𝜕𝑥𝑥1

,
𝜕𝜕
𝜕𝜕𝑥𝑥2

, … ,
𝜕𝜕
𝜕𝜕𝑥𝑥𝑛𝑛

𝐷𝐷𝑥𝑥
𝑞𝑞 =

𝜕𝜕|𝑞𝑞|

𝜕𝜕𝑥𝑥1
𝑞𝑞1𝜕𝜕𝑥𝑥2

𝑞𝑞2 …𝜕𝜕𝑥𝑥𝑛𝑛𝑞𝑞𝑛𝑛

|𝑞𝑞| = 𝑞𝑞1 + 𝑞𝑞2 + ⋯+ 𝑞𝑞𝑛𝑛  

𝐷𝐷𝑡𝑡 =  𝜕𝜕
𝜕𝜕𝑡𝑡

, |𝑥𝑥|2 =  𝑥𝑥1
2 + 𝑥𝑥2

2 + ⋯+ 𝑥𝑥𝑛𝑛2 

Consider the parabolic fractional partial differential 
equations with time delay of the form  

𝐷𝐷𝑡𝑡𝛼𝛼𝑢𝑢(𝑥𝑥, 𝑡𝑡,𝑝𝑝) + � 𝑎𝑎𝑞𝑞(𝑥𝑥, 𝑡𝑡)𝐷𝐷𝑥𝑥
𝑞𝑞𝑢𝑢(𝑥𝑥, 𝑡𝑡,𝑝𝑝)

|𝑞𝑞 |≤2𝑚𝑚

= 

� � 𝑏𝑏𝑞𝑞𝑞𝑞 (𝑥𝑥, 𝑡𝑡)𝐷𝐷𝑥𝑥
𝑞𝑞�𝑥𝑥, 𝑡𝑡 − 𝑝𝑝𝑞𝑞 ,𝑝𝑝� + ℎ(𝑥𝑥, 𝑡𝑡)

|𝑞𝑞 |<2𝑚𝑚

𝑘𝑘

𝑞𝑞=1

(1.1) 
0 < 𝛼𝛼 ≤ 1, 0 < 𝑡𝑡 ≤ 𝑇𝑇 , 𝑝𝑝 = (𝑝𝑝1, … ,𝑝𝑝𝑘𝑘), 0 < 𝑝𝑝𝑞𝑞 <

𝜈𝜈 < 𝑇𝑇 , 𝑞𝑞 = 1,2, … , 𝑘𝑘 , 
where 𝜈𝜈 is a given positive number 
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Let us suppose that 𝑢𝑢  satisfies the Cauchy 
condition,  

𝑢𝑢(𝑥𝑥, 0,𝑝𝑝) = 𝑓𝑓(𝑥𝑥)          (1.2) 
Where 𝑓𝑓 is a given function 
Let 𝐶𝐶𝑟𝑟(𝑄𝑄) denote the set of all functions defined 

in a neighborhood of each point of a domain 𝑄𝑄 ⊂ 𝑅𝑅𝑙𝑙 , 
and having bounded continuous partial derivatives of 
all orders le-ss than or equal r in 𝑄𝑄 (𝑟𝑟 denotes a 
nonnegative integer and 𝑙𝑙 a positive integer) . 

We assume that 𝑓𝑓 ∈ 𝐶𝐶2𝑚𝑚−1(𝑅𝑅𝑛𝑛). Let 𝑢𝑢 satisfy 
𝑢𝑢(𝑥𝑥, 𝑡𝑡, 𝑝𝑝) = 𝐹𝐹(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝑄𝑄1        (1.3) 

𝑄𝑄1 = {(𝑥𝑥, 𝑡𝑡): 𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 ,−𝜈𝜈 < 𝑡𝑡 < 0, 0 < 𝑝𝑝𝑞𝑞 < 𝜈𝜈 } 
Where F is a given bounded continuous function on 

𝑄𝑄1. 
Assume that F ∈ 𝐶𝐶2𝑚𝑚−1(𝑅𝑅𝑛𝑛) for every 𝑡𝑡 ∈ (−𝜈𝜈, 0), 

and  
𝐹𝐹(𝑥𝑥, 0) = 𝑓𝑓(𝑥𝑥),𝑥𝑥 𝜖𝜖 𝑅𝑅𝑛𝑛            (1.4) 

The linear partial differential operator 
∑ 𝑎𝑎𝑞𝑞(𝑥𝑥, 𝑡𝑡)𝐷𝐷𝑥𝑥

𝑞𝑞
|𝑞𝑞 |=2𝑚𝑚  is supposed to be uniform elliptic

on 𝑅𝑅𝑛𝑛 , i.e. there exists a positive number 𝜆𝜆 such that 
for every  

(𝑥𝑥, 𝑡𝑡) 𝜖𝜖 𝑄𝑄2 = {(𝑥𝑥, 𝑡𝑡): 𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 , 0 ≤ 𝑡𝑡 ≤ 𝑇𝑇 }, 
and for every 𝑦𝑦𝜖𝜖𝑅𝑅𝑛𝑛 , 

(−1)𝑚𝑚 � 𝑎𝑎𝑞𝑞(𝑥𝑥, 𝑡𝑡)𝑦𝑦𝑞𝑞 ≥  𝜆𝜆|𝑦𝑦|2𝑚𝑚

|𝑞𝑞 |=2𝑚𝑚

 

(1.5) 
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Where the number 𝜆𝜆 is independent of 𝑥𝑥, 𝑡𝑡 and 𝑦𝑦. 
It is suitable to rewrite the problem (1.1), (1.2) in 

the form  
𝑢𝑢(𝑥𝑥, 𝑡𝑡, 𝑝𝑝) = 𝑓𝑓(𝑥𝑥) + 

1
𝛤𝛤(𝛼𝛼)

� (𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1
𝑡𝑡

0
� 𝑎𝑎𝑞𝑞(𝑥𝑥, 𝑡𝑡)𝐷𝐷𝑥𝑥

𝑞𝑞𝑢𝑢(𝑥𝑥, 𝜂𝜂, 𝑝𝑝)
|𝑞𝑞 |≤2𝑚𝑚

𝑑𝑑𝜂𝜂 = 

1
𝛤𝛤(𝛼𝛼)

� (𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1
𝑡𝑡

0
� � 𝑏𝑏𝑞𝑞𝑞𝑞 (𝑥𝑥, 𝜂𝜂)𝐷𝐷𝑥𝑥

𝑞𝑞𝑢𝑢(𝑥𝑥, 𝜂𝜂
|𝑞𝑞 |<2𝑚𝑚

𝑘𝑘

𝑞𝑞=1

− 𝑝𝑝𝑞𝑞 ,𝑝𝑝)𝑑𝑑𝜂𝜂  
            (1.6) 

Where Γ is Gamma function 

Following Friedman [11], we assume the following 
conditions. 

(𝐶𝐶1)  All the coefficients 𝑎𝑎𝑞𝑞 , |𝑞𝑞| ≤ 2𝑚𝑚, are 
continuous and bounded functions on  𝑄𝑄2. (𝐶𝐶2) All 
the coefficients 𝑎𝑎𝑞𝑞 , |𝑞𝑞| ≤ 2𝑚𝑚,  satisfy a Holder 
condition with respect to uniformly in 𝑄𝑄2, namely 
there exists a positive constant K and a constant 
𝛾𝛾𝜖𝜖(0,1) such that 

�𝑎𝑎𝑞𝑞(𝑥𝑥, 𝑡𝑡) − 𝑎𝑎𝑞𝑞(𝑦𝑦, 𝑡𝑡)� ≤ 𝐾𝐾|𝑥𝑥 − 𝑦𝑦|𝛾𝛾 , for all 
𝑥𝑥, 𝑦𝑦 𝜖𝜖 𝑅𝑅𝑛𝑛 , 𝑡𝑡 𝜖𝜖 [0,𝑇𝑇] 

(𝐶𝐶3)  The coefficients 𝑎𝑎𝑞𝑞 , |𝑞𝑞| = 2𝑚𝑚, of the 
principle term are uniformly continuous as functions 
of 𝑡𝑡 relative to (𝑥𝑥, 𝑡𝑡) in 𝑄𝑄2. 

(𝐶𝐶4) 𝐷𝐷𝑥𝑥
𝛽𝛽𝑎𝑎𝑞𝑞𝜖𝜖 𝐶𝐶(𝑄𝑄2) , 𝛽𝛽 = (𝛽𝛽1, … ,𝛽𝛽𝑛𝑛)  is a 

multi-index |𝛽𝛽| ≤ 2𝑚𝑚, |𝑞𝑞| ≤ 2𝑚𝑚, and 
𝐶𝐶(𝑄𝑄2)  is the set of all continuous bounded 

functions on 𝑄𝑄2. 
We assume also that coefficients 𝑏𝑏𝑞𝑞𝑞𝑞 , |𝑞𝑞| ≤ 2𝑚𝑚, 

lative to iple term are uniformly continuous as 
functions of 𝑞𝑞 = 1,2, … ,𝑘𝑘, satisfy a Holder condition 
with respect to 𝑥𝑥 , (similar to cond. (𝐶𝐶2) ) and 

𝐷𝐷𝑥𝑥
𝛽𝛽𝑏𝑏𝑞𝑞𝑞𝑞  𝜖𝜖 𝐶𝐶(𝑄𝑄2), |𝛽𝛽| < 2𝑚𝑚. 

In section 2, we study the existence and uniqueness 
of the solution of the Cauchy problem (1.1), (1.2). In 
section 3, we consider the dependence of the 
parameters 𝑝𝑝1, …, 𝑝𝑝𝑘𝑘  of the solution of the considerd 

Cauchy problem, compare [1], [10], [13], and [14]. 

2. Uniqueness and Existence Theorems 

Consider the Cauchy problem 

𝐷𝐷𝑡𝑡𝛼𝛼𝑤𝑤(𝑥𝑥, 𝑡𝑡) + � 𝑎𝑎𝑞𝑞(𝑥𝑥, 𝑡𝑡)𝐷𝐷𝑥𝑥
𝑞𝑞𝑤𝑤(𝑥𝑥, 𝑡𝑡)

|𝑞𝑞 |≤2𝑚𝑚

= 0 

(2.1) 
𝑤𝑤(𝑥𝑥, 0) = 𝑓𝑓(𝑥𝑥)                (2.2) 

It is well known under the conditions (𝐶𝐶1)− (𝐶𝐶4) 
that the solution of the Cauchy problem (2.1), (2.2) 
represented in the form [7] 

𝑤𝑤(𝑥𝑥, 𝑡𝑡) = ∫ ∫ 𝐺𝐺(𝑥𝑥 − 𝑦𝑦, 𝑡𝑡𝛼𝛼𝜃𝜃)∞
−∞ 𝑓𝑓(𝑦𝑦)𝜁𝜁𝛼𝛼(𝜃𝜃)𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃∞

0     

(2.3) 
𝜁𝜁𝛼𝛼(𝜃𝜃) is a probability density function define on 

(0,∞) 
G is the fundamental solution of equation (2.1), 

when 𝛼𝛼 = 1, which has the following conditions [11]. 
(𝐶𝐶5)𝐷𝐷𝑥𝑥

𝑞𝑞𝐺𝐺,  𝐷𝐷𝑦𝑦
𝑞𝑞𝐺𝐺,  𝐷𝐷𝑡𝑡𝐺𝐺 𝜖𝜖 (𝑄𝑄2 × 𝑄𝑄2), |𝑞𝑞| ≤ 2𝑚𝑚 

(𝐶𝐶6)�𝐷𝐷𝑥𝑥
𝑞𝑞𝐷𝐷𝑦𝑦𝐵𝐵𝐺𝐺(𝑥𝑥, 𝑡𝑡, 𝑦𝑦, 𝜃𝜃)� ≤  

𝐾𝐾𝐾𝐾(𝑥𝑥 − 𝑦𝑦, 𝑡𝑡 − 𝜃𝜃)
(𝑡𝑡 − 𝜃𝜃)𝜈𝜈1

 

Where 𝐾𝐾(𝑥𝑥 − 𝑦𝑦, 𝑡𝑡 − 𝜃𝜃) = exp[−𝜈𝜈2(|𝑥𝑥 − 𝑦𝑦|2𝑚𝑚/𝑡𝑡 − 

𝜃𝜃)
1

2𝑚𝑚−1], (0< 𝜃𝜃 < 𝑡𝑡 ) 

𝜈𝜈1 = 1/2𝑚𝑚[|𝑞𝑞| + |𝛽𝛽| + 𝑛𝑛], 𝐾𝐾, 𝜈𝜈2  are positive 
constants and |𝑞𝑞| < 2𝑚𝑚, |𝛽𝛽| ≤ 2𝑚𝑚. 

(𝐶𝐶7)�𝐷𝐷𝑥𝑥
𝑞𝑞[𝐺𝐺(𝑥𝑥, 𝑡𝑡,𝑦𝑦,𝜃𝜃)− 𝐺𝐺(𝐾𝐾, 𝑡𝑡,𝑦𝑦,𝜃𝜃)]�

≤  
𝐾𝐾|𝑥𝑥 − 𝐾𝐾|𝜈𝜈3

(𝑡𝑡 − 𝜃𝜃)𝜈𝜈4
Λ, 

Where Λ =  exp[−𝜈𝜈5(|𝑥𝑥− 𝑦𝑦|2𝑚𝑚/𝑡𝑡 − 𝜃𝜃)
1

2𝑚𝑚] + 

exp[−𝜈𝜈5(|𝐾𝐾 − 𝑦𝑦|2𝑚𝑚/𝑡𝑡 − 𝜃𝜃)
1

2𝑚𝑚 ], 

𝜈𝜈4= 1/2𝑚𝑚(|𝑞𝑞| + 𝜈𝜈3 + 𝑛𝑛),𝜈𝜈3 is an arbitrary positive 
number≤  1, 𝐾𝐾 and  𝜈𝜈5  are positive constants and 
|𝑞𝑞| < 2𝑚𝑚, 0 <  𝜃𝜃 < 𝑡𝑡. 

Let P = { 𝑝𝑝 𝜖𝜖 𝑅𝑅𝑘𝑘 : 0 < 𝑝𝑝𝑖𝑖 < 𝜈𝜈 , 𝑖𝑖 = 1, … ,𝑘𝑘 } 
𝑄𝑄3 = { (𝑥𝑥, 𝑡𝑡) ∶  𝑥𝑥 𝜖𝜖 𝑅𝑅𝑛𝑛 ,−𝜈𝜈 < 𝑡𝑡 < 𝑇𝑇 } 

We prove now the following uniqueness theorem. 
Theorem 2.1: Let 𝑢𝑢 be a function defined on 𝑄𝑄3 × 

P. Let 𝐷𝐷𝑡𝑡𝑢𝑢,𝐷𝐷𝑥𝑥
𝑞𝑞𝐺𝐺𝜖𝜖 𝐶𝐶(𝑄𝑄3), |𝑞𝑞| ≤  2𝑚𝑚 , for every 
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fixed  𝑝𝑝 𝜖𝜖 𝑃𝑃. Let 𝐹𝐹 = 0 on 𝑄𝑄1. If 𝑢𝑢 is a solution of 
the Cauchy problem (1.1), (1.2) on 𝑄𝑄2 , which 
satisfies the condition (1.3) on 𝑄𝑄1. Then the solution 
is unique 

Proof: We set (𝑥𝑥, 0,𝑝𝑝) = 0, ℎ(𝑥𝑥, 𝑡𝑡) = 0 , 𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 , 
𝑝𝑝 𝜖𝜖 𝑃𝑃, 𝑡𝑡 > 0. 

In this case we must prove  𝑢𝑢(𝑥𝑥, 𝑡𝑡,𝑝𝑝) = 0 , for 
sufficiently small 𝑡𝑡 > 0, 𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 , 𝑝𝑝 𝜖𝜖 𝑃𝑃 

Using (𝐶𝐶5), (𝐶𝐶6) of the fundamental solution G, 
we get 

∫ 𝐺𝐺(𝑥𝑥, 𝑡𝑡, 𝑦𝑦, 𝜃𝜃)𝐷𝐷𝑦𝑦
𝑞𝑞𝑢𝑢(𝑦𝑦,𝜃𝜃, 𝑝𝑝)𝑑𝑑𝑦𝑦∞

−∞  = 

∫ (−1)|𝑞𝑞|𝑢𝑢(𝑦𝑦,𝜃𝜃, 𝑝𝑝)𝐷𝐷𝑦𝑦
𝑞𝑞𝐺𝐺(𝑥𝑥, 𝑡𝑡,𝑦𝑦,𝜃𝜃)𝑑𝑑𝑦𝑦∞

−∞  

And so there exists a number 𝑐𝑐 𝜖𝜖 (0,1) such that 

su𝑝𝑝𝑥𝑥�∫ 𝐺𝐺(𝑥𝑥, 𝑡𝑡, 𝑦𝑦, 𝜃𝜃)𝐷𝐷𝑦𝑦
𝑞𝑞𝑢𝑢(𝑦𝑦, 𝜃𝜃, 𝑝𝑝)𝑑𝑑𝑦𝑦∞

−∞ �  ≤  𝐾𝐾
(𝑡𝑡−𝜃𝜃)𝑐𝑐

‖𝑢𝑢‖, 

𝑡𝑡 > 𝜃𝜃                 (2.4) 
Where ‖𝑢𝑢‖ = 𝑠𝑠𝑢𝑢𝑝𝑝𝑥𝑥 |𝑢𝑢(𝑥𝑥, 𝑡𝑡,𝑝𝑝)| , |𝑞𝑞| < 2𝑚𝑚 , 𝐾𝐾  is a 

positive constant. According to 
the conditions imposed on the considered problem, 

we can write 
𝑢𝑢(𝑥𝑥, 𝑡𝑡, 𝑝𝑝) = 

𝛼𝛼� � � � � 𝜃𝜃𝜁𝜁𝛼𝛼(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1
∞

−∞

∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞(𝑡𝑡)

𝐺𝐺(𝑥𝑥
|𝑞𝑞|<2𝑚𝑚

𝑘𝑘

𝑞𝑞=1

−𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃) 

× 𝑏𝑏𝑞𝑞𝑞𝑞(𝑦𝑦,𝜂𝜂)𝐷𝐷𝑦𝑦𝑞𝑞𝑢𝑢(𝑦𝑦,𝜂𝜂− 𝑝𝑝𝑞𝑞,𝑝𝑝)𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

Where 

𝑡𝑡 ≤ 𝑝𝑝𝑞𝑞  
𝜂𝜂𝑞𝑞 (𝑡𝑡) = �

𝑡𝑡
𝑝𝑝𝑞𝑞
� 

𝑡𝑡 > 𝑝𝑝𝑞𝑞  

Thus 
𝑢𝑢(𝑥𝑥, 𝑡𝑡, 𝑝𝑝) = 

𝛼𝛼� � � � �(−1)|𝑞𝑞|𝑢𝑢(𝑦𝑦,𝜂𝜂
∞

−∞

∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞(𝑡𝑡)|𝑞𝑞|<2𝑚𝑚

𝑘𝑘

𝑞𝑞=1

−𝑝𝑝𝑞𝑞,𝑝𝑝)𝜃𝜃𝜁𝜁(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1 

×𝐷𝐷𝑦𝑦𝑞𝑞[𝑏𝑏𝑞𝑞𝑞𝑞(𝑦𝑦,𝜂𝜂)𝐺𝐺(𝑥𝑥− 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

Since 𝐷𝐷𝑥𝑥
𝑞𝑞𝑏𝑏𝑞𝑞𝑞𝑞  𝜖𝜖 𝐶𝐶(𝑄𝑄2) ,|𝑞𝑞| < 2𝑚𝑚, 𝑞𝑞 = 1, … , 𝑘𝑘 . 

It follows by using (2.4) that 

𝑔𝑔(𝑡𝑡, 𝑝𝑝) ≤  𝛼𝛼𝑘𝑘�� � 𝜃𝜃(𝑡𝑡 − 𝜂𝜂)−𝑐𝑐𝛼𝛼𝜃𝜃−𝑐𝑐(𝑡𝑡
∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞 (𝑡𝑡)

𝑘𝑘

𝑞𝑞=1

− 𝜂𝜂)𝛼𝛼−1𝜁𝜁𝛼𝛼(𝜃𝜃)𝑔𝑔�𝜂𝜂 − 𝑝𝑝𝑞𝑞 ,𝑝𝑝�𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

≤ 𝛼𝛼𝑘𝑘�� [�𝜃𝜃1−𝑐𝑐𝜁𝜁𝛼𝛼(𝜃𝜃)𝑑𝑑𝜃𝜃](𝑡𝑡 − 𝜂𝜂)(1−𝑐𝑐)𝛼𝛼−1𝑔𝑔�𝜂𝜂
∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞 (𝑡𝑡)

𝑘𝑘

𝑞𝑞=1

− 𝑝𝑝𝑞𝑞 ,𝑝𝑝)𝑑𝑑𝜂𝜂 
where 

𝑔𝑔(𝑡𝑡, 𝑝𝑝) = ‖𝑢𝑢‖ = 𝑠𝑠𝑢𝑢𝑝𝑝𝑥𝑥 |𝑢𝑢(𝑥𝑥, 𝑡𝑡,𝑝𝑝)| 
Thus 

𝜉𝜉(𝑡𝑡) ≤ 𝛼𝛼𝐾𝐾
Γ((1− 𝑐𝑐)𝛼𝛼+ 1)�� �𝑡𝑡− 𝜂𝜂

𝑡𝑡−𝑝𝑝𝑞𝑞

0

𝑘𝑘

𝑞𝑞=1

−𝑝𝑝𝑞𝑞�
(1−𝑐𝑐)𝛼𝛼−1𝜉𝜉(𝜂𝜂)𝑑𝑑𝜂𝜂 

for 
𝑡𝑡 > 𝑝𝑝𝑞𝑞                (2.5) 

Where 𝜉𝜉(𝑡𝑡) =  𝑠𝑠𝑢𝑢𝑝𝑝𝑝𝑝𝑔𝑔(𝑡𝑡,𝑝𝑝) 
If 𝑡𝑡 ≤  𝑝𝑝𝑞𝑞 , 𝑞𝑞 = 1,2, …𝑘𝑘 , there is nothing to prove. 

Suppose 𝑡𝑡 > 𝑝𝑝𝑞𝑞 , then from equation (2.5) 

𝜉𝜉(𝑡𝑡) ≤  𝛼𝛼𝐾𝐾
Γ�(1− 𝑐𝑐)𝛼𝛼+ 1��

(𝑡𝑡 − 𝜂𝜂)(1−𝑐𝑐)𝛼𝛼−1𝜉𝜉(𝜂𝜂)𝑑𝑑𝜂𝜂
𝑡𝑡

0
 

It is easy to get: 

𝜉𝜉(𝑡𝑡) ≤  𝐾𝐾
∗𝑀𝑀𝑛𝑛𝑡𝑡𝑛𝑛𝑛𝑛[Γ(𝑛𝑛)]𝑛𝑛−1

Γ(𝑛𝑛𝑛𝑛+ 1)  

for all 
𝑛𝑛 = 1,2, … 

Where 𝑀𝑀 =  𝑠𝑠𝑢𝑢𝑝𝑝𝑡𝑡𝜉𝜉(𝑡𝑡) , 𝑛𝑛 =  (1− 𝑐𝑐)𝛼𝛼,𝐾𝐾∗  is a 
positive integer, letting𝑛𝑛 → ∞ , we get 

𝜉𝜉(𝑡𝑡) ≡ 0, for all t. 
We prove now the following existence theorem. 
Theorem 2.2: There exists a unique function 𝑢𝑢, 

𝑢𝑢,  𝐷𝐷𝑡𝑡𝑢𝑢,𝐷𝐷𝑞𝑞𝑢𝑢𝜖𝜖 𝐶𝐶(𝑄𝑄3) ,|𝑞𝑞| ≤ 2𝑚𝑚 
Such that𝑢𝑢 represents the unique solution of the 

Cauchy problem (1.1), (1.2) on  𝑄𝑄2, which satisfies 
the condition (1.3) on 𝑄𝑄1. 

Proof: Let us try to find the solution of the 
integro-partial differential equation. 

𝑢𝑢 = 𝐻𝐻 + 𝐸𝐸𝑢𝑢               (2.6) 
Where H is a given function defined on 𝑄𝑄2 by, 
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𝐻𝐻(𝑥𝑥, 𝑡𝑡, 𝑝𝑝) = � �𝐺𝐺(𝑥𝑥,𝑦𝑦, 𝑡𝑡𝛼𝛼𝜃𝜃)
∞

−∞

𝑓𝑓(𝑦𝑦)𝜁𝜁𝛼𝛼(𝜃𝜃)𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃
∞

0

+ 

𝛼𝛼�� �𝜃𝜃𝜁𝜁𝛼𝛼(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1

∞

−∞

∞

0

𝑡𝑡

0

𝐺𝐺(𝑥𝑥

− 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)ℎ(𝑦𝑦, 𝜂𝜂)𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 + 

𝛼𝛼� � � � �(−1)|𝑞𝑞 |𝐹𝐹(𝑦𝑦, 𝜂𝜂
∞

−∞

∞

0

𝜂𝜂𝑞𝑞 (𝑡𝑡)

0|𝑞𝑞 |<2𝑚𝑚

𝑘𝑘

𝑞𝑞=1

− 𝑝𝑝𝑞𝑞 ,𝑝𝑝)𝜃𝜃𝜁𝜁𝛼𝛼(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1 
×𝐷𝐷𝑦𝑦𝑞𝑞[𝑏𝑏𝑞𝑞𝑞𝑞(𝑦𝑦,𝜂𝜂)𝐺𝐺(𝑥𝑥− 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

And E is an integro-partial differential difference 
operator defined on 𝐶𝐶(𝑄𝑄2) by 𝐸𝐸𝑢𝑢 = 𝑢𝑢∗, 

𝑢𝑢∗(𝑥𝑥, 𝑡𝑡, 𝑝𝑝) = 𝛼𝛼� � � � �(−1)|𝑞𝑞|𝑢𝑢(𝑦𝑦, 𝜂𝜂
∞

−∞

∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞 (𝑡𝑡)|𝑞𝑞 |<2𝑚𝑚

𝑘𝑘

𝑞𝑞=1

− 𝑝𝑝𝑞𝑞 ,𝑝𝑝)𝜃𝜃𝜁𝜁(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1 
×𝐷𝐷𝑦𝑦𝑞𝑞[𝑏𝑏𝑞𝑞𝑞𝑞(𝑦𝑦,𝜂𝜂)𝐺𝐺(𝑥𝑥− 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

We apply the method of successive approximation 
to solve (2.7), to do this, set 

𝑢𝑢𝑟𝑟+1 = 𝐻𝐻 + 𝐸𝐸𝑢𝑢𝑟𝑟  , 𝑟𝑟 = 1,2, … 
Where the zero approximation 𝑢𝑢0 is taken to be 

zero. The linearity of the operator E leads to the 
following equation 

𝑢𝑢𝑟𝑟+1 − 𝑢𝑢𝑟𝑟 = 𝐸𝐸(𝑢𝑢𝑟𝑟 − 𝑢𝑢𝑟𝑟−1), 
using the conditions imposed on the coefficients and 
the properties of the fundamental solution G of 
equation (2.2), we get by a similar method of the 
proof of theorem (2.1) 

‖ur+1 − ur‖ ≤
𝐾𝐾𝑡𝑡𝑛𝑛𝑟𝑟 [Γ(𝑛𝑛)]𝑟𝑟−1

Γ(𝑛𝑛𝑟𝑟 + 1)
 

where 𝐾𝐾 is a positive constant, 𝑛𝑛 = (1− 𝑐𝑐)𝛼𝛼. 
Thus the required solution of equation (2.6) is given 

by 

𝑢𝑢 = �(𝑢𝑢𝑟𝑟 − 𝑢𝑢𝑟𝑟−1)
∞

𝑟𝑟=1

 

This series is absolutely and uniformly convergent 
on 𝑄𝑄2 to the function 𝑢𝑢 𝜖𝜖 𝐶𝐶(𝑄𝑄2). 

To prove the smoothness of the function u, we 

consider the following equation 
𝑉𝑉𝑖𝑖 = 𝐷𝐷𝑥𝑥𝑖𝑖𝐻𝐻 + 𝐸𝐸𝑢𝑢𝑖𝑖 + 𝑃𝑃𝑖𝑖𝑉𝑉𝑖𝑖            (2.7) 

Where 
𝐸𝐸𝑢𝑢𝑖𝑖 = 𝑢𝑢𝑖𝑖∗, 𝑃𝑃𝑖𝑖𝑉𝑉𝑖𝑖 =  𝑉𝑉𝑖𝑖∗, 

𝑢𝑢𝑖𝑖∗(𝑥𝑥, 𝑡𝑡,𝑝𝑝) = 𝛼𝛼� � � �𝜃𝜃𝜁𝜁𝛼𝛼(𝜃𝜃)(𝑡𝑡
∞

−∞

∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞 (𝑡𝑡)

𝑘𝑘

𝑞𝑞=1

− 𝜂𝜂)𝛼𝛼−1 𝑏𝑏0,…,0,𝑞𝑞 (𝑦𝑦, 𝜂𝜂)𝑢𝑢(𝑦𝑦, 𝜂𝜂 − 𝑝𝑝𝑞𝑞 ,𝑝𝑝) 
×𝐷𝐷𝑥𝑥𝑖𝑖[𝐺𝐺(𝑥𝑥− 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

𝑉𝑉𝑖𝑖∗(𝑥𝑥, 𝑡𝑡, 𝑝𝑝)

= 𝛼𝛼� � � � �(−1)|𝑞𝑞|−1 𝑉𝑉𝑖𝑖(𝑦𝑦, 𝜂𝜂
∞

−∞

∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞 (𝑡𝑡)1≤|𝑞𝑞 |≤2m 

𝑘𝑘

𝑞𝑞=1

− 𝑝𝑝𝑞𝑞 ,𝑝𝑝)𝜃𝜃𝜁𝜁(𝜃𝜃) 
× (𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1𝐷𝐷𝑥𝑥𝑖𝑖𝐷𝐷𝑦𝑦

𝑞𝑞−𝑒𝑒𝑖𝑖[𝑏𝑏𝑞𝑞𝑞𝑞(𝑦𝑦,𝜂𝜂)𝐺𝐺(𝑥𝑥
− 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

𝐷𝐷𝑥𝑥𝑖𝑖 =
∂
𝜕𝜕𝑥𝑥𝑖𝑖

 , 𝑒𝑒1 = (1,0, … ,0), 𝑒𝑒2 = (0,1, … ,0), 𝑒𝑒𝑛𝑛

= (0,0, … ,1) 
are the unit vectors 

If the solution 𝑉𝑉𝑖𝑖  of equation(2.7) exists in the 
space  𝐶𝐶(𝑄𝑄2), then the partial derivative 𝐷𝐷𝑥𝑥𝑖𝑖𝑢𝑢  exists 
for every 𝑖𝑖 = 1, … ,𝑛𝑛  and 

𝑉𝑉𝑖𝑖 = 𝐷𝐷𝑥𝑥𝑖𝑖𝑢𝑢𝜖𝜖 𝐶𝐶(𝑄𝑄2) 
Using a similar technique to that used to prove the 

existence of solution of equation (2.6) in the space 
𝐶𝐶(𝑄𝑄2) and noting that u is a known function in the 
space 𝐶𝐶(𝑄𝑄2)  and using the conditions (𝐶𝐶5)  and 
(𝐶𝐶6) of the function G, we deduce that equation (2.7) 
has a unique solution 𝑉𝑉𝑖𝑖  in the space 𝐶𝐶(𝑄𝑄2), for 
every 𝑖𝑖 = 1, … ,𝑛𝑛. 

And so 𝑉𝑉𝑖𝑖 = 𝐷𝐷𝑥𝑥𝑖𝑖𝑢𝑢 𝜖𝜖 𝐶𝐶(𝑄𝑄2), compare [2] 
By induction we can prove that 𝐷𝐷𝑥𝑥𝑖𝑖

𝑞𝑞 𝑢𝑢 𝜖𝜖 𝐶𝐶(𝑄𝑄2)  for 
|𝑞𝑞| < 2𝑚𝑚. 

Now to prove that  𝐷𝐷𝑥𝑥
𝑞𝑞𝜖𝜖 𝐶𝐶(𝑄𝑄2) for |𝑞𝑞| = 2𝑚𝑚, we 

need to prove first all the partial derivatives 𝐷𝐷𝑥𝑥
𝑞𝑞𝑢𝑢 

satisfy for |𝑞𝑞| < 2𝑚𝑚, a Holder continuity condition 
with respect to x. 

To do this, we notice that 
𝐷𝐷𝑥𝑥
𝛽𝛽𝑢𝑢(𝑥𝑥, 𝑡𝑡,𝑝𝑝) − 𝐷𝐷𝐾𝐾

𝛽𝛽𝑢𝑢(𝐾𝐾, 𝑡𝑡,𝑝𝑝)
= 𝐷𝐷𝑥𝑥

𝛽𝛽𝐻𝐻(𝑥𝑥, 𝑡𝑡, 𝑝𝑝)− 𝐷𝐷𝐾𝐾
𝛽𝛽𝐻𝐻(𝐾𝐾, 𝑡𝑡, 𝑝𝑝) + 
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� � � � �𝜃𝜃𝜁𝜁(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1𝑏𝑏𝑞𝑞𝑞𝑞 (𝑦𝑦, 𝜂𝜂)
∞

−∞

∞

0

𝑡𝑡

𝜂𝜂𝑞𝑞 (𝑡𝑡)|𝑞𝑞 |<2𝑚𝑚

𝑘𝑘

𝑞𝑞=1

 

×𝐷𝐷𝑦𝑦𝑞𝑞𝑢𝑢(𝑦𝑦,𝜂𝜂,𝑝𝑝)[𝐷𝐷𝑥𝑥
𝛽𝛽𝐺𝐺(𝑥𝑥 − 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)− 𝐷𝐷𝐾𝐾

𝛽𝛽𝐺𝐺(𝐾𝐾 −

𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 
Where |𝛽𝛽| < 2𝑚𝑚 
Using condition (𝐶𝐶7)  of the function G and 

remembering the conditions imposed on the 
coefficients of equation (1.1) we can prove that there 
is a constant 𝛾𝛾𝜖𝜖 (0,1) such that 

�𝐷𝐷𝑥𝑥
𝛽𝛽𝑢𝑢(𝑥𝑥, 𝑡𝑡,𝑝𝑝) − 𝐷𝐷𝐾𝐾

𝛽𝛽𝑢𝑢(𝐾𝐾, 𝑡𝑡, 𝑝𝑝)� ≤ K |𝑥𝑥 − 𝐾𝐾|𝛾𝛾  for all 

𝑥𝑥, 𝐾𝐾 𝜖𝜖 𝑅𝑅𝑛𝑛  
Where the positive constant K, is independent of 

𝑥𝑥, 𝐾𝐾 and  𝑡𝑡. 
This completes the proof of the theorem. 

3. Properties of Smoothness 

In this section we consider the dependence on the 
parameters  𝑝𝑝1, … ,𝑝𝑝𝑘𝑘 .  We shall deduce some 
smoothness properties of the solution 𝑢𝑢 (𝑥𝑥, 𝑡𝑡,𝑝𝑝) with 
respect to p, compare [10]. 

Theorem 3.1: If 𝐹𝐹  has continuous bounded 
derivatives 𝑫𝑫𝒕𝒕

𝒓𝒓𝑭𝑭 𝒐𝒐𝒐𝒐 𝑸𝑸𝟏𝟏 , then u has continuous 
bounded derivatives 

𝐷𝐷𝑝𝑝𝑖𝑖
𝑟𝑟 𝑢𝑢 𝑜𝑜𝑛𝑛 𝑄𝑄2 × 𝑃𝑃, 𝐷𝐷𝑝𝑝𝑖𝑖 = 𝜕𝜕

𝜕𝜕𝑝𝑝𝑖𝑖
 , 𝑟𝑟 = 1,2, … , 𝑖𝑖 = 1, … ,𝑘𝑘 

Proof: For a fixed 𝑡𝑡 𝜖𝜖 (0,𝑇𝑇] and a fixed 𝑥𝑥 𝜖𝜖 𝑅𝑅𝑛𝑛 , 
we consider the following equation 

𝐷𝐷𝑡𝑡𝛼𝛼𝑉𝑉𝑟𝑟𝑖𝑖(𝑥𝑥, 𝑡𝑡,𝑝𝑝) + � 𝑎𝑎𝑞𝑞(𝑥𝑥, 𝑡𝑡)𝐷𝐷𝑥𝑥
𝑞𝑞𝑉𝑉𝑟𝑟𝑖𝑖(𝑥𝑥, 𝑡𝑡,𝑝𝑝)

|𝑞𝑞 |≤2𝑚𝑚

 

= ∑ ∑ 𝑏𝑏𝑞𝑞𝑞𝑞 (𝑥𝑥, 𝑡𝑡)𝐷𝐷𝑥𝑥
𝑞𝑞𝑉𝑉𝑟𝑟𝑖𝑖�𝑥𝑥, 𝑡𝑡 − 𝑝𝑝𝑞𝑞 ,𝑝𝑝�|𝑞𝑞 |<2𝑚𝑚

𝑘𝑘
𝑞𝑞=1     (3.1) 

Where 𝑝𝑝 𝜖𝜖 𝑃𝑃, 
𝑉𝑉𝑟𝑟𝑖𝑖�𝑥𝑥, 𝑡𝑡 − 𝑝𝑝𝑞𝑞 ,𝑝𝑝� =

�
𝐷𝐷𝑝𝑝𝑖𝑖
𝑟𝑟 𝐹𝐹(𝑥𝑥, 𝑡𝑡 − 𝑝𝑝𝑖𝑖),  𝑝𝑝𝑖𝑖 ≥ 𝑡𝑡 , 𝑖𝑖 = 𝑞𝑞 

0, 𝑝𝑝𝑖𝑖 ≥ 𝑡𝑡 , 𝑖𝑖 ≠ 𝑞𝑞 
� for some fixed 

𝑖𝑖 = 1, … ,𝑘𝑘 

Assume that 
𝑉𝑉𝑟𝑟𝑖𝑖(𝑥𝑥, 0,𝑝𝑝) = 0               (3.2) 

Equation (3.1) can be obtained from formally from 

equation (1.1) by applying formally the partial 
differential operator 𝐷𝐷𝑝𝑝𝑖𝑖

𝑟𝑟  . 
If the Cauchy problem (3.1), (3,2) has a solution, 

then we deduce immediately that 
𝐷𝐷𝑝𝑝𝑖𝑖
𝑟𝑟 𝑢𝑢 =  𝑉𝑉𝑟𝑟𝑖𝑖  𝜖𝜖 𝐶𝐶(𝑄𝑄2 × 𝑃𝑃). 

The Cauchy problem (3.1), (3.2) can be transformed 
to 

𝑉𝑉𝑟𝑟𝑖𝑖(𝑥𝑥, 𝑡𝑡, 𝑝𝑝) = α � � � �(−1)|𝑞𝑞|𝐷𝐷𝑝𝑝𝑖𝑖
𝑟𝑟 𝐹𝐹(𝑦𝑦, 𝜂𝜂

∞

−∞

∞

0

𝜂𝜂𝑞𝑞 (𝑡𝑡)

0|𝑞𝑞 |<2𝑚𝑚

− 𝑝𝑝𝑖𝑖)𝜃𝜃𝜁𝜁𝛼𝛼(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1 
×𝐷𝐷𝑦𝑦𝑞𝑞[𝑏𝑏𝑞𝑞𝑖𝑖(𝑦𝑦,𝜂𝜂)𝐺𝐺(𝑥𝑥− 𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 

+ 𝛼𝛼∑ ∑ ∫ ∫ ∫ (−1)|𝑞𝑞|𝑉𝑉𝑟𝑟𝑖𝑖(𝑦𝑦, 𝜂𝜂 −∞
−∞

∞
0

𝑡𝑡
𝜂𝜂𝑞𝑞 (𝑡𝑡)|𝑞𝑞 |≤2m 

𝑘𝑘
𝑞𝑞=1   

𝑝𝑝𝑞𝑞 ,𝑝𝑝)𝜃𝜃𝜁𝜁𝛼𝛼(𝜃𝜃)(𝑡𝑡 − 𝜂𝜂)𝛼𝛼−1 × 𝐷𝐷𝑦𝑦
𝑞𝑞[𝑏𝑏𝑞𝑞𝑖𝑖(𝑦𝑦, 𝜂𝜂)𝐺𝐺(𝑥𝑥 − 

𝑦𝑦, (𝑡𝑡 − 𝜂𝜂)𝛼𝛼𝜃𝜃)] 𝑑𝑑𝑦𝑦𝑑𝑑𝜃𝜃𝑑𝑑𝜂𝜂 (3.3) 
Similar to theorem (2.2) we see that equation (3.3) 

satisfies the required. It can be also proved that 
𝜕𝜕𝑢𝑢(𝑥𝑥, 𝑡𝑡, 𝑝𝑝)
𝜕𝜕𝑝𝑝𝑖𝑖𝜕𝜕𝑝𝑝𝑞𝑞

= 0, for 𝑖𝑖 ≠ 𝑞𝑞 
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