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Abstract: The dynamic analysis of a one-DOF RSRRR spatial linkage mechanism, including four rotational joints R and one
spherical joint S, is presented in the paper. It is assumed that friction occurs in the rotational joints, whereas a spherical joint can be
treated as an ideal one. The mechanism in the form of a closed-loop kinematic chain was divided by cut joint technique into two
open-loop kinematic chains in place of the spherical joint. Joint coordinates and homogeneous transformation matrices were used to
describe the geometry of the system. Equations of the chains” motion were derived using formalism of Lagrange equations. Cut joint
constraints and reaction forces, acting in the cutting place—i.e. in the spherical joint, have been introduced to complete the equations
of motion. As a consequence, a set of differential-algebraic equations has been obtained. In order to solve these equations, a
procedure based on differentiation twice of the formulated constraint equations with respect to time has been applied. In order to
determine values of friction torques in the rotational joints in each integrating step of the equations of motion, joint forces and
torques were calculated using the recursive Newton-Euler algorithm taken from robotics. For the requirements of the method, a
model of a rotational joint has been developed. Some examples of results of the numerical calculations made have been presented in

the conclusions of the paper.
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Nomenclature

Parameter defining time course of value

t§ of driving torque (it determines the
c Kinematic chain index value of this torque after starting time)
g Acceleration of gravity L Starting time
p Link index fe.n Force with opposite sense to inertial
(c.p) H
Length of journal (bearing liner) of ¢ force of link p ) )
a.(C,p) rotational joint connecting link p f(c'p) Joint forces exerted on link p by link
(c.p)
with link p-1 © p-1 _ o
Spacing of friction rotational surfaces of Torque with opposite sense to inertial
P journal (bearing liner) of rotational joint ﬁg:(c',)p)) torque of link p at centre of mass
connecting link p with link p-1 cn
daem Link diameter D) Joint torque exerted on link p by link
Respectively diameters of rotational 0w p-1
qep friction surfaces A, B, C of rotational He.p) Vector of position of point A in local
*  laefa,8,C) joint connecting link p with link A coordinate system
p-1 ) Vector of position of point A in global
Coefficient defining form of kinetic A reference system {1,0}
kP friction characteristic in rotational joint (), Component « of vector r
connecting link with link p-1 .

_ g P P Y Driving torque
[(P) Link length L .

) Kinetic friction torque respectively on
m(©P) Link mass tep) rotational friction surfaces A, B, C of
n{® Number of links in kinematic chain ¢ * lae{a,8,C} bearlng_ I|r_1er of _rotzjltlonal joint

connecting link p withlink p-1
D Resistance torque
Corresponding author: Andrzej Harlecki, professor, H(©P) Link pseudo-inertial matrix 4x 4

research field: dynamics of machines.
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1P) Link inertial matrix 3x3
Rotation matrix 3x3 from local
[=1CR) coordinate system of link p to system
oflink p-1

Transformation matrix 4x4  from
F(c.p) local coordinate system of link p to

system of link p-1

Transformation matrix 4x4  from
TCP) local coordinate system of link p to

global reference system {1,0}

Element of matrix T being on
- intersection of row « and column S
( )a,ﬁ’ Ti(cvp) _ oTeP ‘ TI(CJ 0 _ o%TCP)
aq; ’ 00;00
e Parameter defining time course of value

of resistance torque

Coefficient defining form of Kinetic
friction characteristic in rotational joint
connecting link p with link p-1 (it
y&P determines the value of relative velocity
in this joint when Kinetic friction
coefficient ,(e:P) assumes a practically

constant value)

Coefficient defining form of kinetic

friction characteristic in rotational joint
1P connecting link p with link p—1 (it

determines the maximal value of kinetic

friction coefficient)

Kinetic friction coefficient on rotational

ue friction surfaces of pin (bearing liner)
aE{A,B,C} . . . R

connecting p linkwith p-1 link

HEP Angular velocity of link p defined in
local coordinate system

5CP) Angular acceleration of link p
defined in local coordinate system
Acceleration of centre of mass C(©P)

f)(cc{fg) of link p defined in local coordinate
system
Acceleration of origin of local

f)g(fg) coordinate system of link p defined in
this system

DOF Degree(s) of freedom

1. Introduction

The Uicker’s doctoral dissertation was the first
frequently quoted publication dealing with the
dynamic analysis of the spatial linkage mechanism,
being the closed-loop kinematic chains [1]. In the
proposed method, the equations of motion were
formulated on the basis of the Lagrange formalism.
The author used here, for the first time, homogeneous
transformation matrices which were determined

according to an approach presented by Denavit and
Hartenberg [2]. As one of the examples, he proposed a
dynamic analysis of a two-DOF RSSR classical
spatial mechanism containing two one-DOF rotational
joints R and two three-DOF spherical joints S. The
dynamics of this kind of the mechanism—popular in
the technical applications—was also analyzed in
later years, among others, by the authors of the
publications [3, 4].

Since that time, the dynamics of spatial linkage
mechanisms has been analyzed in many works. As it
is stated in publication [5], there are several different
approaches to the dynamic analysis of such
mechanisms. One of the main criteria enabling to
classify them is a way of taking into account the
coordinates determining the mechanism geometry.
Many authors use “relative” coordinates. These
determine the position of a link of the mechanism with
respect to the previous one in the kinematic chain.
Other authors use “reference point” coordinates. In
this approach the position of a link is determined by
the Cartesian coordinates of a point and by Euler
angles or by Euler parameters (called also “quaternions”)
that define angular orientation of the link. The authors
of the work [6] described a new system of coordinates
called “natural coordinates” that, in their opinion,
have some important advantages in comparison to the
“relative” and “reference point” coordinates.

The subject of the analysis presented in this work is
a one-DOF RSRRR spatial linkage mechanism. It has
one spherical joint S and four rotational joints R. In
the work [7], a method of the dynamic analysis of this
type of the mechanism is presented, but other
formalism was used, that is the d’Alembert principle.
In the article [8], a dynamic analysis method of
one-DOF PUSR spatial linkage mechanism (where P
means a one-DOF prismatic joint and U—a two-DOF
universal joint, in fact being a composition of two
rotational joints R), presented in the work [9], has
been analyzed. The authors based here on the
assumptions included in the works [10-12]. Both
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characterized mechanisms, in fact being a family of
the spatial linkage mechanisms, contain neither
redundant DOF nor passive constraints. They can
have a one three-DOF spherical joint and another
one-DOF joint.

2. A Description of the Dynamic Analysis
Methods

In the accepted method, friction is taken into
account in the all rotational joints R of the mechanism,
whereas the spherical joint S is treated as an ideal one.
It is assumed that the mechanism is cut in the
spherical joint obtaining two open kinematic chains
joined with the fixed base. In the cutting place
applicable reaction forces acting on the formed chains
are introduced. The Denavit-Hartenberg notation is
used to describe the geometry of these chains. This
notation bases on homogeneous transformation
matrices 4x4 and joint coordinates (defining
relative position of links) according to the
methodology presented in the work [13] which deals
with a description of the geometry of robot
manipulators. Since it can be seen easily that the
structure of the obtained chains is analogical to the
structure of the manipulators, which are modelled in
the form of open-loop kinematic chains, thus the
procedure regarding formulating equations of the
chains’ motion can be analogical to the approach
which is used in the case of the dynamic analysis of
the manipulators. In the accepted method, the
equations of the motion of chains are determined by
using formalism of the Lagrange equations on the
basis of algorithms provided in the monograph [14].
In order to determine unknown reaction forces in
cutting place of the mechanism, additional equations
of geometrical constraints are formulated. These
equations (in the form of algebraic equations of
second order) are joined to the equations of motion (in
the form of ordinary differential equations of second
order) to determine unknown values of these forces. A
system of the differential-algebraic equations is

formed in such a way. In order to determine the values
of joint forces and torques, and then the values of
kinetic friction torques, in each integrating step of the
equations of motion, additional calculations are
performed using the recursive Newton-Euler
algorithm presented in the monograph [13]. In practice,
solving the differential-algebraic equations s
relatively complex and usually, by differentiation
twice with respect to time of the algebraic equations
of the constraints, a final system of ordinary
differential equations is obtained. These equations can
be solved by using any numerical methods with a
relatively large integration step. If it turns out to be
necessary, a method of constraint stabilization can be
used to improve accuracy of the results of the
numerical calculations [15].

3. An Example of the Analysis

As mentioned previously, the described method was
used to analyze, taken from the work [7], a spatial
RSRRR linkage mechanism built of four movable
links joined with a fixed base. The number of DOF of
the mechanismis: 4-6—4-5-3=1. The driving link
of the mechanism is loaded by the driving torque
tY and the resistance torque t&? (Fig. 1).

As it is shown in Fig. 2, the mechanism considered
was divided in the place of the spherical joint S, and it

i
|

driving link

(1,1
res

driven links

=
P=ecai
~——

Fig.1 The analyzed spatial mechanism.
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chainl S

link (1,1) link (2,3) chain 2

link (2,2)

joint(2,2)

R
link (2,1)

Fig. 2 The system of two open-loop kinematic chains.

chain 1

chain 2

Fig. 3 The assumed coordinate systems.

resulted in obtaining two open-loop kinematic chains
joined with the fixed base: 1—it is formed by the link
(1,1), and 2—it is formed by the links (2,1), (2,2),
(2,3). The links in the Kkinematic chains are
interconnected by the rotational joints R: (1,1)—in the
chain 1, and (2,1), (2,2), (2,3)—in the chain 2.

The local coordinate systems, formed by right-handed
oriented versors, were attached—according to the
Denavit-Hartenberg notation—to the particular links
(including the fixed base). The fixed coordinate
system (1,0), related to the chain 1, is understood as

the global reference system, and the system (2,0),
related to the chain 2, is the auxiliary reference
system (Fig. 3).

The motion of the link p is described by the joint

coordinate P which is a component of the

suitable joint coordinate vector:
for the chain 1:
@) _ (@D _T,a
9™ =(af)  =[v"],
for the chain 2:

q(z,s)=(q§2,3))j:1’2’3=[w(2,1) w(2,2) W(2,3):|T.
The homogeneous transformation matrices from the

local systems attached to the links to the global

reference system {1,2} are determined according to

the relationship:

TP _ (PP )
where: T®O =,
e sy g 0
2y _ R fél(,l?l)) _ Sl//(l’l) Cw(l,l) 00
0 1 0 0 10
0 0 01
(520 =10 5(21)  =(20
T@Y RO ré(zyt)» R rc(,(z,l)) _
|0 1 0 1
100 O sy@) @D o o
oo Y| o 0 10
001 289 [[cy® -sp@ 0 of
000 1 0 o 01
5(2,2 =(2,1
F22) _ R ré(z,g) _
0 1
c®?  _5,2D o g
| o 0 1 0
_sp®D ¢, 22 o 4@y |
0 0 0 1
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@3 _ R@d 22 in accordance with the versors’ directions of the
T = 0 Ol global reference system {1,0} (Fig. 4), are applied in
WY 9 o 22 the cutting place of the mechanls_m, a_nc_i precisely in
the symmetry centre S of the spherical joint S.
B Sl’[/(2,3) Cl//(2’3) 0 0 - ) -
1o o 1 o | 4. A Synthesis of the Equations of Motion
0 0 0 and an Algorithm of Their Solution

The equations of motion of both open-loop

(@B) _ i,y (@h) (a,8) _ (a.p)
S =sin , C =C0S . . . ) .
v 4 vV v kinematic chains were formulated on the basis of

The reaction forces fsy, fsy, fs, and —fsx, Lagrange equations using the algorithm presented in
—fs.y, —fs.z, acting on the chain 1 and 2 respectively, monograph [14]:
AlD 0 _p@D q(l,l) o@D 4 t((jj;l) _t(é,;) —t(fl'l)
0 ARI DRI || 5@ || 23 _(23) , @)
DAY _pR3T 0 s c®2)
where:
n{®
A(c,né%:(( A(c,né”)) j ,(A(C'”5°’>)ij= 3 tr{'l'i(c'p)H(c'p)TJ(C'p)T},
i Ji j=1,..n® T p=max{i, j}

(C)

e(c,néc)) :((e(c,néc))) j (e(c,néc))) _( h(c an)) g(c,nl()c))) _ Z|: h(c p) g(C,p):|
k k1,0 k k

p=k

heP) = Z tr{T(c PP -|—(c p) }q , p)q(c ).

i,j=1
glgc,p) m: p)gg T(c P éc“%))
=[0 10 0],

tglr,l):[télr,l)} £ _ [tgslq t(11 |:tl ] t(23) I:t(2,l) t(f2,2) t(fz,s)]T'

[ 4 4
ST ) (o) Z(T@qnw)) (rei™)
| 1l |

1=1

D’ _ i(ch’néc ) ( ))
=1 !
4
(c,n{®) g n{®) T n{®) =(c,n{)
2L ), (w)(fs“)
3 | ) 1l |
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1,2 nmlnu)l 2,3)4(2,3 2,3 2,3 (1)1 (5 11) < (11 11) 11

c®2 _ kzléq( ) )Z(T( )) (ré')) kzléq( g )Z(T(, ) (S(,))m ,
W (2, 3) (2 3) (2.3) (23 e
22, Z(T )y (FE7),
k=1 1=1 k=11=1

©nl®) _ en?)=(c,n?)
rg =T Fs .

chain 2

()(ll)

——

un) (]],

i(l.lb
Fig. 4 The reaction forces in the cutting place of the
mechanism.

A system of seven ordinary differential equations is
obtained which not only contain unknown
components of the acceleration vectors g and
g% but also unknown components of the vector fs.

I. Outward iterations: p:0—n{® -1

zzq(ll)q(ll) Z (T(ll) ) (rél,l) )
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m

All these unknown values are determined by using the
Gauss elimination method. The system of four
differential equations, related to determining the
components of the acceleration vectors g and
4>, is solved by the Newmark method with iterative
procedure. As mentioned, in order to calculate the
values of Kinetic friction torques in the particular
joints, in each integrating step of the equations of
motion, additional calculations are performed using
the recursive Newton-Euler algorithm presented in the
monograph [13]. In principle, this algorithm is used to
calculate joint forces and torques in rotational and
prismatic joints of manipulators of robots considered
as open-loop kinematic chains.

In the case of an open-loop kinematic chain with
links connecting by means of rotational joints,
presented in the general form in Fig. 5, the recursive
Newton-Euler algorithm has the form [13]:

&© P _REPp)T &(c.p) +y(@P P (3.1)

BCPD — REPDT Eep) | REPDT H(Ep) o V/(C p+l)z(c P+ V/(C p+l)Z(c p+L) (3.2)
f)g(cp;:ll) =REP [‘i)(c'p) Xféc(éFp)+1) +aP) x ( ©P) x réc(cpp)u) )+‘~)g(cp3)J (3.3)
R R RN L RS I a4
f(ccrﬁ) m(© P gtcp;ll) (3.5)

ng(cpgll)) =P GE P | GC P () g p+) (3.6)

1. Inward iterations: p:n{® —1
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f62) =REPDY

/(CP) _m(cp) | /cp+) zcp+) | &
Agen =Ncen TR Noepd T

chainc

.

link (¢, 2)

70

link (¢, p)

link (¢, p—1)

link (¢, p)

<" link (e, p—1)

~(c,p+1)
O(c.l»l)

p+l) | F(c,
AR ES Sl 3.7)
Gl < TR+, < REPOFCRD (3.8)

link (¢, p+1)

- link(c, p+2)

link (¢, (" —1)

link (¢, n,”)
(e +1)
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O[(.nb +1)
f(c,n;f’+1) \
O(f.n'h‘ Ly
) link (¢, p+1)
(—b(c,pﬂ)
d)(c.p+l)
5,(&p+1)

S(c.ptl)
0((‘,/rfl)

i O(C.p+]) f(C.p+l)
o("-l’*“

link (¢, p+2)

Fig.5 The general form of an open-loop kinematic chain ¢ with né°) links connected by means of rotational joints.

The algorithm presented was used—in the case of
the main and auxiliary chain—to determine, in each
integrating step of the equations of motion, the joint

forces  f(G.P)

P} and torques ASP). Then, the

components of these vectors were used to calculate
values of reaction forces in the joints and finally the
values of kinetic friction torques acting in them. For
this purpose, the model of a rotational joint should be
prepared. In the literature, models of such joints were

presented e.g. in articles [16-18]. For the requirements
of the method presented, the model of the rotational
joint, as shown in Fig. 6, has been developed. In this
model, it is assumed that the journal is part of the link
p—1, whereas the bearing liner is part of the link p.
The journal adjoins with the bearing liner by means of
friction surfaces—the rotational A and B, and the face
C. In the case of the kinematic chains considered, it
can be assumed that the origins of the local coordinate
systems attached to the particular links are located in
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() friction

. a©p ~ surface C
friction friction
surface 4 bearing liner surface B

aQ =a"? — 05457 =0 505

@)

'//(«.p) i((c‘p: :
- Jalr —f.
B T )
. \ 0.5£62) 14 5
osicr AT HEN ™ 09
: 0(""”,y ' y 0 f(C(zP)) =(c,p)
. 0P e g
S S 3 7
0 sf(N LT ’ N -,
Do W oy ¢St |
U | \/
(c.p) e X {ep
i y tof tre
} 05542 0552 ‘
(b)

Fig. 6 The model of the rotational joint connecting link p with link p-1: (a) the pin of link p—1; (b) the reaction forces

acting on the bearing liner of link p.

the axes of joints, in the half-distance z(¢.P) defining
the spacing of the rotational friction surfaces A and B.

The value of the kinetic friction torque in the rotational
joint was calculated using the following formula:

D PR D @

The values of the kinetic friction torque on the
rotational friction surfaces A and B are defined by
formulas:

1 ~

tm) :Eﬂgyp)fg,p)dg\c,p) ' (5.1)
1 ~

t?f‘Bp) :Eﬂ(Bc,p)fé:,p)déc,p) , (5.2)

whereas on the face friction surface C by means of the
formula taken from monographs [19, 20]:

3 3
e _L en|en [987 —diP
f.C —5/‘0 /

ot.p 1z

(5.3)

ML CON

The values of the reaction forces acting on the
rotational friction surfaces A and B are described by
formulas:

2
. 1 - . 1 -
fﬁm:ﬁjﬁﬁﬁ—%J'{gﬁwg

+QT,@D

2 2
. 1 - . 1 - .
fon - J(z 68,0, ) +(3762,-5) 62
where:
~(c, (c,p)
7 _n(oicf)p)xx P Mo y
W ogp) T Ny g

In the method presented, only phases of relative
motion in the joints of kinematic chains, i.e. phases of
kinetic friction, were taken into account. If the rigidity
of the drive is sufficiently large, the phases of static
friction in the joints (when the values of relative
velocities in them decrease to zero) are negligibly
short and thus can be omitted. Such a procedure is
often used in the case of a dynamic analysis of linkage
mechanisms with friction in joints. In order to realize
it, one can express the kinetic friction coefficient as a
continuous function of relative velocity in a joint (this
function in the paper was called kinetic friction
characteristic). Generally, in literature, the four main
forms of these characteristics are met: the
segments-linear characteristic [21] and the three types
of non-linear characteristics, i.e. in the form of
exponential function [22], hyperbolic tangent [23] and
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(c.p)
—_k(p W( p)‘
p
ﬂ(c M1—pe ¥ for l/'/(CvP) >0
(c.p) _ 7
Ha ae{4,B,C} -(c,p)‘ (7
(.p) ——
—Hy, Op) l-e Vi for 1/'/(0"3) <0.

cubic function [24, 25]. In the case of this paper, the
kinetic friction characteristic, presented in Fig. 7, was
taken into account:

The procedure assumed, including the calculations
carried out in the scope of the static and dynamic
analysis of both open-loop kinematic chains, is
presented in Fig. 8.

5. Numerical Calculation Results

The geometrical parameters of the particular links
and the journals (bearing liners) of the joints, and also
the Kkinetic friction characteristic are presented in
Table 1.

It has been assumed that at the initial moment of the
mechanism motion, the symmetry axes of all its links
are in the vertical plane ¢®93@9 of the global
reference system {1,0} (Fig. 9).

The assumed time courses of the value of the

11) 1)

driving torque t; res 1

and the resistance torque

(o)
JIJr€

el B.CY

Hapn

_lewr)

{c ;!JI o

reduced to the axis of the joint connecting link (1,1)
with the fixed base, have been presented in Figs. 10a
and 10b, respectively. These courses are to provide
that the angular velocity of the driving link will

oscillate around a selected value 4™ . The velocities

of the other links will fix themselves around suitable
values adequate to the assumed value of the angular
velocity of the driving link. In the case considered, the
following parameters were taken into account:

t@D _
drO -

(1 1) rad

10Nm, ty=2s and g5’ =9—
s

The obtained time courses of the joint coordinates
and velocities are shown in Fig. 11, while the time
courses of the joint forces and torques are shown in
Fig. 12—both in the case when friction in the joints
was taken into account and was omitted. It can be
observed that the angular velocity of the driving link

. . rad
oscillates around the assumed value ™ =9-—.
s

Jn' le, ;Jl[ﬂ:|
s

sfe.p)
i

e,
l”mlﬂ

Fig. 7 The general form of kinetic friction characteristic assumed.
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dynamic analysis

Il

static analysis
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D3 o tg};]) _g(2s3)
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¢
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f
£ = RO f,
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{q(l,l)
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fél,l) _ R(l,l)TfS

L qo
1
e
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the recursive

Newton-Euler algorithm

i
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Fl2p)
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Fig. 8 The algorithms of solving the equations of the static and dynamic analysis of the both kinematic chains.

Table 1 The data for calculations.

Parameters of links

link (1,1)

link (2,1)

link (2,2)

link (2,3)

der

1S3 [m]
d@©p [m]

0.2
0.028

0.2
0.028

0.1
0.028

0.3
0.028

Parameters of journals

(c.p)
ay

(¢.p) y(c,p)
d;" dy |

a;;,m

(c.p)
d
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Table 1 to be continued

joint(1,1) joint(2,1) joint(2,2) joint(2,3)
aCP[m] 0.03 0.03 0.03 0.03
d©P[m] 0.01 0.028 0.01 0.01
d&P[m] 0.01 0.028 0.01 0.01
d&Pm] 0.015 0.028 0.015 0.015
uP 0.2 0.2 0.2 0.2
u&P) 0.2 0.2 0.2 0.2
u&P 0 0.2 0.2 0.2
yio? [%} 0.01 0.01 0.01 0.01
3 3 3 3

K (©:P) . .
This value—in compliance with paper [22]—is to provide that if 4" =y &P then &P = 09545,

link (1,1) ~link (2,3)

‘ l i(2.3)
A(L0) _ A(L1)
z =Z
_'6')——‘ p®I|  =330°
y™| =0 ke
=0 ink (2,2)
y3? ]’:” =270° link (2,1)
2(2‘0) = 2(2.1) [(2‘])
(2.1)
vl = 0 20 _ @D
Fig. 9 The initial configuration of the mechanism.
(LD
1 [Nm] £ [Nm]
(L) 4= — — == al_ _ _ - - _ _
!u‘r‘l] | !d"lo |
| |
| |
| |
| (L (L) (L1 |
Doy 1060 5 15670 4 647 s |
|} ty = 3 r = 3 o+ 3 ! |
- | f_" t.\'f '{sr |
| |
[ |
I |
| |
| | rad
(L | rad
| 1l (s
| E
. (1)
Ly Yo
@) (b)

Fig.10 The course of: (a) the driving torque; (b) the resistance torque.
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The analysis of the plots presented allows to state that
friction significantly slows down the courses (the
values of quantities presented in the case of the joints
with friction were achieved later than in the case of
ideal joints).

6. Conclusions

The dynamic analysis of the selected RSRRR
spatial linkage mechanism with friction in rotational
joints is presented in the article. This mechanism can
be qualified to a specific family of the spatial
one-DOF linkage mechanisms which contain one
spherical joint, a few rotational joints and sometimes
one prismatic joint. They do not include neither
redundant DOF nor passive constraints in their
structure. The proposed method of the analysis
assumes a division of the mechanism, in place of the
spherical joint, into two open-loop kinematic chains.
Owing to this, an effective approach—which is used
mainly in the case of the dynamic analysis of the
manipulators, in fact being the open-loop kinematic
chains—can also be used in the dynamic analysis of
such a mechanism. In order to define values of kinetic
friction torques, the effective recursive Newton-Euler
algorithm, taken from robotics, was used. The
numerical experiments proved that only three
iterations were required, because the further
increasing of accuracy of calculations did not cause
perceptible differences in the results obtained.
Moreover, these experiments did not claim the need
for the constraint stabilization method to increase the
accuracy of the numerical calculations. The
procedures proposed here have general significance
and they could be used to analyze other spatial linkage
mechanisms of this family.
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