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Recently in [4], the Jessen’s type inequality for normalized positive C,-semigroups is obtained. In this note, we
present few results of this inequality, yielding Holder’s Type and Minkowski’s type inequalities for corresponding

semigroup. Moreover, a Dresher’s type inequality for two-parameter family of means, is also proved.
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Introduction

In last few years the "Type" functional inequalities and their applications have been addressed extensively
by several authors like [2, 6, 9]. Researchers have great interest in this field due to vast applications of these
inequalities. In tejti, the authors have derived a Jessen’s type inequality for normalized positive C, -semigroup
of operators. The classical Jessen’s inequality has a wide theory of its applications in the field of inequalities
and analysis.

In the presented note the authors established certain applications of Jessen’s type inequality to obtain
mean-inequalities and functional inequalities for normalized positive C, -semigroup of operators defined on a
Banach lattice algebra. These resultstake the form of Holder’s type and Minkowski’s type inequalities. Then

finally in the last section a Dresher’s type inequality is established for two-parameter family of means.
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Preliminaries and Definitions

In this section, we will present some definitions that will be used in the proof of our main results.
Definition 1. A (real) vector space V' endowed with an ordering >, such that it satisfies

O : v<w implies v+u<w+u forall u,v,weV,

O,: v>0 implies Av>0 forall velV and 12>0,
is known as an ordered vector space ( see [8]).

It can be readily seen that O, expresses the translation invariance. Therefore, it implies that the ordering
of an ordered vector space V' can be completely determined by the positive part V., ={velV :v=0} of V.
In other words, v<¢gw ifandonlyif w—veVl, .

The other property O,, shows that the positive part of V is a convex set and a cone with vertex 0
(mostly called the positive cone of V).

If for any two elements v,we V', a supremum sup(V,w) and an infumum inf(v,w) can be defined,
an ordered vector space V' becomes a vector lattice. It is understood that the existence of supremum of any
two elements in an ordered vectorspace implies the existence of supremum of finite number of elements in V.
Moreover, v=w implies —v < —w, so the existence of finite infima thus implied.

Here are a few important number of definitions

sup(v,—v)=|v| (absolutevalueofv)
sup(v,0)=v" (positivepartofv)

sup(=v,0)=v (negativepartofv).

Remark 2. Some compatibility axiom between norm and order is required to move from a vector lattice to a

Banach lattice. It is considered in the following short way:
[vIsIw] implies [[v]<[|w]]. (M

The norm defined on a vector lattice is called as a lattice norm.

Now, we are in position to define a Banach lattice in a formal way.
Definition 3

A Banach lattice is a Banach space V' endowed with an ordering <, such that (V,<) is a vector
lattice with a lattice norm defined on it.

A Banach lattice transforms to Banach lattice algebra, provided u,v eV, implies uveV, .

A linear mapping T from an ordered Banach space V into itself is positive (denoted by: T >() if
T(v)eV,, forall veV, . The setofall positive linear mappings forms a convex cone in the space L(V) of

all linear mappings from ¥ into itself, defining the natural ordering of L(V") . The absolute value of T, if it



124 Application Of Jessen’s Type Inequality For Positive C,-Semigroup Of Operators

exists, is given by
| T|(v)=sup{T(u):|ul<v}, (vel)).

Thus T:V —V ispositive ifand only if |7 |(v) <T(|v|) holds forany vel .
Lemma 4. [8], PP-249 A bounded linear operator 7' on a Banach lattice V is a positive contraction if and
only if [[(Tv)"|[<]|v*|| forall veV .
An operator 4 on V satisfies the positive minimum principle if for all ve D(A4), = D(A)NV,,
pel

+

v, p) =0 implies (Av,p)=>0. 2

Definition 5. A (one parameter) C,-semigroup (or strongly continuous semigroup) of operators on a Banach
space X isa family {Z(#)},.o © B(X) such that

() Z(s)Z(t)=Z(s+t) forall s,teR".

(i1) Z(0)=L, the identity operator on X.

(iii) for each fixed f € X, Z(t)f — f (with respect to the norm on X)as ¢ —» Q" .

Where B(X') denotes the space of all bounded linear operators defined on a Banach space X.
Definition 6. The (infinitesimal) generator of {Z(f)},., is the densely defined closed linear operator

A: X 2D(A) —> R(A) < X such that
D(A)={f:feX,lim_  Af existsin X}

Af =lim_ A f (f € D(A))

where, for ¢ >0,

4.1 =

ZO-I (s,

A Banach algebra X , with the multiplicative identity element e is called the unital Banach algebra.
We shall call the strongly continuous semigroup {Z(#)},., defined on X , a normalized semigroup,

whenever it satisfies
Z(t)e)=e, forall t>0. 3)

The notion of normalized semigroup is inspired from normalized functionals [7].
Let {Z(¢ )},20 be a strongly continuous positive semigroup, defined on a Banach lattice V. The positivity

of the semigroup is equivalent to

| Z@)Ww|SZ(t)|v], t=0, vel.
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Where for positive contraction semigroups {Z(¢)},.,, defined on a Banach lattice V we have;

t20°

(Z@W) || v, forallveV.

The literature presented in [8], guarantees the existence of the strongly continuous positive semigroups
and positive contraction semigroups on Banach lattice V with some conditions imposed on the generator of the
strongly continuous positive semigroup and the very important amongst them is, that it must always satisfy (2).

A Banach lattice V' is said to be Banach Lattice Algebra whenever for u,velV, , uve V. and
[y [[<[[e ][] v]].

The theory presented in next section, is defined on normalized semigroups of positive linear operators

defined on a unital Banach lattice algebra (UBLA) V.

Holder’s Type and Minkowski’s Type Inequalities

In this section, we present several consequences of the Jessen’s type inequality for normalized positive
C, -semigroup defined on a Banach lattice algebra V [4]. The motivation for this paper is from [3], where such
results are proved forisotonic linear functionals. These results take the form of Holder’s type and Minkowski’s
type inequalities.

Let D.(V') denotes the set of all differentiable convex operators @ :V — V.
Theorem 1. /4] Let {Z(t)},., be the positive C,-semigroup on ¥ such that it satisfies (3). For an
operator @ € D_(V') and ¢>0(;

p(Z( )< Z(t)pf), [feV. 4)

For a strongly continuous semigroup of linear operators {Z(?)},., defined on a Banach lattice X and

strictly monotonic continuous operator  : X — X', we define the generalized mean:
M, (Z,.f.0) =y {ZOw(f)}, feX. )

Theorem 2. For a normalized semigroup of positive linear operators {Z(f)},., defined on (UBLA) ¥ and

strictly monotonic continuous operators ¥/, y :V =V
M (Z,f,)<M (Z,f.1), feV, (6)

provided either ¥ isincreasing and @ = yo l,ll_1 isconvex or Y is decreasing and ¢ is concave.
Proof: For f €V , we have w(f),y(f)€V and therefore, p(w(f))=y(f)eV . Thus, if @ is

convex, by Jessen’s type inequality (4) we have for f €V ;
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P(ZW)(y (f)) < Z(@)(py ()
=Z(O(x ()

Hence, if y is increasing then }[1 is also increasing and we finally obtain

X TPZOW (< 2 12O ()]

and the assertion (6) follows. If ¢ is concave then —¢@ is convex and one can obtain the required inequality
similarly.

Definition 3. [10] Let }* be a Banach algebra with unit e.For f €V, we define a function log(f) from
V to V;

(= f) _(e=f)
5 5

log()=-3 M = (e~ 1)

for [[(e=f)[I<1.

In correspondence with the usual definition of generalized power means for isotonic functionals [1], we
shall define the generalized power means for semigroup of operators, as follows.
Definition 4. Let X be a Banach space and {Z(?)},.; the C,-semigroup of linear operators on X . For

f€X and feR,,the genralized power mean is defined as;
Mo (Z, f.) ={ZOU D" .7 # 0expl Z(D)[log ()]} = 0.7)
As an application of Theorem (2), it follows as a special case that;
M. (Z,f,0) SMGV(Z,f,t), —o<r<s<o,

Lemma 5. Let {Z(#)}, be the positive C,-semigroup defined on ¥ such that it satisfies (3). For a

convex operator @ :V —V and ¢ > (), we have;

PZOUAM]T _ ZOLf el ]
ZoOlrl  ZOLA]

, fi.heV. (8)

Proof: For f €V, we have ¢[f]eV . Since V is a lattice algebra, f,keV, implies fkeV, ,
therefore the set of operators defined by;

_ Z(Lfk]
F ()= 2o feV.,t=0,
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is a semigroups of positive linear operators satisfying F f (el =e . Thus the assertion (8) follows from (4).
One can observe that when 7 is any integer (positive or negative), the C,-semigroup property implies
that Z(¢)" = Z(rt). While we can generalize it for 7 € R, . For example take Z(1/2¢)Z(1/2¢t)=Z(t)
and thus we get Z(t)"> =Z(1/2t) For r€R, , the generator of {Z(rt)}., is (rA,D(A)). Such
semigroups are often called rescaled semigroups. (See e.g. [4,8]).
Next, we prove a Holder’s type inequality for positive C,-semigroup of operators, assuming the
fractional powers of elements in Banach algebra exist.

Theorem 6. Holder’s Type Inequality For C,-semigroups Let {Z(t)},., be the positive C,-semigroup

>0

defined on V. If p>1 and g=-2 so p ' +q ' =1, then if f,g,heV, and fg”, fh', fgheV,,

p-1

we have for 1>0;

Z(O[fgh <[Z0O]"[ef " UZO1 [ /] ©)

Proof: Since fh?’eV,, we have for 120, Z()[fh’]eV, . For p>1, (9) follows from (8) by
substituting;

o(f)=f", h=gh™", f=fh'

Theorem 7. Minkowski’s Type Inequality For C, -semigroups Let {Z(t)},., be the positive C,
-semigroup definedon V .If p>1 and f,g,heV, suchthat hf” hg” h(f+g)” eV, then;

ZOW(f+2)"1SZ@) " Thf" 1+ Z(0) " [hg"), [ 20. (10)

Proof: For f,g,heV, and p>1, wehave

hf+g)" =hf(f+g)" +hg(f+g)""
The assertion (10) follows by using (9).

Dresher’s Type Inequality

First, we introduce two-parameter family of means in the following way.

Definition 1. Let {Z(#)}., be a strongly continuous semigroup defined on a Banach algebra X . Then the

t=0

two-parameter family of means B, (Z, f,t) for r,s € R is defined by;

Z(OLf ’]}ﬁ, res,

={——=—

TZOLS ]
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Z(0)Lf logf ]
ZOLS"]

Theorem 2. Dresher’s Type Inequality Let {Z(t)}., be a positive C,-semigroup defined on a Banach

B,, =exp{ } (In

lattice algebra V. Then for f €V, and p,q,r,s € R, we have;
B (Z,f,)<B, (Z,f,t) r<p,s<q and r#s,p#q. (12)

Proof: Let p,q,r,s € R such that ¥ < p,s<q and r #s, p #q. When applying the known result for

convex functions

p(r)—o(s) . p(p)—~9(q)
r-s  p-q

(13)

to the convex operator @(x) =log Z(¢)[ /], we can obtain (12).
We now show that (12) holds evenif » =5 or p=gq. To prove this we use the fact that M . (Z, f,t)

is increasing function of 7 € R . In particular for f eV ;

(ZOLf D™ <explZ(tlogf 1< (ZWOLf D™, s<r. (14)

Apply (14) to the positive semigroup (see Lemma 5) Z (¢)g ::%. By taking m =5 the

right-hand inequality (14) reduces to
B, (Z,[,0)<B. (Z, f,0), s<r.
Similarly, by taking m =r the left-hand inequality of (14) reduces to
B (Z,f,t)<B. (Z,f,t), s<r.
By these two inequalities we conclude that the inequality (12) holds for » =5 or p=gq.
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