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Abstract: Lamb waves have a relatively slow geometrical decay of amplitude with propagation distance, which makes them well 
suited for wide-area inspection and SHM (structural health monitoring). This paper presents an extensive computational study of the 
interaction of the fundamental symmetrical Lamb wave mode (S0) with a through-thickness edge crack in an isotropic plate. The 
incident wave is generated by a point source that is symmetrical with respect to the plate’s midplane, and whose time dependence is a 
10-cycle Hanned windowed toneburst of centre frequency below the cut-off for the first order shear-horizontal mode (SH1), so that 
the only propagating modes are S0 and SH0. Results are presented showing the angular dependence of the S0 and SH0 scattered 
fields for various angles of incidence. The dependence of scattering amplitude on crack size is also studied, with a view to facilitating 
the inverse problem of determining crack size from measurements of the scattered field. It is shown that the scattered field due to a 
small crack can be considered to be equivalent to a point source consisting of a combination of force doublets that depend on the 
angle of incidence. The implications of these results for SHM are briefly discussed. 
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1. Introduction 

Fatigue cracks in engineering structures are a 

common problem and require regular inspections to 

detect and monitor small cracks before they reach a 

critical size that could result in catastrophic failure. 

Conventional ultrasonic techniques, such as 

pulse-echo and pitch-catch method [1], involve 

scanning over the area of interest and require local 

accessibility for inspections. This conventional 

technique is very time consuming and can be 

impractical for crack detection in large and complex 

structures. Lamb waves propagation is an alternative 

method which has been acknowledged by many 

authors for ultrasonic non-destructive damage 

detection due to its attractive properties for wide-area 

inspection with little attenuation. Lamb waves and 
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their applications have been extensively investigated, 

both computationally and experimentally [2-8, 12, 13, 

17-19]. The FE (finite element) method provides a 

time-efficient and advantageous computational tool to 

analyze wave propagation in complicated structures 

and configurations for which the analytical solutions 

do not exist.  

The scattered wave fields when an incident elastic 

wave impinges on a crack have been investigated for 

bulk waves [9-11], and more recently, for Lamb 

waves [12, 13]. It is known that an infinitesimal crack 

is equivalent to a point source consisting of body-force 

doublets with different forcing combinations that 

correspond to different crack opening modes [14]. 

This suggests that the scattered wave field due to the 

presence of small edge crack can be modelled as point 

source when the incident wavelength is much longer 

than the crack dimension.  

The aim of this paper is to computationally explore 

the interaction of low frequency zeroth order 
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symmetrical modes with a small (compared to 

wavelength) edge crack. The first investigation will 

report on the scattered wave pattern and amplitude for 

various angles of incidence and various crack lengths. 

The second set of investigation is to simulate the 

scattered wave pattern by applying tractions on the 

crack faces to enforce a traction-free boundary 

condition, based on the principle of superposition. The 

motivation for this study is to investigate and analyze 

the scattered wave field from a known crack size as a 

pre-requisite for a subsequent attempt to investigate 

the inverse problem of characterizing the crack size 

based on the measurements of the scattered field. The 

nature of the wave scattered by an edge crack will be 

reported on. 

2. Computational Set-up and Procedure 

Lamb waves are generally dispersive and if  

excited at higher frequency-thickness product, 

multiple modes will exist and the acquired signals 

may be difficult to interpret. However, if excited by a 

point source that is symmetrical with respect to the 

plate’s midplane and at low frequency-thickness 

product range, below the cut-off of 1.53 MHz-mm  

for aluminium [15], the Lamb waves consist of only 

two propagating modes, viz. the fundamental 

symmetric wave (S0) and shear horizontal wave 

(SH0). Previous studies [12, 13] have considered SH0 

Lamb wave propagation due to its non-dispersive 

properties, however, experimentally exciting only the 

SH0 wave is difficult compared to exciting S0. In this 

study, only S0 Lamb wave excitation will be 

considered. 

A baseline subtraction is employed to separate the 

scattered wave displacement field, uscatter, associated 

with the small edge cracks as follows (Fig. 1): 

uscatter(r, θ, t) = utotal (r, θ, t) – ubaseline(r, θ, t)    (1) 

where, utotal denotes the response of the cracked 

structure, whereas ubaseline denotes the baseline field 

that is generated by the same excitation but in the 

absence of a defect.  

 
Fig. 1  The scattered wave field due to the crack using 
baseline subtraction from Eq. (1).  
 

 

 
Fig. 2  (a) Wave field as a representation of static stress 
approximation and (b) scattered wave by the edge crack is 
equivalent to superposition of Mode I and II crack opening 
displacements response. 
 

The scattered field can also be obtained as the field 

generated by applying equal and opposite tractions on 

the crack faces that cancel those produced by the 

incident S0, in accordance with the principle of 

superposition [16-18], as illustrated in Fig. 2. This will 

meet the condition of a traction-free crack after the 

superposition of the incident and scattered field. For 

this purpose, only the baseline σxx and σxy stresses are 

required as any variant in the normal direction, z, is 

negligible due to the thin-plate approximation. Since 

the crack is sufficiently small, the stresses along the 

crack face are approximately constant along the crack, 

and hence only one of nodal stresses is required. The 

time sequence of each baseline stresses are then 

applied as tractions on the 3mm and 6mm crack faces 

to generate the wave fields that correspond to the 

scattered fields obtained from Eq. (1). 

3. Computational Investigation 

ANSYS 14.0 is used as the FE computational 
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analysis tool for this study. The simulation represents 

an aluminium test plate 800 mm × 600 mm × 1 mm 

(density of 2,700 kg/m3, Poisson’s ratio of 0.33 and 

Young modulus of 69 GPa) as shown in Fig. 3a. The 

plate contains an edge crack located at the origin, as 

indicated in Fig. 3. The plate is discretized into 8-node 

linear cubic elements of size 1 mm, and the crack is 

accordingly modelled as a notch of width equal to 1 

mm, which is much smaller than the crack length, a, 

of 3 mm and 6 mm for the angular dependence 

investigation. The maximum amplitude of the 

scattered S0 and SH0 wave pattern at 45° incidence is 

also investigated for crack lengths from 1 mm to 9 

mm with 1 mm increment, to determine the 

dependence of scattered amplitude with crack length. 

The incident S0 mode is generated by applying 

equal and opposite point forces to nodes on   

opposite faces of the plate, with the force acting in the 

direction normal to surface, which can be aptly 

described as a pinching force. The pinching force 

excitation signal consisted of a 10-cycle Hanned 

window tone burst centred at frequency 200 kHz to 

minimize dispersion. At this centre frequency, the 

incident S0 mode has a wavelength λS0 = 26.6 mm, 

and SH0 mode has a wavelength λSH0 = 15.3 mm. This 

input excitation is applied at point P with polar 

coordinates (R1, θ
I). To approximate a planar incident 

wave, the cylindrical excitation source is placed at 

5λS0 away, to ensure that the impinging wavelength at 

λS0/2 along the boundary from the crack base is no 

more than 0.05λS0 in error compared with a plane 

wave. Polar coordinates (r, θ) with origin at the crack 

base and the r and θ components of the surface 

displacement will be used to track the scattered Lamb 

wave modes (Fig. 3).  

The cracks are modelled as a 1 mm width notch by 

element removal in FE. The notch width is sufficiently 

large to prevent contact from the adjacent crack face 

and small enough to approximate to a zero-width 

discontinuity [8] such that reflectivity from notch 

width is negligible.  

 

 
Fig. 3  (a) Geometry of FE model for 800 mm × 600 mm × 
1 mm aluminium plate showing the location of the excited 
force relative to the crack and (b) detail diagram showing 
the 2D FFT line, point of excitation and scattered wave 
measurement locations relative to the crack. 
 

The FE simulation uses 1 mm cubic element size, 

which satisfies the requirement of 10 elements per 

wavelength for accurate modeling [19], and a time 

step of 0.1 µs, which satisfies the explicit time 

integration 0.8 L/C stability limit [20], where L is the 

smallest element length, C is the fastest wave speed. A 

2D FFT (fast Fourier transform) is performed on the 

nodes along the line 45° from the crack base edge 

indicated in Fig. 3b and was used to produce the 

dispersion curves to identify the dominant scattered 

Lamb wave mode in the θ and r components from Ref. 

[15], as shown in Figs. 4a and 4b. The 2D FFT 

consists of more than 400 time samples, 40 µs. The 

2D FFT spatial distance is taken at least 3.5λS0 away 

from the crack base, to avoid detection of higher 

non-propagating Lamb wave modes [18] and over 

approximately 10λS0 distances with 1,024 equidistant 

spatial samples with zero padding [19]. The scattered 

wave pattern is obtained by polar plotting the 

maximum displacement values, which is obtained by 

performing a Hilbert transformation over a 

time-domain [1], measured at point Q with polar 

coordinates (R0, θ
S) at distance R0 ≈ 4λS0 away as 

shown in Fig. 3b. 

The scattered patterns are analyzed in two sections: 
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Fig. 4  (a) Dispersion curve for scattered wave field of 3 
mm edge crack in the radial component with dominant S0 
and (b) dispersion curve for scattered wave field of 3 mm 
edge crack in the θ component with dominant SH0: A0(red), 
SH0(blue) and S0(green). 
 

back-scattered displacement, uB, measured in 0° ≤ θ < 

90° and forward-scattered displacement, uF, as 

measured in 90° ≤ θ ≤ 180°. The maximum scattered 

wave, umax, relative to maximum input excitation 

displacement as the reference displacement, uref, in 

relation to angle dependence and crack length 

dependence are investigated. The scattered field 

maximum displacement is considered to normalize the 

scattered wave field in order to observe the scattered 

displacements relative to its maxima. The edge wave 

displacements are disregarded because the purpose is 

simply to compare the S0 and SH0 scattering patterns 

without considering the absolute values of amplitude. 

The scattered wave pattern for various crack lengths 

are investigated and later compared in the second 

investigation to the wave patterns produced by 

applying tractions on the crack faces. 

4. Results 

4.1 Scattered Field for Various Incident Angles and 

Various Crack Lengths 

The investigation includes results of scattered wave 

pattern generated by an S0 Lamb wave at various 

incident angles to an edge crack of length 3 mm (a/λ = 

0.11) and 6 mm (a/λ = 0.23). The dispersion curves 

have indicated predominant scattered SH0 and S0 

Lamb wave in the θ and r components, respectively. 

The results also indicated the propagation of 

Rayleigh-like edge waves. In general, the larger a/λ 

scattered amplitude have stronger S0, SH0 and edge 

wave scattered maximum displacement and the 

scattered SH0 waves are relatively stronger compared 

to the scattered S0 waves, as can be seen in Figs. 7 

and 8.  

The increase of crack length has shown an increase 

of forward-scattered lobe as shown in Fig. 9 and a 

trend of increasing maximum displacement value as 

shown in Fig. 10. It can be seen that the maximum 

scattered displacement is approximately proportional 

to a/λ until a/λ ≈ 0.23, beyond which the maximum 

displacement values appear to plateau. 

The θ component results of a/λ = 0.11 and 0.23 

scattered wave patterns, refer to Figs. 11 and 14, 

showed that as incident angle decreases or crack 

length increase the maximum scattered amplitude 

increases. However, the SH0 scattered wave patterns 

are distinct at different incident angles. At 75° and 60° 

incidences, in Figs. 12 and 15, there is a larger 

forward-scattered lobe which is almost symmetrical at 

the  90° line.  The  forward  and  back-scattered 

amplitude ratio approaches to unity when incident 

angle is small. Furthermore, the a/λ = 0.11 and 0.23 

SH0 wave pattern appears more symmetrical along the 

90° line and similar to a SH0 point source for smaller 

angle of incidence, which can be seen in Figs. 12d and 

15d. The symmetrical wave pattern indicates dominant 

primary forcing component, either perpendicular or 

parallel, acting on the crack at the extreme angle of 
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Fig. 5  Scattered wave pattern and polar plot of 3 mm 
crack, a/λ = 0.11, at incident 60° (a) θ component and (b) 
radial component. 
 

 
Fig. 6  Scattered wave pattern and polar plot of 3mm 
crack, a/λ = 0.11, at incident 30° (a) θ component and (b) 
radial component. 
 

 
Fig. 7  Graph of the maximum value of SH0 and S0 
scattered displacement with various incident angles for a/λ 
= 0.11 and 0.23.  

 
Fig. 8  Graph of the maximum forward and 
back-scattered edge wave displacement with various 
incident angle for a/λ = 0.11 and 0.23. 
 

 
Fig. 9  Maximum forward to back-scattered displacement 
ratio of scattered waves at incident 45° with various     
a/λ. 
 

 
Fig. 10  Graph of the maximum scattered displacement at 
incident 45° with various a/λ. 
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as shown in Figs. 13 and 16. The a/λ = 0.11 and 0.23 

simulated wave pattern reported a slightly larger 

forward to back-scattered edge wave ratio and the 

SH0 wave displacements are slightly smaller 

compared to the original scattered pattern as shown in 

Figs. 11 and 14. Furthermore, perpendicular and 

parallel forcing components to the 3 mm crack face 

are investigated separately. Fig. 17 showed that the 

perpendicular forcing wave pattern appears much like 

a symmetrical point-like source pattern, however, the 

parallel forcing have shown similar scattered 75° and 

60° wave pattern.  

5. Discussions 

The low frequency approach (the wavelength is 

significant larger than plate thickness and crack 

dimension) makes the assumption that the problem 

can be analyzed in plane stress condition.  

One can obtain normal and shear stresses of elastic 

waves in a semi-infinite medium problem in plane 

stress conditions by using the simple change of elastic 

constants to convert plane strain results to plane stress, 

which is found in Ref. [2]. In Fig. 18, the FE and 

analytical incident planar wave stresses along the y 

axis have similar trend. However, the difference in 

stresses, especially σxx, is due to the additional 

contribution of edge wave propagating along the plate 

boundary. Since the incident wave is excited as a 

cylindrical source, the incident wave field includes a 

major component from the edge wave if excited at a 

smaller angle of incidence.  

For all angle of incidences, the relationship between 

stresses and depth to wavelength have shown linear 

behavior until the depth is approximately 20% of 

wavelength which is shown in Fig. 18.  

Theoretically, the simulated wave pattern will be 

exactly the same as the scattered wave pattern if the 

stresses are applied to the crack face as a function of 

depth. When crack length is less than 20% of 

wavelength, the wave pattern can simply be simulated 

as body-forces acting on the crack face; hence 

equivalent to a point-like source.  

 
Fig. 18  Normalized analytical plane stress and FE normal 
and shear stresses with depth (along the y axis).  
 

The preceding FE results show that the scattered 

wave pattern and amplitude due to an edge crack 

depend on both the crack length and the incident angle. 

The small cracks have S0 and SH0 point-like source 

scattered wave patterns which are better represented in 

smaller incident angles. For larger incident angles, the 

scattered wave patterns have a stronger forward 

scattered lobe. These wave patterns are expected since 

smaller incident angles have a stronger perpendicular 

force component since σxx is more dominant for 

smaller angle of incidences. Whereas 75° and 60° 

incidence have a relatively stronger parallel force 

component since σxy has more influence for larger 

angle of incidences. Thus the combination of parallel 

and perpendicular components on the crack face can 

strongly influence the wave pattern. 

In Fig. 9, the SH0 wave pattern is almost 

symmetrical when a/λ is small, hence under this 

condition, the scattered wave pattern can be 

represented as a point-source and its amplitude is a 

function of a as shown in Fig. 10. 

The S0 scattered wave patterns have shown 

multiple narrow side lobes near the plate boundary, 

which are distinguishable in Fig. 13. These narrow 

lobes are interference of head waves connecting with 

the S0 and SH0 as seen in radial components in Figs. 

5b and 6b. In Fig. 4a, the dispersion curve indicated a 

weak SH0 signal in the radial component which also 

suggested the existence of head waves since head 



Scattering of the Fundamental Symmetrical Lamb Wave Mode by a  
Small Edge Crack in an Isotropic Plate 

 

218

waves have similar velocity as the SH0 wave. The a/λ 

= 0.23 polar plot showed some back-scattered 

multiple narrow lobes which can be seen in Fig. 10. 

The inaccuracy is due to assumption of constant stress 

profile for small crack and in order to simulate an 

accurate scattered wave pattern, the full stress profile 

is needed to be considered. The 75° and 60° 

incidences S0 scattered wave pattern results are 

significantly weaker and appears inaccurate in which 

the notch width may be a significant contributor to the 

scattered pattern. 

6. Conclusions 

The edge crack S0 and SH0 scattered wave fields 

when impinged by incident S0 wave have been 

reported. The scattered wave amplitude for a small 

crack of length a, a/λ < 0.23, is linearly proportional 

to a. The scattered wave pattern for a small crack can 

be represented as a point source consisting 

body-forces doublets. This investigation suggested 

that the scattered wave pattern and amplitudes can be 

utilized to characterize the edge cracks for structural 

health monitoring.  

Further work is currently under way to further 

characterize and quantity the forward scattering 

response, as a pre-requisite for an effective approach 

to the inverse problem of estimating the crack size 

from measurement of the scattered field. 
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