Journal of Mathematics and System Science 3 (2013) 75-82

~PUBLISHING

Relationship Between Classical and Quantum Physics

Skender Ahmetaj, Skender Kabashi, Gazmend Kabashi, Valon Veliu
Department of Physics, Faculty of Sciences, University of Prishtina, Theresa nr 4, Prishtina 10000 Kosovo.

Received: January 22, 2012 / Accepted: February 12, 2013 / Published: February 25, 2013.

Abstract: Schrodinger’s equation is one the equations that mark the beginnings of the systematic quantum physics. It was shown that
it follows from the Dirac’s equation and the relationship with classical physics, i.e. with classical field theory was established. The
subject of this work is the relationship between classical relativistic physics and the quantum physics. Investigation carried out in this
work, shows that the free electromagnetic field, spinor Dirac’s field without mass, spinor Dirac’s field with mass, and some other
fields are described by the same vibrational formulation. The conditions that a field be described by Maxwell’s equations of motion
are given in this work, and some solutions of these conditions are also given. Non-relativistic approximation of the equations of the
non-quantified field are the Schrodinger’s equations. Dirac’s equation as a special case, contains Maxwell’s equations and the
Schrodinger’s equation.
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1. Introduction variational description of the law of motion of the

Schrodinger’s equation is one the equations that
marks the beginnings of the systematic quantum
physics. It was shown that it follows from the Dirac’s
equation and the relationship with classical physics,
i.e. with classical field theory was established. The
aim of this work is to show the relationship between
the classical relativistic physics and the quantum
physics. For this purpose, in the second part of this
work, the authors have obtained Maxwell’s equations
from the Dirac’s equation, whereas in the third part we
brought the Maxwell’s equations into the form of the
Dirac’s equation for leptons. In the fourth part of this
work, it is shown that Schrodinger’s equation for the
free particle is obtained from the Dirac’s equation. In
this part, the case when the particle is affected by the
external electromagnetic field is analyzed as well

2. Relationship between Electromagnetic
and Dirac’s Field

According to the classical mechanics where the
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physical objects is given, Lagrange’s equations are
second order differential equations, whereas canonical
equations are first order differential equations. Dirac’s
equation is a first order differential equation. It is in
conformity ~ with  Maxwell’s  equations  of
electrodynamics, which are first order differential
equations, as well. This question is not only a formal
mathematical problem. It is profoundly physical
because it contains the well-founded language of
physics. In this language generalized momenta, energy
etc., are defined. Therefore, if Dirac’s equation
represents and describes a physical object, then its
character is the character of canonical equations of that
object. According to this fact and taking into account
the analogy with electromagnetic field, “potentials” of
the Dirac’s field as Lagrange’s variables of that field
are introduced, despite the conventional approach
where the field itself plays the role of the Lagrange’s
variables. A correct and consistent formulation of the
Dirac’s field is built on this basis [1].

Lagrange’s density of the linear theory is:
3 =K[(=i0,@y")id,y" ®)] (1
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where K is a constant and é =g ;/0 .

Lagrange’s equations, given by

S5_0 B3 _, @)
on ox* 8( on )
ox*
are then
0,0"9=0,  0,0"4" =0 3)
and the corresponding canonical equations are
w=io, y“®, 0,7y =0 4)

Second of the canonical equations is the Dirac’s
equation. It is shown, then, that the canonical equation
of the (free) Dirac’s field is not the Lagrange’s
equation, but the Dirac’s equation. Lagrange’s
equation Eq. (3) is mathematically equivalent to the
Lagrange’s equations for potentials of the free

electromagnetic field

8ﬂ§”A“ =0 ©)
or
- 18°4 1 &%p
AA—— :05 A - :0 (6)
¢’ o ¢ ¢ ot

Correct canonical formalism for the Maxwell’s field
must give all four Maxwell’s equations that contain
first space and time derivatives of the components
E, B of the field, whereas the correct Lagrange’s
formalism must lead to the partial differential Eq. (5)
without introducing additional conditions, such as
Lorentz’s condition. Equivalence of the dynamical
equations of these two fields, Dirac’s field and the
two-vector or tensor-scalar field (that contains
standard electromagnetic field) can be shown also by
observation of the transformation properties of the
Lagrangean Eq. (1).

Components 4., 4,,4.,9, Cxacyaczaf of the
potential @, which are Lagrange’s variables, if they
describe tensor-scalar field, must be transformed
according to the law [2]

Al = A chg—pshg, b. =b.chd— fshg
0 = pchp—Ashp, f'= fehp=bishp (1)
A; - Ay’ b; - by
A=A, b =b, thp="

c

or
E.=E, B =B,
E| =E chp—B_.shp, B, =B ,chg+E_shp (8)
E! =E_ch¢+ B shd, B.=B.chp—FE she
G'=G, F'=F
On the other hand, if they describe spinor field, then

during the transition from one to another Lorentz’s

system, they must be transformed according to the law

A4 = Axchg—q)shg, b! :bxchg—fshg

2 2 } 2 2
4, = Aychg+bzsh§

b, = bychg - Azshg 9)
A;=Azch£—b Shg,bz'=bzch£+A_sh£
2 72 2 72
: ¢ ¢ ¢ ¢
=@ch——Ash—, "= fch——b sh-
' =pchs = Ashe, "= feh—S=bsh—

E = Exchg—Gshﬁ,

2 2

B = Bxchﬁ—Fshﬁ

2 2

E, = Eychg—sthg

B =Bych§+Ezsh§ (10)
E;=Ezch£+B shg B;=Bzch£—E.sh£
2 72 2 72
G’=Gch£—Bxshg F':Fché—E shg
2 2 2 T2

Relativistic invariant Lagrangean Eq. (1), through
the variational principle, leads to the correct equations
of the electromagnetic field. Two four-quantities
(Aa ,C a) appear.If they are four-vectors (one of
them pseudo-four-vector), then fF% is an
antisymmetric tensor of the second range, and G and F
are scalars (in relation to the Lorentz’s transforms

0, (F”+g”7G)=0
o, (F"+g"F)=0

1
aff a 40 B qa af
F —8 A —8 A ——¢ §§(8§C§—8¢C§)
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~ 1
aff af B ra afes
F? =0°C"-0"C +—25 (8§A§—84A§)

G=0,4“, F=0,C" (11)
Taking F'= G = 0, these equations become:
o, F* =0, 0,F"=0 (12)

i.e., equations of the free Maxwell’s field. The authors
see that equations of the free Maxwell’s field are, in
fact, a special case of the canonical Eq. (11). If the
authors chose C“ =0, then we obtain equations of
the standard electromagnetic theory of the field, which
are the equations of the conventional theory of the free
electromagnetic field. Therefore, it follows that the
same dynamic equations describe free Dirac’s field
and the electromagnetic field [2]. In the classical
theory of the electromagnetic field, Lagrange’s
variables are the potentials 4, of the electromagnetic
field, whereas the tensor of the electromagnetic field
forms the four-vector O, and the potential A4,. The
authors now discuss the field with the mass term. In
that case the density of the Lagrangean is
I=K(py —x'0D), y=i0, 7@ (3
where « is a scalar constant. In order that this
Lagrangean be a relativistic scalar, ¢ must be a
scalar as well. Using the Euler-Lagrange’s equations,
the authors obtain Lagrange’s equations of motion
(0,07 +x7)@=0, (8,0 +x* )" =0 (14)
According to the definition of the conjugated
momentum, the authors have:
7y =iKy", 7w, =-iKy (15)
Now, the density of the Hamiltonian, is

H=7,0,0+0,0"7 . -3
1 ) ) -
=E7rq)7°7r N —6iCD+a’7r(D+ —ﬁq,al.a’CI)+KK2d)<D(16)

Canonical equations in covariant notation follow:

0,77, +K*®d=0

%7[(D+ —8#7/”(1320 (17)
1 ~
Eﬂ-@yo _a,u(D]/‘u =0

0,77 7" +Ki’® =0

After separating the real and imaginary parts of
each four components of the Dirac’s field function,
the authors have

0,(F”+g"G)+x’4" =0
0,(F”+g”F)+x’C’ =0 (18)

F7=0"4" -3’ 4" —%g“ﬁﬁ (o°Cs —o°C7)

F7? ="’ -’ C* +%g“ﬁ€f (054" —o° )

G=0,4°, F=0,C"

For F=G=0, kx#0 The authors obtain
canonical equation for the real Proca’s field,
if A%, C* are four-vectors,

rotB = 08,E — kA
divB=—Kk"f (19)
rotE =—0,B+x*C
divE = ¢

For the spinor field, introducing linear combination
of spinor @ and

1 1
=—=(x®+iy), vy, =—=(x®—iy) (20
Y \/5( +”//) v \/E( "//)( )

or @ :ﬁ('ﬂ1 ‘H//H)a v =%(l//1 _‘//11)
Eq. (19) become,
(z’aan"‘ —/c)l//[ =0, (i@an"‘ + K‘)I/IH =0 (21
These are  Dirac equations with eight -
component functions and with positive and negative
mass terms. According to this, the authors conclude
that we come to the Dirac’s field described by the
Lagrangean Eq. (13) and both Eq. (21), if we remain

in the scope of the classical relativistic theory [2].
3. Conditions of the Maxwell’s Field

In the contemporary physics of the electromagnetic
fields, Maxwell’s operator plays a very important role.
The question arises, which physical objects are
formulated by the same or analogous equations of
physics. We shall discuss this question in this section.
Maxwell’s system of equations of the free field, we

can write in the matrix form [3]
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Dy =0 (22)

v =DO (23)
where

D=3,7" (24)

is called Maxwell’s operator, and 77“ are matrices

that satisfy conditions of the antisymmetry

{n“.n’}=2g" (25)
. oo o ai‘ 6
77 = . 77 = ;
0 _18><8 —a" 0
0 1 0 0 -1 0
, 1 0 , 00 0 1
a = Py a = )
-1 0 0 1 0 0 O
0 0 0 01 0 O
0 1 0 O
a3:—l 0 0 O 27)
0 0 0 1
0 0 1 0
Where ¥ and ® are given in components:
_E'C_ _AX
Ey _Ay
EZ -AZ
vl Floz| P v=vn" @3
Bx CX
B,V CY
BZ CZ
L G ] 84

and F and G are scalars. We operate with the operator
D on the field functions 7, and obtain

0,E—~rotB+VG=0

OOE —rotE+VF =0 (29)
divE = -3,G
divB = -0, F

Chosing scalars F, G such that F = G = 0, the
authors obtain Maxwell’s equations for the free field.
Thus, the authors have shown that we can describe
electromagnetic field by Eq. (22) and Eq. (23). These
equations are called “Maxwell’s equations” . We

make the question: Is the electromagnetic field the

only field that satisfies the Maxwell’s Eqs. (22) and
(23). The authors are interested in whether any other
field exists that can be described by these equations.
For this purpose, the authors will seek for the
conditions of the relativistic invariance of the field
equations. The authors start from the Lorentz’s
transform given by Ref. [3]

ch® -shd 0 0

X, zafx,’g, 2= -sh® ch® 0 0 (30)
“ 0 0 1 0
0 0 0 1

Corresponding field transform, the authors will

write in the form:
¥Y=RY,®=5P, (®—>1LR—>15—>1)31)
where R and S are operators of the transform for

Y and @, respectively.

Requirement for the relativistic invariance of the

Lagrangean,
F=KPY=K¥Y" " Rn"RY'=KP'¥' (32
gives R'n°R =7’ (33)
whereas relativistic invariance of the Eq. (23) gives
R'a’n°S=n" (34)

Therefore, the conditions of the relativistic
invariance of the “Maxwellian” Egs. (22) and (23) are
given by Egs. (33) and (3). One of the solutions of the

set of Egs. (33) and (34) is

a b c d
= , S= (35)
b+ a 8x8 d+ ¢ 8x8
where
ch(®-¢) 0 0 0
0 che 0 0
“l o 0 che 0
0 0 0 ch(P-¢)
0 0 0 sh(d-¢)
. 0 0 she 0
0 —she 0 0
sh(®-¢) 0 0 0



Relationship Between Classical and Quantum Physics 79

che 0 0 0
0 ch(@-g) 0 0
““lo 0 ch(®-2) 0

0 0 0 che
0 0 0 she
0 0 sh((D— )
d= (36)
0 —sh(CD—g) 0
she 0 0 0

¢ is a parameter confined by the condition:
R—1,5—1 for d>0ie. £=¢(P), £(0)=0

4. Some of the Solutions and Their

Interpretation

The authors will seek for the list of solutions of the
Egs. (33) and (34) for the values of the parameters

E=A0, 1 :1,1,0,—1,—1.
2 2

If we chose A = 1, £ =®, operating with the

operator Son @’

chd 0 0 O 0 0 0 shd
0 0 0 O 0 00 O
0 0 0 O 0 00 O
S 0 0 0 ch® sh® 0 0 O
0 0 0 sh® ch® 0 0 O
0 0 0 O 0 00 O
0 00 O 0 00 O
sh®@ 0 0 O 0 0 0 cho
the authors obtain
A = Achd + ¢'shd
C,=C!ch® + fshd
Ay = A;, Cy = C; 37

Az = A;’ Cz = C;
p=¢'ch®+ A'shd, f=fchd+Cshd

In this case @ is consisted by four-vectors

(9,4) and (f,C).

Operating with the operator Ron ',

1 0 0 0 0 0 0 0
0 chd 0 0 0 0 sh® 0
0 0 chd 0 0 —-sh® 0 O
R 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 —-shd 0 0 chd 0 0
0 shd 0 0 0 0 ch® 0
0 0 0 0 0 0 0 1
we obtain
E =E, B, =B,

E, = E}’)chCD + B!sh®, B, = B}',chd) — Elsh®

E, = Ech® - B/sh®, B_ =B ch®+E shd
F=F, G=G' (38)

In this case ¥ is consisted from the antisymmetric

tensor F? and the scalars G and F . That means
that for the choice 1 =1,¢&=®, we have two-vector

fiel (4“.C*). or tensor-scalar field (F“.G.F).
For F=G=0,C% =0 this field is reduced into the

classic standard electromagnetic field.
1 ()
If the authors chose A = 5,8 = X than R=S.

Therefore, @ and Y are of the same magnitude
in relation to the Lorentz’s transform. Operating with
operator R on ', the authors obtain:

E = Eich9+ G'sh9
2 2

E = Ez'ch9+B'sh9
2 72

G= G'ch2+E)'(sh9
2 2

B. = B’chg—Ez’shg (39)
) 2

() ()
Ey = E;Chz**B;Sh;

F:F’ch9+B;sh9
2 2

B = Bz'ch9 + E’,sh9
2 72

B, =B;ch9+F’sh9
2 2
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The authors see that we have to deal here with the

(E.,G), (E,,B.),

real spinors’ transform
(E..—B,), (F,B)).

Therefore, ® and ¥ are spinors, and the field is a
spinor field, and the equations of motion Eqgs. (22) and
(23) satisfy the spinor field as well. This field is
without the rest mass.

For the case A=0, &(@)=4AD, ¢=0, we
apply R on ' and § on @';we have:
E =E/ch®+G'sh®, B = B/ch® + F'sh®
E,=E,, B =B,
E . =E, B.=8B,
F =F'ch® + B'sh®, G=G'ch® + E/sh®
4,=4;, C =C, (40)
A, = A/ch® - Csh®
C, = C,ch® + A sh®
4, = A/ch® + C shd
C. = Clch® — 4 sh®
f=5r, p=¢
In this case 4 and (¢ form antisymmetric tensor

of the second rank, ¢ and f are scalars, and
(E..E,.E..G) and (B,.B,,B..F) form

four-vectors  analogous electrodynamics  where
(E .B ) form antisymmetric tensor of the
electromagnetic field. Dirac’s equation

(iD— K)V/ =0, without mass term is (K = O),
where ¥ is afield function with components

(E,.E,.E..F.B,.B,.B.,G)

Operating with the operator D on the field function
Eq. (28), we obtain Eq. (29). For the wvalues
F =G =0 Eq. (29) are the Maxwell’s equations for
the free field.

5. Description of the Maxwell’s Equations in
the Form of the Dirac’s Equation

We will show that Maxwell’s equations in the
vaccum can be written in the form of the Dirac’s

equation for massless particles [4]

in ¥ T
ot i =

for m =0 ih%—"t’ = c{;ak (—ih)%w}mz)

0
a, 87% + Bmc’y (41)

., 0 ~ 5

or in Y = caPy (43)
ot

Eq. (43) represents the Dirac’s equation for leptons.

The authors begin with the expressions

- - 0
(VXE)./_ = gjkl EEI (44)
(§X§) =g‘kliBl (45)
i ox,

and the components j=1,2,3 of the Maxwell’s
equations will be

0 1 OB.
o—FE +——L=0 46
& ox, e oot (46)
o . 10E,
, - =0 47
gﬂd@xk e oot “7)
OB,
=0 (48)
8xj
OF,
=0 (49)
axj

Substitute the Crammers’ complex vector
w,;=E, +iB; in these equations, multiplying Eqs.
(48) and (49) by i . and thereafter, adding Eq. (46)

with Eq. (47), and Eq. (48) with Eq. (49), the authors
obtain:

a‘//1 1'8!,///.
o ————"=0 50
Mox, ¢ ot 0
oy .
d =0 (51)
Ox;

Differentiate the Eq. (50) according to x;
0’ i 00y,
=t L0 )
Ox;0x, ¢ Ot{ 0Ox,
We will now try to bring the expression
al//l _ L al//] _
Mox, ¢ ot

into the form of the Dirac’s equation for leptons (43)

0 (53)
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oy, 0
ih L =clie, —ih— 54
ot ( K )( o, jwl (54)
The authors use the matrix

S(k)jl=ig, (55)
to obtain
iha;/;j =c[(5), B v (56)
i.e., Maxwell’s equations in the form of the Dirac’s
equation. Matrix (Sk )ﬂ is 3x3, k=123
matrix
& € 113
(S, )ﬂ =i, = i[ezn &y Enys
&n G &
0 0 O 0 0 O
=S5 =il0 O 1J= 0 0 —i
0 1 0 0 i O
0 O
(Sz)jl—Sy—{O 0 0
-i 0 0
0
(S, )ﬂ =S.=|i (57)
0O 0 O
These matrices have the properties
[Si,Sj] i€, S, (58)
S?=8'+S:+S8;=2 (59)
so that the authors have:
S’y =S(S+1)y =2y (60)

ie.S=1

oy,

ih 81] = (S ),,Pk‘//z 61)
and the Eq. (61) describes the particle with a spin
S=1. But,

electromagnetic field—a photon.

this particle is the quant of the

6. Non-Relativistic Boundary and the
Schrddinger’s Equation

From the Dirac’s equations with the positive and

negative mass term

(iD—K')l//I =0, (iD—i—K)l//H =0 (62)
The authors will pass to the non-relativistic
Schrodinger’s field.

The authors begin withy/,, =0, y, # 0, properties

of the matrices Egs. (25), (26) and (27), and the
authors will take that [5, 6]

y,=e o\t ‘ (©3)
n
Then the authors will have:
i0,—kx i0.a’ | _
. ’ J+ . / ~Ha Z = 0 (64)
—i0,a’" -0, -k n
i0,x +i0,a’n=0 (65)
(2x—i0,)n—id,a” x =0 (66)
In the non-relativistic limit:
[0, ((2x|m] (67)
From the equation (66), we take for 77 that
i .
=——20,a’" 68
n=---0,a"x (68)
Substitute 77 in Eq. (33) and obtain
. o i N
180;( = —lajaj (—;a/—aj Zj
1 1, o
=-—0,0,—(a’a" +a'a”
5005 )7
(69)

From the assymmetrical condition Eq. (25) the

authors have:

0 4|0 d N 0 dil 0 a’
—a’” 0||l-a™ 0| |-a" 0||-a’" 0

aa” +adat =267 (70)

a’*a' +a*a’ =267
Using Eq. (70), the Eq. (69) takes the form

1
10y =———Ax (71)
2K

which is the Schrédinger’s equation for the free
particle. Now we take the case when the particle is
under the influence of the external electromagnetic

field. The motion of a free relativistic particle of mass

Ji
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m and charge ¢ is described by the Dirac’s equation
[7-9]

0
ih—wy =| —ihcaV + fmc’ (72)
~v=| pme* |y
where the 3 matrices ’and the matrix £ are given
by
d=l? % and B = ro (73)
o 0 0 -7

o', are the Pauli spin matrices, and / is the unit 2x 2
matrix. Describe how the Dirac’s equation should be
modified if particle comes under the influence of an
external electromagnetic field described by the
four-potential 4* = (4°,4). Hence deduce that the
Dirac equation for a particle of charge q in the presence
of an electrostatic central potential ¥ ()= ¢A4°, with

;1 =(, may be written as
0 . .
iha—t,// = Hy where H = —ilicaV + fmc’ + V(r) (74)
t
By seeking energy eigenstates of the form

- = ikt
w(r,t):t//(r)exp(—IJ (75)
and writing the Dirac wave function ¥ (77 ) in terms

of two-component spinors

v (7)=| ) (76)

show that the Dirac equation may be written in the
form

(E—V—mcz);((F)—c(6%)77(F):0
(E—V+mcz)77(l7)—c(&%);((l7):O (77)

Show that for a

non-relativistic limit, these equations are reduced to an

weak potential in the

energy eigenvalue equation of Schrodinger form
2

~n

p

where E'=E-mc® , [Ji,O'jJZZiSU,kO'k and
(6p)(6p)=|5[ 1
7. Conclusions

Investigation carried out in this work shows that the
free electromagnetic field, spinor Dirac’s field without
mass, spinor Dirac’s field with mass, and some other
fields

formulation. The conditions that a field be described

are described by the same variational

by Maxwell’s equations of motion are given in this
work, and some solutions of these conditions are also
given. Non-relativistic approximation of the equations
of the non-quantified field are the Schrddinger’s
equations. Dirac’s equation as a special case, contains
Maxwell’s equations and the Schrodinger’s equation.
The authors conclude that the basis of the quantum
physics lie on the classical physics, including special

theory of relativity.
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