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Abstract: This paper we study a consistent criterion for checking Hypotheses. Given definition of consistent criterion for checking
hypotheses for family probability measures which were defined by Z. Zerakidze (see 5). We prove the necessary and sufficient
conditions are obtained for the existence of consistent criteria of hypotheses. For example we clearly build of a consistent criteria for

checking hypotheses.
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1. Introduction

Let (E, S) be a measurable (selection) space with
given family of probability measures {,ui , el }

We us resell other definitions [1-6]

Definition 1. The family of probability measures
{/ui’ ie I} is called
i#] g4 and u; are orthogonal for each i # j.

orthogonal if

Definition 2. The family of probability measures
{,ui , el } is called weakly separable if there exists a
family of S - measurable sets {Xi, iel } such that

relations
X Lif i=]
il j)_{o, if i |
are fulfilled

Definition 3. The family of probability measures
{,ui , el } is called strongly separable if there exists a
disjoint family of S — measurable sets {,ui, ie I}
such that the relations (Vi)(i el= ,ui(Xi)z 1
Vie |) are fulfilled.

Remark 1. From strongly separable there follows
weakly separable and from weakly separable there
follows orthogonal, but not vice versa. (see 3,4)

Example 1. Let E = [0,1]X[0,1]. S be Borel o
-algebra of parts of E. Take the S — measurable sets
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physics.

X, ={0<x<1, y=i, ie[0,1]}
and assume that | are linear Lebesgue probability
measures on X;. That the family {|i, i E[O,l]} is

strongly separable.
Example 2. Let E = [0,1]X[0,1] S be a Borel o
-algebra of parts of E. Take the S — measurable sets.

0<x<I1, y=i, ie[0,]
X = ] .
x=i-2, 0<y<l, ie[23]

Let |, be linear lebesgue measures on X; Then a
family of probability measures {Iia ie [0,1]u[2,3]}
is weakly separable, but not strongly separable.

Example 3. Let E = [0,1]X[0,1]. S be a Boral o —
algebra of parts of E. Take the S — measurable sets.

X, ={0<x<1, ie€(0,1]
and
X, =[0,1]x[0,1]

Assume that I, , i€(0,1] are linear Lebesgue
measures on X;, | € (0,1] and |y is plane lebesgue
measure on X . Then a family of probability measures

{|i e [0,1]} is orthogonal, but not weakly separable.
Let H be sets hypotheses and ,B(H) is o —algebra

witch contains of all finite subsets H .
Definition 4. The family of probability measures
{,UH,H EH} will be said to admit a consistent
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criterion for checking hypotheses if there exists even
though one measurable mapping & of the Space

(E, S) in (H,ﬁ(H)) such that.

u,(x:8(x)=H)=1, VH eH
Definition 5. The following probability
&,(8)=Py (x:8(x) = H;)

Is called the probability of type I error for given &
criterion.

Remark 2. Let the family of probability measures
{/UH ,H e H} admit a consistent criterion 0(X) for
checking hypotheses then: 1) the probability all of type
errors are equal zero; 2) a family of probability
measures { uy,He H} is strongly separable but not
vice versa; 3) if 1 is for any measure on S(H) and

U — H is Borel set, then measures

p(x:5(x)eU) = [, (x:5(x)eU)v(dH)
H-U

and

(X :8(¥) £U) = [ 41, (x: 5(x) ¢ U)v(dH)

are orthogonal.

Example 4. There are two simple H, and H,
hypotheses and criterion O(X)=H,, then the
probability of error of the first kind is
a = F:'Hl (0(X) #H,) =0 and the probability of error
of the second kind is &, = B, (6(X) #H,)=1

Example 5. There are two simple H, and H,
hypotheses and criterion o(X)= H2, then the
probability of error of the first kind is
a; =B, (6(X)# H,) =1 and the probability of error
of the second kind is &, = PH2 (0(x) # Hz) =0.

Theoreml. Let H= {Hl, Hz,..,Hn,...}. The

family of probability measures {,uHi,i € N}

N = {1,2,..., I’l,..} admits consistent criterion for
checking hypotheses if and only if, when the family of

probability measures {,UHi JdeN } is orthogonal.

Proof: Necessity. Since the family {,UHi,i € N}

admits a consistent criterion for checking hypotheses,
then there exists a measurable map & of the space

(E,S) in (H,ﬁ(H)) such that ,UHi(X:E(X):Hi)

=1, Viel. Let X; ={XZ5(X)= Hi}, them it is
obvious that XiNX; =D for all i#; and
,uHi(Xi)=l, Vie N.

Therefore, the family of probability measures

{,UHi Je N} is strongly separable and from strongly

separable there follows orthogonal.
Sufficiency. As the family of probability measures

{,UHi Je N} is orthogonal implies of family

{Xi, ie N} of S-measurable sets such that for any

i #j we have ,qu(Xik)= 0 and ,uHi(E - Xik)=0.
Let us consider the sets

X, =|J[E-x,)-

ki

then ,uHi(Xi)zyHi[U(E X, )J:o.

k=i

Therefore Ay, (Xi): 0, My (E - Xi)z 1.

On the other hand
;qu(E - Xi)::qu |:E_kLJ_(E - Xik):lzo
for k #1i

and p, (E - X, ) =1. Let us consider the sets

B, =(E- Xl)—(E—Xl)r\(U(E—Xk)j

k1
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It is obvious that B,B,,...,B,,... is a disjunctive

n

family of S-measurable sets and g, (Bi ) =1,
/uHi(Bi): LvieN.
Let is define § map (E, S) - (H,,B(H)) like that

5(Bi)=Hi, Vie N. We have ﬂHi(X:5(X)=Hi)
=1, VieN.

The theorem 1 is proved.
Remark 3. From remark 1 and theorem 1 follows
that of the countable family of probability measures

{,Uk, ke N} , N = {1,2,...n,...} strongly separable,

weakly separable and orthogonal are equivalent
notions.

We build clearly a consistent criterion for checking
Hypotheses :

Example 6. Let E=R=(-o0,+0), S be a
Borel o -algebra of parts of R and My, are

Lebesgue measures on [M,M+1], meZ. The

family of probability measures {/‘Hm, mEZ} is

strongly  separable.det is defined & map
(RB(R)—>(H AH). Lk tha
5([m9 m+1]) = Hm VYmeZ. We have

yHm(5(X)= H.)=L vmeZ. eci &(X) is a

consistent criteria for checking hypotheses.
From remark 1 and theorem 1 follows that of the
countable  family  of

probability = measures

{’uk’ ke N} , N = {1,2,...n,...} strongly separable,

weakly separable and orthogonal are equivalent
notions.

Theorem 2. Let H be a complete separable metric

space, ,B(H) be a o -algebra of Borel subsets of
H, u, (A) be a measurable function on H for any

AeS.If V ismeasure on ,B(H) such that V(U ) >0

for any open set

defined by

1 8)= [ (A (3H)
,Uz(A): J:IUH (A)V(dH ), ()

are orthogonal for any open set U € H, then there

and the measures f4 and (4,

exist a measurable map g: (E, S) - (H’ /B(H)) such

that
p(fx:g(x)=H})=1
for almost all with respect to the measure v . §(X) -is
a consistent criterion for checking hypotheses.
Proof: It is easy to see that the family of sets for
which the measures £4 and (4, are orthogonal is a

monotone class: if C, T C, then

J.,UH (A)V(dH )T IﬂH (A)V(dH )a
[ s (AW [, (A,

H-C,
Therefore, choosing D, € H, D, T D such, that

_[ Hy (Dn)"(dH):Q '[:UH (E_ Dn)"(dH):O'

H;i;e see, that
J 1 (DWaH)=0 [ s, (E-D)(aH)=0
| #,(D,p(dH)=0(m>n)

CIﬂH(Dn)V(dH)=O,
[ #,(DW(dH)=0, [, (E-D(dH)=0.

H-C
And hence

[ 1 (E~D(aH) =0.

However, the monotone class containing all open
sets coincides with the o — algebra of Borel sets. This
means that under the conditions of the theorem the
measures f4 and 4, will be orthogonal for all Borel

sets C e A(H).

Next we suppose that H is separable and construct
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a sequence of partitions of H info pair wise disjoint

sets

,,,,,

,,,,,

,,,,,,

,,,,,

~~~~~~

such that

0, if 3 (ki—k )" >0
J (X0 MaH)=y
Ao, ) i Sk -
i=l

) k, can be chosen pair wise disjoint.

.....

Indeed, since thrice family of measures is countable

and pair wise orthogonal, this family is also strongly

separable.
Since G, _, <C X,Elnﬂlm can be chosen
(n+1) (n) .
so that X, "\ <X, . Chose and point
(n) (n)
hkl,kz,...kn ECkl ..... K.,
Denote by C( n) the set of those H < C( for

,,,,,

.....

,,,,,

integrand is non-negative, it is equal to zero almost

everywhere, i.e.

.....

. -On the set

---------------

ﬂ U X Iilrji_kn = )? MR (X)t converge to some limit

n k..

g(x), since p(gn, gn+1)< 27", This follows from the

fact that, for

9,(x)=Hy

points both belong to C

Xe X (n+l)k we have

. and these

k, Whose diameter is not

.....

greater than 2" The equality 1, ()? ): 1 is satisfied

for HeC.
)=1 and for

,,,,,,,,,,,

..............

Since ) C k, also contains the unique point H,

,,,,,

we have p(gn (X), H )S 27"and hence, ¢ (X) =H.
The theorem 2 is proved.

Remark 4. If H isn’t separable this theorem 2 remains

true because a Borel measure given on a non separable

complete metric space has a separable support [6]
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