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Abstract: This paper we study a consistent criterion for checking Hypotheses. Given definition of consistent criterion for checking 
hypotheses for family probability measures which were defined by Z. Zerakidze (see 5). We prove the necessary and sufficient 
conditions are obtained for the existence of consistent criteria of hypotheses. For example we clearly build of a consistent criteria for 
checking hypotheses. 
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1. Introduction 

Let (E, S) be a measurable (selection) space with 

given family of probability measures  Iii   , . 

We us resell other definitions [1-6] 

Definition 1. The family of probability measures 

 Iii   ,  is called orthogonal if 

jiji    and      are orthogonal for each ji  . 

Definition 2. The family of probability measures 

 Iii   ,  is called weakly separable if there exists a 

family of S - measurable sets  IiX i  ,
 
such that 

relations  









jiif

jiif
X j   

  

,0

,1
)(i  

are fulfilled  

Definition 3. The family of probability measures 

 Iii   ,  is called strongly separable if there exists a 

disjoint family of S  measurable sets  Iii   ,
 

such that the relations     XIii ii  ,1
 Ii  are fulfilled. 

Remark 1. From strongly separable there follows 

weakly separable and from weakly separable there 

follows orthogonal, but not vice versa. (see 3,4) 

Example 1. Let ܧ ൌ ሾ0,1ሿܺሾ0,1ሿ. S be Borel 
-algebra of parts of E. Take the S – measurable sets  
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  1,0,,10  iiyxXi      

and assume that il  
are linear Lebesgue probability 

measures on iX  That the family   1,0, ili   is 

strongly separable. 

Example 2. Let ܧ ൌ ሾ0,1ሿܺሾ0,1ሿ S be a Borel 
-algebra of parts of E. Take the S – measurable sets. 

 
 








3,2,10,2

1,0,,10

iyix

iiyx
X i     

   
 

Let il  be linear lebesgue measures on iX
 
Then a 

family of probability measures     3,21,0, ili   

is weakly separable, but not strongly separable.  

Example 3. Let ܧ ൌ ሾ0,1ሿܺሾ0,1ሿ. S be a Boral  – 

algebra of parts of E. Take the S – measurable sets. 

  1,0,10  ixX i    

and 

   1,01,0 iX
 

Assume that il ,  1,0i
 
are linear Lebesgue 

measures on iX ,  1,0i
 
and 0l  is plane lebesgue 

measure on 0X . Then a family of probability measures 

  1,0, ili  
is orthogonal, but not weakly separable. 

Let  be sets hypotheses and    is  –algebra 

witch contains of all finite subsets  . 

Definition 4. The family of probability measures 

 HH ,  will be said to admit a consistent 
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criterion for checking hypotheses if there exists even 

though one measurable mapping   of the Space 

 SE,  in    ,  such that. 

    HHxxH   ,1:  
Definition 5. The following probability 

    iHi HxxP
i

  :  
Is called the probability of type I error for given ߜ 

criterion. 

Remark 2. Let the family of probability measures 

 HH ,  admit a consistent criterion )(x  for 

checking hypotheses then: 1) the probability all of type 

errors are equal zero; 2) a family of probability 

measures  HH ,   is strongly separable but not 

vice versa; 3) if   is for any measure on )(H  and 

HU   is Borel set, then measures  





UH

H dHUxxUxx )())(:())(:(1   

and 

 
U

H dHUxxUxx )())(:())(:(2   

are orthogonal. 

Example 4. There are two simple 1H  and 2H  

hypotheses and criterion ,)( 1Hx  then the 

probability of error of the first kind is 
0))(( 11 1

 HxPH   and the probability of error 
of the second kind is 1))(( 22 2

 HxPH  . 

Example 5. There are two simple 1H  and 2H  

hypotheses and criterion ,)( 2Hx  then the 

probability of error of the first kind is 

1))(( 11 1
 HxPH   and the probability of error 

of the second kind is 0))(( 22 2
 HxPH  . 

Theorem1. Let  .,...,..,, 21 nHHH The 

family of probability measures  Ni
iH ,

 ,..,...,2,1 nN   admits consistent criterion for 

checking hypotheses if and only if, when the family of 

probability measures Ni
iH ,  is orthogonal.

 

Proof: Necessity. Since the family  Ni
iH ,

 

admits a consistent criterion for checking hypotheses, 

then there exists a measurable map ߜ of the space 

 SE,  in    ,  such that   : Hxx iHi


 

.,1 Ii  Let   ,: ii HxxX   them it is 

obvious that  ji XX
 
for all ݅ ് ݆  and 

  .,1 NiXiHi
    

Therefore, the family of probability measures 

 Ni
iH ,

 
is strongly separable and from strongly 

separable there follows orthogonal. 

Sufficiency. As the family of probability measures 

 Ni
iH ,

 
is orthogonal implies of family

 NiXi  ,  of S-measurable sets such that for any 

݅ ് ݆ we have   0
kk iH X

 
and   .0

ki iH XE  

Let us consider the sets 

 
ik

ii k
XEX



 ,
 

then     0












ik
iHiH kii

XEX  . 

Therefore   ,0iH X
i

    .1 iH XE
i


 
 

On the other hand 

    0



 




ik
iHiH kkk

XEEXE   

for ݇ ് ݅ 

and   .1 iH XE
i


 
Let us consider the sets  

     












1
111

k
kXEXEXEB  

     












2
222

k
kXEXEXEB

 

........................................................................ 

     







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

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It is obvious that ,...,...,, 21 nBBB  
is a disjunctive 

family of S-measurable sets and   ,1iH B
i

  

  ,1iH B
i

 .Ni   

Let is define ߜ map      ,,SE  like that 

  ., NiHB ii    
 
We have   : Hxx iHi


 

.,1 Ni    
The theorem 1 is proved. 

Remark 3. From remark 1 and theorem 1 follows 

that of the countable family of probability measures 

 Nkk  ,  ,  ,...,...2,1 nN   strongly separable, 

weakly separable and orthogonal are equivalent 

notions.  

We build clearly a consistent criterion for checking 

Hypotheses :  

Example 6. Let ),,(  RE
 

S  be a 

Borel  -algebra of parts of R  and mH  are 

Lebesgue measures on ],1,[ mm  .Zm The 

family of probability measures  Zm
mH  ,  is 

strongly separable.let is defined ߜ  map 

)).,())(,(  (  RBR  Like that 

mHmm  ])1,([  
 

.Zm  We have

,1))((  mH Hx
m


 
.Zm  e.i. )(x  is a 

consistent criteria for checking hypotheses. 

From remark 1 and theorem 1 follows that of the 

countable family of probability measures 

 Nkk  ,  ,  ,...,...2,1 nN   strongly separable, 

weakly separable and orthogonal are equivalent 

notions.  

Theorem 2. Let  be a complete separable metric 

space,    be a  -algebra of Borel subsets of 

 AH  ,  be a measurable function on   for any 

.SA If   is measure on    such that   0U   

for any open set  and the measures 1 and 2  
defined by  

     
U

H dHAA ,1 
 

     



u

H dHAA  ,2            (1) 

are orthogonal for any open set ,HU   then there 

exist a measurable map      ,,: SEg  such 

that 

    1:  HxgxH  
for almost all with respect to the measure  . )(xg  -is 

a consistent criterion for checking hypotheses. 

Proof: It is easy to see that the family of sets for 

which the measures 1  and 2  are orthogonal is a 

monotone class: if ,CCn   then  

        
nC C

HH dHAdHA ,
 

        
 


nC C

HH dHAdHA .  

Therefore, choosing DDHD nn   ,  such, that 

        



n nC C

nHnH dHDEdHD .0.0     

We see, that 

        



n nC C

HH dHDEdHD 00     
 

     0



mC

nH nmdHD   

    ,0 
mC

nH dHD   

        .00 



C C

HH dHDEdHD     ,  

And hence 

    
C

H dHDE .0  

However, the monotone class containing all open 

sets coincides with the  – algebra of Borel sets. This 

means that under the conditions of the theorem the 

measures 1  and 2  will be orthogonal for all Borel 

sets  .C  

Next we suppose that   is separable and construct 
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a sequence of partitions of   info pair wise disjoint 

sets 
 

n

nkk

kk

nC
,...,1

...1
  

such that the conditions below are fulfilled:  

Sets  n
kk n

C ,...,1  are defined for all positive integers n, 

nkk ,...,1  and  

    ,,...,
1

,..., 111

n
kk

n
kk nn

CC 


;
1

111

)(

,...,...,





n

nn
k

n

kkkk CC
 

The measure of the boundary of 
 n

kk n
C ,...,1  is zero and 

   ;0,...,1
n

kk n
C  

The diameter of 
 n

kk n
C ,...,1  is not greater that .2 n  

Since, for various nkkk ,...,, 21 the measures  

   
 
 

n

nkk
C

H dH

,...,1

  

are pair wise orthogonal, there exist Borel sets 
 n

kk n
X ,...,1

 

such that 

    
 

 

    

























n

i
ii

n
kk

n

i
ii

C

n
kkH

kkC

kk

dHX

n

n

nkk

n

1

2
,...,

1

2

,...,

0

0,0

1
,...,1

1

   if   

  if  




 

where 
 n

kk n
X ,...,1  can be chosen pair wise disjoint.  

Indeed, since thrice family of measures is countable 

and pair wise orthogonal, this family is also strongly 

separable. 

Since ,,...,,..., 111 nn kkkk CC 


 
 1

,..., 11




n
kk n

X  can be chosen 

so that     .,...,
1

,..., 111

n
kk

n
kk nn

XX 


 Chose and point 

)(
,...,

)(
,..., 1121

n
kk

n
kkk nn

Ch



.
 

Denote by  n
kk n

C ,...,1

~
 the set of those  n

kk n
CH ,...,1

  for 

which 
   .1,...,1

n
kkH n

X   

Since      
 
 

n
nkk

n

C

n
kkH dHX

,...,1

1 ,...,10    and the 

integrand is non-negative, it is equal to zero almost 

everywhere, i.e. 

     .~
,...,,..., 11

n
kk

n
kk nn

CC    

Setting 
  ,

...
,...,

1

1 
n kk

n
kk

n

n
CC 

 

we have     C

 If CH  , then the equality    1,...,1
n

kkH n
X will be 

fulfilled for all n.  

Let    n
kkn n

Hxg ,...,1
  if .)(

,..., 21

n
kkk n

Xx On the set 

)(,
~)(

,...
...,

1

.1

xgXX n

n

kk
n kk

n

n

  t converge to some limit 

 ,xg  since   .2, 1
n

nn gg 
   This follows from the 

fact that, for  1
,..., 11




 n
kk n

Xx  we have 

   n

kkkn n
Hxg ,...,, 21

 ,    n

kkkn n
Hxg

121 ,...,,1 
 and these 

points both belong to  n
kk n

C ,...,1  whose diameter is not 

greater than .2 n The equality   1
~
XH  is satisfied 

for CH  . 

If  n
kk n

CH ,...,1

~
  than    1,...,1

n
kkH n

X  and for 

 n
kk n

Xx ,...,1
  we get     .,...,1

n
kkn n

Cxg   

Since 
 n

kk n
C ,...,1

  also contains the unique point H, 

we have    n
n Hxg  2, and hence,   .Hxg   

The theorem 2 is proved. 

Remark 4. If  isn’t separable this theorem 2 remains 

true because a Borel measure given on a non separable 

complete metric space has a separable support [6] 

Reference 

[1] I. Ibramkhalilov, A. Scorokhod. Consistent estinates of 
parameters of raudom processes, Kiev.             
1980. 



Consistent Criteria for checking Hypotheses 

  

518

[2] A. Borovkov, Mathematical statistic. Moscow. 1984. 

[3] Z. Zerakidze. On consistent estimators for families 

probability measures. 5-th Japan-USSR Symposium of 

probability theory, Kyoto, p. 62-63, 1986.  

[4] Z. Zerakidze. On weakly divisible and divisible families of 

probability measures, Bull, Acad. Sei:Georgia SSR №2, p. 

273-275, 1984 

[5] Z. Zerakidze, Обобщение критерия Неимана-Пирсона 

и применения этой критерии для  

стохастическихсистем. Proceedings of the international 

Scientific Conference. “International technologies” 2008. 

ISBN 978-9941-14- 191-1, 2008. 

[6] A. Kharazishvili. Topological Aspects of measures theory. 

Naukova Dumka, Kiev, 1984. 

 


