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Abstract: In this paper, we consider the Cauchy problem of degenerate parabolic equation not in divergence form

u, =u’Au+u’, p>1, g>1, and give the blow-up conditions and the critical Fujita exponents for the existence of global and

non-global solutions to the Cauchy problem.
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1. Introduction

We study the Cauchy problem for the nonlinear
diffusion equation not in divergence form
xeR",t>0,

xeR",

u, =u’Au+u’,

u(x,0) = uy (x), .

where n>1, p>1, >l and O<u,(x)e

C(R")NL*(R").

It is well known that problem (1) has a bounded
positive continuous solution at least locally in time.
(See [21, 22, 23].)

We define the blow-up time 7~ as

T" =sup{T > 0;(1)
possesses a solution in R "x[0,7)}. ()
If T" =00, the solution is global. On the other

hand, if 7" < oo, then the solution is not global in

time in the sense that it blows up at t =7 such as

limsup”u(.ﬁt)HL”(R"):cD‘ (3)

t—>T"
A lot of significant result on the critical exponents
for nonlinear parabolic equations have been obtained

during the past decades. Fujita [1] considered the
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Cauchy problem:
u, =Au+u”, xeR"t>0, @
u(x,0) =u,(x), xeR".

In [1], it is shown that (4) possesses the critical
Fujita exponent p" =1+2/n such that
s if p € (1, p*), then the solution u(x, ) blows up
in finite time for any uy(x);

e if p € (p*,0), then there are both global
solutions and non-global solutions corresponding to
small and large initial data, respectively.

Hayakawa [6], Kobayashi-Sirao-Tanaka [9] and
Weissler [20] have known that p=p =1+2/n
belongs to the blow-up case. In some situations, the
size of initial data required by the global and
non-global solutions can be determined via the
so-called second critical exponent concerning the
decay rates of initial data as |X|—>o . When
p>p =1+2/n, LeeNi [10] established the
second critical exponent a =2/( p-1) for (4)
with initial data t#,(x) =A@(x), where 4 >0 and
@(x) is a bounded continuous function on R", such
that

if  liminf|x|@(x)>0  for

|x|—>o0

Some

ac(0,a) and any A>0, then the solution
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u(x,t) blows up in finite time;
«if  limsup|x|° @(x)<o  for
|x|—>o0
ae(a’,n), and if A <A, for some A, then the
solution u(x,?) is global.
Lee-Ni [10] proved that a" =2/(p—1) belongs
to the global case.

some

The degenerate case
u,=Au" +u”,
u(xa 0) = uO (X),

xeR",t>0,

xeR”,

with  m>1 and max(0,1-2/n)<m<1 were
thoroughly studied with the critical Fujita exponent
p =m+2/n by
Mikhailov-Samarskii [3], Mochizuki-Mukai [12] and
Qi [16]. Furthermore, Galaktionov [2],
Mochizuki-Mukai  [12], Kawanago [8] and
Mochizuki-Suzuki [13] have
p=p =m+2/n belongs to the blow-up case.
When p>p =m+2/n ,
Mukai-Mochizuki-Huang [14] and Guo-Guo [5]
obtained the
a =2/(p—m) for(5).

It is mentioned that the degenerate equation (5) can

Galaktionov-Kurdyumov-

shown that

second critical exponent

be changed to

— B
v, =viAv+vy (6)
under the transformation u(x,t)=av"(bx,t) ,
a=m"*D, p=pmP 2PV " with the special

a=(m-1)/m<1 and f=(m+p-1)/m>1.
Obviously, the equations (5) and (6) are not equivalent
to each other for general « . Winkler [22] considered
the Cauchy problem (1) for p =1, and obtained the

following results:

e For 1<g<p+l (resp. 15q¢<3/2 if
p =1), all positive solutions of (1) are global
and unbounded, provided that U, (x)

decreases sufficiently fast in space.

e For g=p+l, all positive solutions of (1)
blow up in finite time.

* For g>p+1, there are both global and

non-global positive solutions.

Later, Li-Mu [11] and Yang-Zheng-Zhou [23]
considered the Cauchy problem (1) for p>1, and
obtained the following results when ¢ > p+1+2/n:
(i) Let n>2. Assume that #,(X)=A@(X), where
A>0 and @(X) is a bounded continuous function
in R”, and that

liminf | x|* @(x) > 0. (7
|x]—>0
If
ac (O,L], ®
q-p-1
or
2 )
a=————with large 1 >0 9
q-p-1

then the solution u(x,#) blows up in finite time.
(ii) Let n>1. Assume that u,(x)=A¢(x), and that

limsup|x[* @(x) <oo. (10)
|x[—>00
If
(=)
ac|——,h |, (11)
g—p-1

then there exist 10 = /10 (@), C>0 such that the
solution u(x,?) is global in time and satisfies

(e, 0) ] o, < CE™ (12)

forall >0 whenever A <A4,.
The conclusions (i)-(ii) show that the problem (1)
admits the second critical exponent

. 2

a =———
g—p-1

(13)
with n>2 and g>p+1+2/n.

In this article, we will study the blow-up of
solutions u#(x,?) to the Cauchy problem (1) when
p+l<qg<p+1+2/n or 0<a<2/(g—p-1)
with n>1.
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Theorem Let n>1. Suppose that one of the
following two conditions holds;

(a) p+1<q£p+l+%.
n

®)  liminf|x|" uy(x) >0 with 0<a< .
x>0 q-p-1
Then the solution u#(x,?) of (1) blows up in finite
time.
Comparing Theorem and the conclusions of Li-Mu
[11] and Yang-Zheng-Zhou [23], we see that (1)
possesses the critical Fujita exponent

. 2
q =p+1+— (14)
n

and the second critical exponent

. 2

a =———
g—p-1

(15)

with #>1 and ¢ > p+1, and may be summarized
in the following table:

q9>q
Blow —up

p+l<qg<q

a<a |Blow—up

a=a" |Blow—up Blow — up for large data

Global for small data

Blow —u
a>a P Blow —up for large data

The rest of this paper is organized as follows. In
sections 2 and 3, we state the proof of Theorem for the
conditions (a) and (b), respectively.

2. Proof of Theorem (a)

In this section, we shall prove the Theorem for the
condition (a) by two case of n>2 and n=1.

2.1 Casel: n>2

We take the same strategy as in Li-Mu [11] and
Igarashi-Umeda [7].
Let

B, =wxeR%|x—x, |<r|x, [} (16)

for some constant >0 and a sequence {X,},_
satisfying 0<|xm I<| xm+1| for any meN and
lim , |x, |=%.

Remark The method using the sequence of balls
Br,m in (16) was used in [17, 4, 18, 19] and the other
papers.

Let ﬂm >0 denote the principal eigenvalue of
—A with Dirichlet problem in B, ,,, and let ¢, (x)
denote the corresponding eigenfunction, normalized
by

J.B @, (x)dx =1. (17)

We define

a@=JTLuW@ﬁ%mM.(m

- r,m

Then we have
i _ u,
F ()= J. ey @, (x)dx

= _J.B (Au+u’")p, (x)dx. (19)

Integrating by parts, using the fact that ¢, =0
and 09, /0v<0 on OB,,, where v denote the
outward unit normal vector to B,.,m at X € 8B,,m,
and applying Green’s formula, we obtain

%@S%&u%@%%hu”%@ﬂn

m

(20)
Since Br,m is a n -dimensional ball of radius
r\xm |, it follows that ﬂ«m satisfies

A < 2 1)

where ¢ >0 depends only on the dimension 7 and
7. Thus, we have

c

RS, uoudr

| x

m

— JB u’p (x)dx. (22)
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Since p>1, g—p>1, and L @, (X)dx=1,

by Jensen’ s and Holder’ s inequalities, we have

I-p
IBr,,,, u' g (x)dx > (IB up, (x)dx) (23)
and

J-Bw uep (x)dx = ( IB

o

q-p
up, (x)dx) . (29
It follows from (23)-(24) that

jB up (x)dx

r,m

q-p-1
([, wp, ] [ up, (e

g-p-1

ulfpgoln (x)dx) " J.B ug, (x)dx

2(1,

r,

=[(p=DE,OI """ [ up, (x)dx. ©25)
Thus, by (22)-(25), we obtain

c

RS, uoudr

| X,

L(p=DE,OI [ ug, (x)dx. 26)

Here, if F, (f) satisfies

1 | X ‘2 (p-D/(g=p-1)
F, (1) < E(#J (27

forall ¢e€[0,77), then by (26), it follows that

, c
()< -— : jB up, (X)dx.  (28)

| X,
Hence, if (28) holds, then by (23)-(28), we have

Fl(t)<——

; (p-D7ET@) (9

m

from which it follows that if £ (0) satisfies

Pl

2 \g-p-1
FAO)Sﬁ(%} , (30)

then F () decreases and

1 2 \gp-1 .

F.(f)<— P P o all 0.7, G31)
p—1 2¢

and an integration of (29) shows that

Pl
»

F, () < (F(0)-Cy) (32)

with G =c|x, [? p(p-1)"".
Therefore, from (32) we obtain that F,, (1) —0
as t >T" =CL1F,F(O) , thatis u(x,t) blows up in

finite time.
As a result of these arguments, we have the
following proposition:
Proposition 1. If F (0) satisfies (30) for some
m € N, that is
2(p-D)

F . (0)<A|x, | (33)

with

A=(p-1)"2e)' ", (34)

then u(x,?) blows up in finite time.

Here, we shall state the rest of the proof of Theorem
(a)for n>2.

Suppose that u(x,f) be a nontrivial global

solution. Thus, by Proposition 1, it follows that for

any meN
F(0)> Alx, [, (35)
that is
J, w0y ey x, [ o)
Let @, be radial function, that is

@, (x)=¢,(p) (p=|x|).Then, @,(p) satisfies

n-1 .
(@) 00 +7((pm)p +4,0,=0 inB . (37)
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Solving the equation (37), it follows that for some
constant a=a(4,)>0

0. (P =ap "I AP, 69

where J,(z) is the Bessel function:

=D(z/2)*
n(2)= ( ]Zk'l“(k+v+1) )

with the Gamma function
I'k+v+1)= I: s e ds. (40)

Then, we have

2

@, (p)=ap
5 [(Jar)
i KC(k+22+D| 2

e [ ple)
{m J ;kvr(ku)[z\x J 0

due to (21). Noting that 2 <(1+7)[x, | by (16),
we obtain

—2

\/E =y
%(p)ﬁa(z'xml]

Xi (1) {(l+r)\/;}' @)

ST+ | 2

Multiplying both sides of (36) by |x,, |"™, we
have

| x,, |’”(”’1) IB u(l)’pgomdx

> ey | x, [T (43)
Then, it follows from (42) that

72

Je 12 n(p-1) D"
C{TJ 2 Z Kk +1)

r.m

> (20)7 |5 [T (44)

m |

We note that

n—2
2

-n(p-1)<0 if p>landn=>2,
(45)
and
. 2
-n20 if p+l<g<p+l+—.
n
(46)
Then, if meN is sufficiently large, the
right-hand side of (44) is larger than the left-hand side

of (44). Thus we arrive at a contradiction. [
2.2 Casell: n=1

The inequality (44) lead to a contradiction for
P >3 when n=1.So, we take the same strategy as
in Li-Mu [11] and Pinsky [15] to prove Theorem for
n=1 and p>1.

For >0, let A >0 denote the principal

. _ . . .
eigenvalue of ~ 32 with Dirichlet problem in

(—=7,7r), and let (Dr(x) denote the corresponding
eigenfunction, normalized by
j o (x)dx=1. 47)
In fact,

T X
=—cos—and A =—. 48
¢, (x) 4  2r T 47 (48)
We define
1 L
J,(0)=—[" u""(x,t)p,(x)dx. (49)
p—1°
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Then we have

! r ut
L0 == —-0 ()

-,

Integrating by parts, using (48), and noting that
@' (r)<0 and @ (—r)>0, we obtain

J()<A, j ue, (x)dx — j u' " (x)dx

—+u" ?

@, (x)dx. (50)

2
= % J:r ue, (x)dx — LA u’@ (x)dx.  (51)

Since p>1, g—p>1, and Ir . (x)dx=1,
by Jensen’ s and Holder’ s inequalities, we have
r r I-p
[ utrg e[ up ) " s
and
r r q-p
[ urowacz([ up) . o
It follows from (52)-(53) that
J-: up (x)dx

q-p-1

> (J‘_rl up, (x)dx) J: ug, (x)dx

_g-r-1

2([ o dr) [ ug,

=[(p=DJ, O ug, (x)dx.  (54)
Thus, by (51)-(54), we obtain

2
1 7[ r
J' () < FL ug, (x)dx

H(p-DJ,0O1 7 [ upvdx. (59
Here, if J,.(t) satisfies

(p-D/(g—p-1)
1 (27
J. ()< ﬁ(Lj (56)

forall ¢te€[0,77), then by (55), it follows that

2
’ T "
SO j ug, (x)dx. (57)

Hence, if (57) holds, then by (52)-(57), we have

2

T <= (p-1)7 T (1) (58)
4y

from which it follows that if J,(0) satisfies

p-1

2 \q-p1
J (0)<ﬁ[2ij : (59)

then J,(¢) decreases and

Pl

2 \g¢-p-1
J (r)<%(2LJ forall£ [0,T°]; (60)
p

and an integration of (58) shows that

J(OSTFO)-Cn)” (61)

with C, = ”Tzr’zp(p -1) .
Therefore, from (61) we obtain that J,(£) >0 as

t—>T" =CL2J,”T(0), that is u(x,#) blows up in

finite time.

As a result of these arguments, we have the
following proposition:

Proposition 2. If J,(f) satisfies (59) for some
r >0, that is

2(p-1H

J (0)<Bret (62)

with B=(p-1) ( 2)”1 then u(x,¢) blows up

in finite time.

Here, we shall state the rest of the proof of Theorem
(a)for n=1.

Suppose that #(x,t) be a nontrivial global solution.
Thus, by Proposition 2, it follows that for any » >0
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200
J.(0)>Br, (63)

that is

B | 72_2 ql:ppfl 2(p-1)
I_ u, " (x)p. (x)dx > By rert. o (64)
Note that
s X T

X)=—cos— < — 65
¢.(x) 4r 2r 4r (63)

by (48). Then, it follows that

p-1

g 2\ 20
%J_r I/l(l)_p (x)dx > (?] rq*pfl . (66)

Multiplying both sides of (66) by r'?, we have

p-1

! 2N\ (2o
47:1) ,[_,. u(l)—P (X)dx > (?] r(qu—l 1)(1’ '). 67)

We note that p >1, and
_2
g-p-1

Then, if 7 >0 is sufficiently large, the right-hand

side of (67) is larger than the left-hand side of (67).
Thus we arrive at a contradiction.

-1>20 if p+l<g<p+3. (68)

3. Proof of Theorem (b)

In this section, we shall prove the Theorem for the
condition (b).

Since lim inf | X |a Uy (x)>0 with
x| o0
O<ac< q_i_l , we have
_2<1Hl)
|x, [ F,(0)
_2(p-D
N
=, W (), ()dx
5, [
x q—p-
(p-1)
S J, 161 g, (xdx
_2p
|x, | ™ (p-1)
.
Sl [, (0%, 1" g, (x)dx

14 7)%D
_d+nTT

et

(a3

<4 (69

with A4 defined in (34) for m e N large enough.
Thus, u(x,t) blows up

Proposition 1.

in finite time by
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