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1. Introduction

The differential problems in both partial and
ordinary are powerful implement for describing the 
view of many applications in our life. The inputs like 
as functions or factors appearing in the applied models 
are subject to uncertainty, this reason may be from 
error measurements, or from the methods that used for 
modeling [1-7]. These objects drive us to agent to 
random models where they are containing random 
variables and stochastic processes. The data (initial 
conditions, source term or coefficients) are input by 
means of randomness [8-13]. The random difference 
method by using three and five points for the problem 
in the following type 
𝑢𝑢𝑡𝑡 = 𝛽𝛽𝑢𝑢𝑥𝑥𝑥𝑥 (𝑥𝑥, 𝑡𝑡), 𝑡𝑡 ∈ [0, 𝑇𝑇], 𝑥𝑥 ∈ [0,𝑋𝑋], 𝛽𝛽(𝑟𝑟. 𝑣𝑣. ) (1) 

𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥) 
𝑢𝑢(0, 𝑡𝑡) = 𝑢𝑢(𝑋𝑋, 𝑡𝑡) = 0, 𝛽𝛽 is a random variable. 

Our aim of this work is to approximate the solution 
of equation (1) by using the seven points difference 
technique. This paper is organized as follows. Section 
2 deals with some preliminary definitions. Section 3 is 
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addressed to the presentation and the proof of the 
convergence for the seven points difference scheme 
for solving equation (1) in mean square sense. In 
Section 4, the statistical mean value for the exact, and 
numerical solutions is obtained. Finally, we state the 
conclusions of this paper. 

2. Preliminaries

The random difference technique 𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘𝑛𝑛 = 𝐺𝐺𝑘𝑘𝑛𝑛  that
according to the RPDE 𝐿𝐿𝐿𝐿 = 𝐺𝐺  satisfy the 
consistency under the mean square when the time 
𝑡𝑡 = (𝑛𝑛 + 1)∆𝑡𝑡 , if for any smooth function Φ =
Φ(𝑥𝑥, 𝑡𝑡), we have in mean square: 

𝐸𝐸|(𝐿𝐿Φ− G)𝑘𝑘𝑛𝑛 − (𝐿𝐿𝑘𝑘𝑛𝑛Φ(𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) − 𝐺𝐺𝑘𝑘𝑛𝑛)|2 → 0 
At: 

𝑘𝑘 → ∞, 𝑛𝑛 → ∞, ∆𝑥𝑥 → 0, ∆𝑡𝑡 → 
0 𝑎𝑎𝑎𝑎𝑎𝑎 (𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) → (𝑥𝑥, 𝑡𝑡). 

The random difference technique 𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘𝑛𝑛 = 𝐺𝐺𝑘𝑘𝑛𝑛  that 
according to the RPDE 𝐿𝐿𝐿𝐿 = 𝐺𝐺, satisfy the exponential 
stability under the mean square, if for the positive 
constants 𝜀𝜀, 𝛿𝛿, k also, negative' constant b  such that: 

𝐸𝐸�𝑢𝑢𝑘𝑘𝑛𝑛+1�2 ≤ 𝑘𝑘𝑒𝑒𝑏𝑏𝑏𝑏𝐸𝐸|𝑢𝑢0|2,

For ,all: 0 ≤ 𝑡𝑡 = (𝑛𝑛 + 1)∆𝑡𝑡, 0 ≤ ∆𝑥𝑥 ≤ 𝜀𝜀 𝑎𝑎𝑎𝑎𝑎𝑎 0 ≤
∆𝑡𝑡 ≤ 𝛿𝛿. 
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The random difference technique 𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘𝑛𝑛 = 𝐺𝐺𝑘𝑘𝑛𝑛 , approximating RPDE 𝐿𝐿𝐿𝐿 = 𝐺𝐺 is convergent in the mean square 
at time 𝑡𝑡 = (𝑛𝑛 + 1)∆𝑡𝑡, if 

𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛 − 𝑢𝑢|2 → 0 

At: 0,x∆ → 0,t∆ → ,k x x∆ → .n t t∆ →  

3. Random Differential Scheme with Seven Points 

The difference scheme for equation (1) with seven points is] 
𝑢𝑢𝑘𝑘𝑛𝑛+1 = (1 − 490𝑟𝑟𝑟𝑟)𝑢𝑢𝑘𝑘𝑛𝑛 + 𝑟𝑟𝑟𝑟[2𝑢𝑢𝑘𝑘−3

𝑛𝑛 − 27𝑢𝑢𝑘𝑘−2
𝑛𝑛 + 270𝑢𝑢𝑘𝑘−1

𝑛𝑛 + 270𝑢𝑢𝑘𝑘+1
𝑛𝑛 − 27𝑢𝑢𝑘𝑘+2

𝑛𝑛 + 2𝑢𝑢𝑘𝑘+3
𝑛𝑛 ] 

uk
0 = u0(xk), u0

n = ux
n = 0, 𝛽𝛽, is a random variable                      (2) 

where 𝑢𝑢𝑡𝑡 = 𝑢𝑢𝑘𝑘
𝑛𝑛+1−𝑢𝑢𝑘𝑘

𝑛𝑛

∆𝑡𝑡
 , and 

𝑢𝑢 xx =
2𝑢𝑢𝑘𝑘−3

𝑛𝑛 − 27𝑢𝑢𝑘𝑘−2
𝑛𝑛 + 270𝑢𝑢𝑘𝑘−1

𝑛𝑛 − 490𝑢𝑢𝑘𝑘𝑛𝑛 + 270𝑢𝑢𝑘𝑘+1
𝑛𝑛 − 27𝑢𝑢𝑘𝑘+2

𝑛𝑛 + 2𝑢𝑢𝑘𝑘+3
𝑛𝑛

180∆𝑥𝑥2  

3.1 Consistency of RFDS (2) 

Theorem (1). The stochastic difference scheme with seven points (2) is consistent in mean square sense. 
As: 

∆𝑡𝑡 → 0, ∆𝑥𝑥 → 0, 𝑛𝑛 → ∞, 𝑘𝑘 → ∞,
𝑘𝑘2

𝑛𝑛
→ 0  

and 
(𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) → (𝑥𝑥, 𝑡𝑡) 

Proof: 
Assume that Φ(𝑥𝑥, 𝑡𝑡) be a smooth function then:  

𝐿𝐿(Φ)𝑘𝑘𝑛𝑛 = Φ(𝑘𝑘∆𝑥𝑥, (𝑛𝑛 + 1)∆𝑡𝑡) − Φ(𝑘𝑘Δ𝑥𝑥, 𝑛𝑛Δ𝑡𝑡) − 𝛽𝛽� Φ𝑥𝑥𝑥𝑥 (𝑘𝑘∆𝑥𝑥, 𝑠𝑠)𝑑𝑑𝑑𝑑
(𝑛𝑛+1)∆𝑡𝑡

𝑛𝑛∆𝑡𝑡
 

and 
𝐿𝐿𝑘𝑘𝑛𝑛𝛷𝛷 = Φ(𝑘𝑘∆𝑥𝑥, (𝑛𝑛 + 1)∆𝑡𝑡) − Φ(𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡)

− 𝑟𝑟𝑟𝑟 �2Φ�(𝑘𝑘 − 3)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� −  27Φ�(𝑘𝑘 − 2)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� + 270Φ�(𝑘𝑘 − 1)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡�
− 490Φ(𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) +  270Φ�(𝑘𝑘 + 1)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� − 27Φ�(𝑘𝑘 + 2)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡�
+ 2Φ�(𝑘𝑘 + 3)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡�� 

Then we have: 
𝐸𝐸|𝐿𝐿(Φ)𝑘𝑘𝑛𝑛 − 𝐿𝐿𝑘𝑘𝑛𝑛𝛷𝛷|2

= 𝐸𝐸 �−𝛽𝛽� Φ𝑥𝑥𝑥𝑥 (𝑘𝑘∆𝑥𝑥, 𝑠𝑠)𝑑𝑑𝑑𝑑
(𝑛𝑛+1)∆𝑡𝑡

𝑛𝑛∆𝑡𝑡

+ 𝑟𝑟𝛽𝛽 �2Φ�(𝑘𝑘 − 3)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� −  27Φ�(𝑘𝑘 − 2)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� + 270Φ�(𝑘𝑘 − 1)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡�

−  490Φ(𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) + 270Φ�(𝑘𝑘 + 1)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� − 27Φ�(𝑘𝑘 +  2)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡�

+ 2Φ�(𝑘𝑘 + 3)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡���
2
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= 𝐸𝐸 �−𝛽𝛽 �� Φ𝑥𝑥𝑥𝑥 (𝑘𝑘∆𝑥𝑥, 𝑠𝑠)𝑑𝑑𝑑𝑑
(𝑛𝑛+1)∆𝑡𝑡

𝑛𝑛∆𝑡𝑡

− 𝑟𝑟 �2Φ�(𝑘𝑘 − 3)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� −  27Φ�(𝑘𝑘 − 2)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� + 270Φ�(𝑘𝑘 − 1)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡�

−  490Φ(𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) + 270Φ�(𝑘𝑘 + 1)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡� − 27Φ�(𝑘𝑘 +  2)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡�

+ 2Φ�(𝑘𝑘 + 3)∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡����
2

 

Hence: 

 

3.2 Stability of RFDS (2) 

Theorem (2). The random difference scheme with seven points (2) satisfy the stability if k=1 and b=0. 
The proof: 
As we have: 

𝑢𝑢𝑘𝑘𝑛𝑛+1 = (1 − 490𝑟𝑟𝑟𝑟)𝑢𝑢𝑘𝑘𝑛𝑛 + 𝑟𝑟𝑟𝑟[2𝑢𝑢𝑘𝑘−3
𝑛𝑛 − 27𝑢𝑢𝑘𝑘−2

𝑛𝑛 + 270𝑢𝑢𝑘𝑘−1
𝑛𝑛 + 270𝑢𝑢𝑘𝑘+1

𝑛𝑛 − 27𝑢𝑢𝑘𝑘+2
𝑛𝑛 + 2𝑢𝑢𝑘𝑘+3

𝑛𝑛 ], 
Then: 

E�uk
n+1�2 = 𝐸𝐸|(1 − 490𝑟𝑟𝑟𝑟)𝑢𝑢𝑘𝑘𝑛𝑛 + 𝑟𝑟𝑟𝑟[2𝑢𝑢𝑘𝑘−3

𝑛𝑛 − 27𝑢𝑢𝑘𝑘−2
𝑛𝑛 + 270𝑢𝑢𝑘𝑘−1

𝑛𝑛 + 270𝑢𝑢𝑘𝑘+1
𝑛𝑛 − 27𝑢𝑢𝑘𝑘+2

𝑛𝑛 + 2𝑢𝑢𝑘𝑘+3
𝑛𝑛 ]|2

= 𝐸𝐸|(1 − 490𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2

+ (𝑟𝑟𝑟𝑟)2[2𝑢𝑢𝑘𝑘−3
𝑛𝑛 − 27𝑢𝑢𝑘𝑘−2

𝑛𝑛 + 270𝑢𝑢𝑘𝑘−1
𝑛𝑛 + 270𝑢𝑢𝑘𝑘+1

𝑛𝑛 − 27𝑢𝑢𝑘𝑘+2
𝑛𝑛 + 2𝑢𝑢𝑘𝑘+3

𝑛𝑛 ]2

+ 2𝑟𝑟𝑟𝑟(1 − 490𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛)[2𝑢𝑢𝑘𝑘−3
𝑛𝑛 − 27𝑢𝑢𝑘𝑘−2

𝑛𝑛 + 270𝑢𝑢𝑘𝑘−1
𝑛𝑛 + 270𝑢𝑢𝑘𝑘+1

𝑛𝑛 − 27𝑢𝑢𝑘𝑘+2
𝑛𝑛 + 2𝑢𝑢𝑘𝑘+3

𝑛𝑛 ]| 
Hence:  
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𝐸𝐸�𝑢𝑢𝑘𝑘𝑛𝑛+1�2 = 𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛|2 − 980𝐸𝐸|𝑟𝑟𝑟𝑟(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 240100𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

+ �4𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3
𝑛𝑛 )2| + 8𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘+3
𝑛𝑛 )| + 4𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3

𝑛𝑛 )2| + 729𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2
𝑛𝑛 )2|

+ 1458𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2
𝑛𝑛 𝑢𝑢𝑘𝑘+2

𝑛𝑛 )| + 729𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+2
𝑛𝑛 )2| + 72900𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−1

𝑛𝑛 )2|
+ 145800𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−1

𝑛𝑛 𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| + 72900𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+1

𝑛𝑛 )2|
− 108[𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘−2
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘+2
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3

𝑛𝑛 𝑢𝑢𝑘𝑘−2
𝑛𝑛 )|

+ 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3
𝑛𝑛 𝑢𝑢𝑘𝑘+2

𝑛𝑛 )|]
+ 1080[𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )|

+ 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3
𝑛𝑛 𝑢𝑢𝑘𝑘+1

𝑛𝑛 )|]
− 14580[𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2

𝑛𝑛 𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+2

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )|

+ 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+2
𝑛𝑛 𝑢𝑢𝑘𝑘+1

𝑛𝑛 )|]� + 4𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−3
𝑛𝑛 )| − 1960𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−3

𝑛𝑛 )|
− 54𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−2

𝑛𝑛 )| + 26460𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−2
𝑛𝑛 )| + 540𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−1

𝑛𝑛 )|
− 264600𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−1

𝑛𝑛 )| + 540𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| − 264600𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+1

𝑛𝑛 )|
− 54𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−2

𝑛𝑛 )| + 26460𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+2
𝑛𝑛 )| + 4𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+3

𝑛𝑛 )|
− 1960𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+3

𝑛𝑛 )| 
By using the supermom we have: 

𝐸𝐸�𝑢𝑢𝑘𝑘𝑛𝑛+1�2 ≤
k

sup �𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛 |2 − 980𝐸𝐸|𝑟𝑟𝑟𝑟(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 240100𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

+ �4𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3
𝑛𝑛 )2| + 8𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘+3
𝑛𝑛 )| + 4𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3

𝑛𝑛 )2| + 729𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2
𝑛𝑛 )2|

+ 1458𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2
𝑛𝑛 𝑢𝑢𝑘𝑘+2

𝑛𝑛 )| + 729𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+2
𝑛𝑛 )2| + 72900𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−1

𝑛𝑛 )2|
+ 145800𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−1

𝑛𝑛 𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| + 72900𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+1

𝑛𝑛 )2|
− 108[𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘−2
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘+2
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3

𝑛𝑛 𝑢𝑢𝑘𝑘−2
𝑛𝑛 )|

+ 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3
𝑛𝑛 𝑢𝑢𝑘𝑘+2

𝑛𝑛 )|]
+ 1080[𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−3

𝑛𝑛 𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )|

+ 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+3
𝑛𝑛 𝑢𝑢𝑘𝑘+1

𝑛𝑛 )|]
− 14580[𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘−2

𝑛𝑛 𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| + 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+2

𝑛𝑛 𝑢𝑢𝑘𝑘−1
𝑛𝑛 )|

+ 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘+2
𝑛𝑛 𝑢𝑢𝑘𝑘+1

𝑛𝑛 )|]� + 4𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−3
𝑛𝑛 )| − 1960𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−3

𝑛𝑛 )|
− 54𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−2

𝑛𝑛 )| + 26460𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−2
𝑛𝑛 )| + 540𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−1

𝑛𝑛 )|
− 264600𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−1

𝑛𝑛 )| + 540𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+1
𝑛𝑛 )| − 264600𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+1

𝑛𝑛 )|
− 54𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘−2

𝑛𝑛 )| + 26460𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+2
𝑛𝑛 )| + 4𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+3

𝑛𝑛 )|
− 1960𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘+3

𝑛𝑛 )|� 
Hence, 
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𝐸𝐸�𝑢𝑢𝑘𝑘𝑛𝑛+1�2 ≤
k

sup𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛|2 − 980
k

inf 𝐸𝐸|𝑟𝑟𝑟𝑟(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 240100
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 4
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

+ 8
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 4
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 729
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

+ 1458
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 729
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 72900
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

+ 145800
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 72900
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

− 108 �
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| +
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| +
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| +
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|�

+ 1080 �
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| +
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| +
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

+
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|�

− 14580�
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| +
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| +
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

+
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|� + 4
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛)2| − 1960
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

− 54
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 26460
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 540
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛)2|

− 264600
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 540
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛)2| − 264600
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|

− 54
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 26460
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2| + 4
k

sup𝐸𝐸|(𝑟𝑟𝑟𝑟)(𝑢𝑢𝑘𝑘𝑛𝑛)2|

− 1960
k

inf 𝐸𝐸|(𝑟𝑟𝑟𝑟)2(𝑢𝑢𝑘𝑘𝑛𝑛)2|. 

As: 𝑟𝑟 → 0 and for large k and n we can deduce that: 

𝐸𝐸�𝑢𝑢𝑘𝑘𝑛𝑛+1�2 ≤
k

sup𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛|2 

Hence: 

k
sup𝐸𝐸�𝑢𝑢𝑘𝑘𝑛𝑛+1�2 ≤

k
sup𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛|2 ≤

k
sup𝐸𝐸�𝑢𝑢𝑘𝑘𝑛𝑛−1�2 ≤ ⋯ ≤

k
sup𝐸𝐸�𝑢𝑢𝑘𝑘0�

2 

Then: 
𝐸𝐸|𝑢𝑢𝑛𝑛+1|2 ≤ 𝐸𝐸|𝑢𝑢0|2 

Where 𝐾𝐾 = 1 ,and 𝑏𝑏 = 0, then the random scheme (2) satisfy the stability. 

3.3 Convergence of RFDS (2) 

Theorem (3). The random difference scheme with seven points (2) satisfy the convergence if: 

𝑘𝑘 → ∞, 𝑛𝑛 → ∞, ∆𝑥𝑥 → 0, ∆𝑡𝑡 → 0, 𝑘𝑘
2

𝑛𝑛
→ 0 𝑎𝑎𝑎𝑎𝑎𝑎 (𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) → (𝑥𝑥, 𝑡𝑡)  
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The proof 
𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛 − 𝑢𝑢|2 = 𝐸𝐸|(𝐿𝐿𝑘𝑘𝑛𝑛 )−1(𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘𝑛𝑛 − 𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢)|2 

As we proved that scheme (2) is consistent, thus: 

𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘𝑛𝑛
𝑚𝑚.𝑠𝑠.
�⎯� 𝐿𝐿𝐿𝐿 

Hence we obtain: 
𝐸𝐸|(𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢𝑘𝑘𝑛𝑛 − 𝐿𝐿𝑘𝑘𝑛𝑛𝑢𝑢)|2 → 0 

At: 𝑎𝑎𝑎𝑎 ∆𝑡𝑡 → 0,∆𝑥𝑥 → 0, 𝑛𝑛 → ∞, 𝑘𝑘 → ∞ and (k∆x, n∆t) → (x, t)' 
Since the scheme is stable that mean (Lk

n )−1 is bounded 
Hence: 

𝐸𝐸|𝑢𝑢𝑘𝑘𝑛𝑛 − 𝑢𝑢|2 → 0 

As: ∆𝑡𝑡 → 0, ∆𝑥𝑥 → 0, 𝑛𝑛 → ∞, 𝑘𝑘 → ∞, 𝑘𝑘
2

𝑛𝑛
→ 0 and (𝑘𝑘∆𝑥𝑥, 𝑛𝑛∆𝑡𝑡) → (𝑥𝑥, 𝑡𝑡) 

Therefore, the scheme (2) has been convergent. 

4. Case study 

𝑢𝑢𝑡𝑡 = 𝛽𝛽𝑢𝑢𝑥𝑥𝑥𝑥 (𝑥𝑥, 𝑡𝑡), 𝑡𝑡 ∈ [0, 𝑇𝑇], 𝑥𝑥 ∈ [0, 𝑋𝑋], 𝛽𝛽(𝑟𝑟. 𝑣𝑣. ) (3) 
𝑢𝑢(𝑥𝑥, 0) = sin(𝜋𝜋𝑥𝑥)  
𝑢𝑢(0, 𝑡𝑡) = 𝑢𝑢(𝑋𝑋, 𝑡𝑡) = 0 

4.1The Analytical Solution 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒−𝛽𝛽𝜋𝜋2𝑡𝑡 sin(𝜋𝜋𝜋𝜋) 

4.2 The Numerical Relation by Using RFDS ('with three and five points) 

With three points: 

𝑢𝑢𝑘𝑘𝑛𝑛 = sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) �1 − 2
𝛽𝛽∆𝑡𝑡

(∆𝑥𝑥)2 (1 − cos(∆𝑥𝑥𝑥𝑥))�
𝑛𝑛

 

 
With five points: 

𝑢𝑢𝑘𝑘𝑛𝑛 = sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) �1 −
7𝛽𝛽∆𝑡𝑡

3(∆𝑥𝑥)2 −
1𝛽𝛽∆𝑡𝑡

3(∆𝑥𝑥)2 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 8)�
𝑛𝑛

 

4.3 The Numerical Relation by Using RFDS (with seven points) 

Here we have the scheme, 
𝑢𝑢𝑘𝑘𝑛𝑛+1 = (1 − 490𝑟𝑟𝑟𝑟)𝑢𝑢𝑘𝑘𝑛𝑛 + 𝑟𝑟𝑟𝑟[2𝑢𝑢𝑘𝑘−3

𝑛𝑛 − 27𝑢𝑢𝑘𝑘−2
𝑛𝑛 + 270𝑢𝑢𝑘𝑘−1

𝑛𝑛 + 270𝑢𝑢𝑘𝑘+1
𝑛𝑛 − 27𝑢𝑢𝑘𝑘+2

𝑛𝑛 + 2𝑢𝑢𝑘𝑘+3
𝑛𝑛 ]  

𝑢𝑢𝑘𝑘0 = 𝑠𝑠𝑠𝑠𝑠𝑠(𝜋𝜋𝑥𝑥𝑘𝑘), 
𝑢𝑢0
𝑛𝑛 = 𝑢𝑢𝑥𝑥𝑛𝑛 = 0, 

As: = ∆𝑡𝑡
180∆𝑥𝑥2  , xk = 𝑘𝑘∆𝑥𝑥 , 𝑡𝑡𝑛𝑛 = 𝑛𝑛∆𝑡𝑡, β  is a random variable. 

First from the initial condition. we have: 
𝑢𝑢𝑘𝑘0 = sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) 
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𝑢𝑢𝑘𝑘1 = (1 − 490𝑟𝑟)𝑢𝑢𝑘𝑘0 + 𝑟𝑟 �2(𝑢𝑢𝑘𝑘+3
0 + 𝑢𝑢𝑘𝑘−3

0 ) − 27(𝑢𝑢𝑘𝑘+2
0 + 𝑢𝑢𝑘𝑘−2

0 ) + 270(𝑢𝑢𝑘𝑘+1
0 + 𝑢𝑢𝑘𝑘−1

0 )�

= (1 − 490𝑟𝑟) sin(𝑘𝑘∆𝑥𝑥𝑥𝑥)

+ 𝑟𝑟 �2�sin�(𝑘𝑘 + 3)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 3)∆𝑥𝑥𝑥𝑥�� − 27�sin�(𝑘𝑘 + 2)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 2)∆𝑥𝑥𝑥𝑥��

+ 270�sin�(𝑘𝑘 + 1)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 1)∆𝑥𝑥𝑥𝑥���

= (1 − 490𝑟𝑟)𝑢𝑢𝑘𝑘0 + 𝑟𝑟 �2(𝑢𝑢𝑘𝑘+3
0 + 𝑢𝑢𝑘𝑘−3

0 ) − 27(𝑢𝑢𝑘𝑘+2
0 + 𝑢𝑢𝑘𝑘−2

0 ) + 270(𝑢𝑢𝑘𝑘+1
0 + 𝑢𝑢𝑘𝑘−1

0 )�

= (1 − 490𝑟𝑟) sin(𝑘𝑘∆𝑥𝑥𝑥𝑥)
+ 𝑟𝑟�2(2 sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) cos(3∆𝑥𝑥𝑥𝑥)) − 27(2 sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) cos(2∆𝑥𝑥𝑥𝑥))
+ 270(2 sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) cos(∆𝑥𝑥𝑥𝑥))�
= sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 490𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 54𝑟𝑟 cos(2∆𝑥𝑥𝑥𝑥) + 540𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥)]
= sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 490𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 54𝑟𝑟(2 cos2(∆𝑥𝑥𝑥𝑥) − 1) + 540𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥)]
= sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 490𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos2(∆𝑥𝑥𝑥𝑥) + 54𝑟𝑟 + 540𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥)]
= sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]𝑢𝑢𝑘𝑘2

= (1 − 490𝑟𝑟)𝑢𝑢𝑘𝑘1 + 𝑟𝑟 �2(𝑢𝑢𝑘𝑘+3
1 + 𝑢𝑢𝑘𝑘−3

1 ) − 27(𝑢𝑢𝑘𝑘+2
1 + 𝑢𝑢𝑘𝑘−2

1 ) + 270(𝑢𝑢𝑘𝑘+1
1 + 𝑢𝑢𝑘𝑘−1

1 )�

= (1 − 490𝑟𝑟) sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]

+ 𝑟𝑟 �2�sin�(𝑘𝑘 + 3)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]

+ sin�(𝑘𝑘 − 3)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]�
− 27�sin�(𝑘𝑘 + 2)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]
+ sin�(𝑘𝑘 − 2)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]�
+ 270�sin�(𝑘𝑘 + 1)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]

+ sin�(𝑘𝑘 − 1)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]��

= [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)] �(1 − 490𝑟𝑟) sin(𝑘𝑘∆𝑥𝑥𝑥𝑥)

+ +𝑟𝑟 �2�sin�(𝑘𝑘 + 3)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 3)∆𝑥𝑥𝑥𝑥�� − 27�sin�(𝑘𝑘 + 2)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 2)∆𝑥𝑥𝑥𝑥��

+ 270�sin�(𝑘𝑘 + 1)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 1)∆𝑥𝑥𝑥𝑥����

= sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2 
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𝑢𝑢𝑘𝑘3 = (1 − 490𝑟𝑟)𝑢𝑢𝑘𝑘2 + 𝑟𝑟 �2(𝑢𝑢𝑘𝑘+3
2 + 𝑢𝑢𝑘𝑘−3

2 ) − 27(𝑢𝑢𝑘𝑘+2
2 + 𝑢𝑢𝑘𝑘−2

2 ) + 270(𝑢𝑢𝑘𝑘+1
2 + 𝑢𝑢𝑘𝑘−1

2 )�

= (−490𝑟𝑟) sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2

+ 𝑟𝑟 �2�sin�(𝑘𝑘 + 3)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2

+ sin�(𝑘𝑘 − 3)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2�
− 27�sin�(𝑘𝑘 + 2)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2

+ sin�(𝑘𝑘 − 2)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2�
+ 270�sin�(𝑘𝑘 + 1)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2

+ sin�(𝑘𝑘 − 1)∆𝑥𝑥𝑥𝑥� [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2��

= [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]2 �(1 − 490𝑟𝑟) sin(𝑘𝑘∆𝑥𝑥𝑥𝑥)

+ 𝑟𝑟 �2�sin�(𝑘𝑘 + 3)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 3)∆𝑥𝑥𝑥𝑥�� − 27�sin�(𝑘𝑘 + 2)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 2)∆𝑥𝑥𝑥𝑥��

+ 270�sin�(𝑘𝑘 + 1)∆𝑥𝑥𝑥𝑥� + sin�(𝑘𝑘 − 1)∆𝑥𝑥𝑥𝑥����

= sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]3 
Then we have: 

𝑢𝑢𝑘𝑘𝑛𝑛 = sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) [1 − 436𝑟𝑟 + 4𝑟𝑟 cos(3∆𝑥𝑥𝑥𝑥) − 108𝑟𝑟 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)]𝑛𝑛  
Finally: 

𝑢𝑢𝑘𝑘𝑛𝑛 = sin(𝑘𝑘∆𝑥𝑥𝑥𝑥) �1 −
109𝛽𝛽∆𝑡𝑡
45(∆𝑥𝑥)2 +

𝛽𝛽∆𝑡𝑡
45(∆𝑥𝑥)2 cos(3∆𝑥𝑥𝑥𝑥) −

3𝛽𝛽∆𝑡𝑡
5(∆𝑥𝑥)2 cos(∆𝑥𝑥𝑥𝑥) (cos(∆𝑥𝑥𝑥𝑥) − 5)�

𝑛𝑛

 
 

4.4 Verification for the Convergence of Mean 

 
 
 
 
 
 
 

 



Finite Difference Scheme for Solving Parabolic Partial Differential Equations with Random Variable Input 
under Mean Square Sense 

271 

 

 

 
Fig. 1 
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Fig. 2 
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Fig. 3 
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Fig. 4 
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5. Conclusion 

We have discussed the random problem by finite 
difference technique with applying the mean square 
basics. 
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