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Abstract: In this work we study one problem of mathematical interest for their applications in several topics in Applied Science. We

study simultaneous controllability of a pair of systems which model the evolution of sound in a compressible flow considered as a

transmission problem. We show the well posed of the problem. Furthermore provided appropriate conditions in the geometry of the

domain are valid and suitable assumptions on the fluid, is possible to conduce the pair of systems to the equilibrium in a

simultaneous way using only one control.
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1. Introduction

In this work, we considered an equations system to
describe an evolution of the wave sound or
compressible fluids. A linear model well know is
given by a system [7]

ou
—+aVp =0,
a P

in Qx(0,7)
6_p+ Pdiv(u)=0, in Qx(0,T)
ot (1)
un=0Q, in S;x(0,7)
p=0, in S x(0,7T)
u(x,0) =u,(x), p(x,0) = p,(x)

p=p(xt) is pressure,
u=(u,u,u,) and U;=u;(X,1) are fluid
velocity field, a >0 is the density of equilibrium
and >0 is the compressibility factor of fluid.

Here Q is an open subset of JR® with regularity
S,US, =0Q  and

where acoustic

boundary conditions

S,NS, =3,
To solve the simultancous controllability we
considered a system given by
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ov
—+WVg=0,
Ot 1

%+rdiv(v):0, in Qx(0,7)

in Qx(0,7)

)
g=P, in §,x(0,7)

g=0, in §x(0,7)
V(X, O) = VO ()C), q(xa O) = QO (X)
where ¥ >0 and 7>(0. Q and P in(1)and (2),
respectively; these are control functions. In 1986,

D.L. Russell [11] and J.L.Lions [8] proposed to solve
a exact controllability problem for an evolution model,

using only one control function. They called that
problem as simultaneous controllability. The absences
of dissipative effects as in (1) and (2), the problem
present difficulties for the solution, see the examples
[4], [5] and [8], where they perturbed the multipliers
used for the controllability.

The problem of simultaneous controllability for the
systems (1) and (2) is to take a control for both of
system using only one control function, i.e., given
7 >0 any initial condition, (uo,po,vo,qo), and
final (iZo> P> v0-G,) in appropriate functional space,
find P(x,t) and Q(x,t) such that

A solution {u, p,v,q} of(1)and (2)satisfiedin T
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@ (,T), p(.T),v(.T),q(T)) = (Lo P> V0> G )

The control function, P(x,?), for (2) was given in
terms of Q(x,1).

A method to solve the controllability problem is
Hilbert Uniqueness Method (H.U.M) proposed by
J.L.Lions, it is a construction of an appropriate
structure for the Hilbert space in the initial conditions
space.

These structure are connected by uniqueness
properties. An important contribution to the
controllability problems (1) and (2) were made by
Kapitonov et. G. Perla Menzala [5]. In [5] the author

answered positively for a simultaneous control and
They showed that the control P =—§Q could be

use to solve a problem. In this work we study a
controllability problem of these systems with a
perspective for applications as a problem of
transmission; this is described below.

m>1 and k=12,...,m. For each k, look at
b, uan open and connected subset with regular
boundary and such that &, = b, € 0,, b, S b, .
place @, =b \ &1, €, =b,, \ by
k=12,...m-1 e @,=0,\b,.

Given 0, and O; open limited subset and
connected in j° , with g, co, . Also
®w=0,\ &1, we denoted 00, =s,, 00, =s,.
And fixed an integer m >1 and k=1,2,...,m. For
each k, b, is an open subset and connected, with
regularity in the boundary such that, &, < b, < o,
Bk gka- We put @), :bl \0-19 @, =b,,, \Bka
k=12,...m-1 and ®,=0,\p, . and,

o=V_o,, for i#j, we take o,No, =3

and 0@ =5,\Us, . Examples for this decomposition
is showed in Fig 1.

We need a solution defined by part on each sub
domain; for that, we considered the systems (1) and (2)
rewrite on sub domains €2,, and

k
%+akVpk = 0, in Qx(0,T)
k
%+[5”‘div(uk) = 0, in Qx(0,T)
u*(x,0) = uy(x),  p(x,0)=py(x)
(3)
cR

Fic. 1 n=1

Fig.1 Case m=(0 and m=3.
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%Jr}/ vVq* = 0, imn Q. x(0,7)
k
%+rkdiv(vk) = 0, in Qx(0,7T)
VX0 = (), ¢ (x0)=¢(x)
(4)
k=0,12,....m,

with boundary conditions (1) and (2). The interfaces
of transmission conditions 1", =0Q, | given by

ot ph! _ o pt
B wi-) - B )
k=2,...m, (x,t)el’,x(0,T)
(%)
yrgh! _ Pt
THI(vL) = (V)
k=2,....m, (x,t)el’,x(0,T)
(6)
for the systems (3) and (4), respectively.
The functions o, p . 4 * and ¥ are the

o, ﬂ ) 7/ ,T on the
systems (1) and (2), we assumed that those functions

restriction for the functions

were constant by parts, strictly positive and we lost
the continuity onlyin I',, k=1,2,...,m
The objective in this section is to get the estimation

of
ﬁk’uk’2 +ak(pk)2
+ P+ (gt

-1y |,

r oh
< cjo jso [ap- T(V.n)]zadSOdt.

For some 1;>0, C>0 and 7 >7,. The
inequality (7) is named from an inequality of

k

O

observation which is in the theorem 3 assuming
geometrical properties on domain €2 and in the
interfaces I',. Such that, to prove (7) we assumed

monotonicity conditions in the coefficients of the

systems (3) and (4). The requirement necessary were
found by Lions[8] in his study of transmission
problem. Lagnese[4] used the same hypothesis to
prove the result of controllability for a hyperbolic
problem.

2. Functional Spaces

Given the Hilbert space X, = [LZ (Q)}3 X I:L2 (Q):I,

associate to (3). We define an scalar product in X,
given by (i1, p),(u, p) € X,, then:

((, p).(@ ), Zj Bttt at pt
®)
Consequently, we considered

X, = [Lz (Q)]3 X [Lz (Q)] associate to (4). We

define a scalar product in X,,as (V,49),(v,q) € X,
then:

(. 9).(.9), Zj ATV g g
©)
We have considered a total energy to the problem
(3), (4), (5), (6) and the boundary conditions in (1), (2),

as

Blu'f +a" (p") +
E(t)=— ZIQ{ ¢ dx (10)
' Tk|v| +y (q )’
Making a rigorously way for the interfaces

conditions, we can see a lemma 1; for more details
see Perla et al.[5].
Lemma 1. Given Q bounded region in JR?,
with regularity in the boundary 0Q . The application
— 3
@] - @
u=u,u,,u) —> un

where 77 =7(x) is as exterior unit normal vector in
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x € 0Q). We can extend by continuity application
H—— H " (6Q)

where H = {u [P@], divel’ (Q)} and

H™"(0Q) is dual space of H"*(6Q)

To simplify the notation we write ut as u, ,Bk

as [, the same way for all symbols in the region
), . by the lemma 1 is clearly that the spaces

|, p)eX,, v
' (-aVp,-pdivw)) e X, | T
(e, P
> (=g, —rdiv(v)) € X, :
we can define the sub spaces:
(I/l, p) € Hl H
7 - ak—lpk—l _ akpk
| =
p= Bt ) inT .
un=0eS§,, p=0es§
and,
(v.q9) e H,,
Z, = yk—lqk—l _ }/qu
Thl(Vh- )= V) i,
q=0, in 0Q=S5,US,

Observe that [CI(S_))}CZJ., j=12 . Also

Z, and Z, aredensein X, and X, respectively.

Considering the bounded operator
4,22, =D(4)c X;—> X,

defined as
Given

(u, p) € D(4,)

then,

A (u, p) =(-aVp,~Bdiv(u))

Given

(v,q) € D(4,)
then,

4,(v,q) = (-Vg,~div(v))

Perla et al. [5] showed that operator A4 s
skew-adjoint, i.e, 4 =—4, , the same result was
proved for A, . Using the Stone’s theorem, we have
proved that A4, and A, generate infinitesimally a

group of strongly continuous unit

{Uj(t)}te]R 5 in Xl
Moreover, U, (t)W,- is strongly differentiable in
relationto ¢ and for any W, GD(Aj),

operators

and X, , respectively.

d
EU./ Ow, = 4,U@)w,

3. Inequality of Observability

Using the multiplier’s theory (see Komornik[3]),
we make the proof. The multiplier was modified to get
a good estimates in the boundary. These multiplier
were used in several works. The invariant of the
systems (1) and (2), in relations to dilatations groups
in all variables, see [5]. Given
h:C(Q)NC'(Q)—— IR an auxiliary function,
it will be chosen in the next steps; and, given
(u,p)€V,ND(4,) a solution of the system (1).

Considering the multiplier given by:
M, = 2(051‘]9 —-u.Vh+ a_[; p(x, s)ds)

M, =2(ptu—pVh)
M, =2pu

and (u, p) solution of (1), we have the identities

0=M,{p, + Adivu} + M, {u, +aVp}+

M3{_[; (u, + an)ds}
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The expression above, we make rewrite as

where

04 .
0=—-div(B)-J 11
5, B (1

A= 1,‘[,B|u|2 + apz}—2p(u.Vh) + 2apJ‘(j p(x,s)ds =2 fu(x, 0)..[(; u(x,s)ds

B= 2apftpu+oap’Nh—Bul’Vh+2u.Vh)u - 2aﬂ(J.0t p(x,s)ds)u

3. 0°h
J=BA-Dul’ -2
O e W

J

We choosea function gs :

h(x) =%|x—x0|2 +0,D(x) (12)

where x, €0, and ® satisfy

AD=1 en Q
oD 5 Vol(Q)
on area(SO)’
o®_ Vol(Q))
677_ area(Sl)’

m, S, (13)

Is easy show that () <2

u'n=uym em T,
utxn=ukxn em T,
uf=vVIk(x) em T,
lFeH?(©),) e h=0 em

Now, considered the hypothesis in the domain €

(14)

Given O, >0 such that, some X, € 0,, we have

G, (1-u()) <1,
(x—x,).n=-20, m, for xeS§,
area(sS,)
(x—xo).nﬁé'om, for xeS, (15)
area(s,)
(x—xo).mao‘;q’zo, vxel,, k=12,7m
n

k-1
a7 <at

(16)

uu,; —a(Ah— 3)p’

ﬁk—l < ﬁk

Lemma 1. Taking @ as in (13), the geometry
properties (15), and the hypothesis of monotony of
coefficients (16) and the hypothesis (14); these were
made for the initial condition. Then, ICs >0
withindependence of f,u,U, P, , such that

-0, @) -2, )x

Zm:J‘Q [ﬂk|uk|z+ak(pk)z}dx
k=0 ""*
<2 J, ar’ %dSodt.

The same manner, we obtain the inequality of
observability for the system (2)-(4) with their interface
conditions and the monotonicity of the coefficients,
given by:

y <yt (17)

Theorem 2. Assuming @ as in (13), the

monotonicity for the coefficients (17) and the

hypothesis of the theorem 1 with
h(x) =51 = x,|* +6,0(x) and
(V90) €V, N D(4,) Vg =Vm* | with

mkeHz(Qk), m=0 in S, . Then, there is a
constant Cé >0, with independence of 7,V,,q,
such that
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T[1-6,0-u@)]3. [ [e'WF +74g" v
26,3 [ [+ ()

r oh
< 2j0 jSO f|v.77|2%dSodt.

Theorem 3. Assuming the hypothesis of the
theorem 1, 2. Moreover, we suppose that :

akﬂk _ ykrk
BrE\rk= ki,

Then, there is a positive constant C >0 such that

R MR

Prrigy
r oh
<C jo jso [ap— r(v.n)]Z%dSOdt.

(18)

dx

el

VT > max{l L} .

> T8, (- ()
4. Exact Controllability
G, =Wy, k)  and
arbitrary elements of Y . We denote by
(W(.X, t)a k(X, t)) = Ul (t)(wo b kO)
(m('x, t)a l(xa t)) = U2 (t)(mm IO )

consider the following functions

0= ﬁ(ak(x, t)—tm(x, t).n)
19
po_ B 0 (19)
4
and given (¢, p) and (v,q) the solution of (3) and

(4), these are null in the instant 7', (I'>T7}) and
the contour conditions (19).

G, =(my, 1))

Given

Considering the map

A Y— Y
(Gl’Gz)_)/\(G’] an):(uapaVaQ)’,:o

Using (?) in t=0 and substituting P and Q

given by (19), we have

(NG, Gy, oy Port0rd)))
= jOT L [afOp +yrPVn)

v (20)
=, J,, (k=tma)@p-zvn)

=((G,,G,), o Py 500 00)),

of (20), we can conclude that A is an isomorphism

of Y in Y .We proved following theorem
Theorem 1. Assuming the hypothesis of theorem 3.

If given T >7;, and initial  condition
(g, P>V, q9) €Y the problem (1), (2), (5), (5).
Then, there is exist an control

O(x,t) e C(0,T;*(T,)) such  that  the

corresponding  solution (¢, p,v,q)  with the

boundary condition
un=0, in §;x(0,T)
p=0, in S x(0,7) (21)
u(x,0) = uy(x), p(x,0) = p,(x)

and
g=P, in §,x(0,7)
g=0, in S§ x(0,7) (22)
v(x,0) = v, (x),(x,0) = g, (x)

with P=—p8y"'0, satisfy , for x e Q

u(x,T)=0
p(x,T)=0 23
v(x,T)=0
q(x,T)=0
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