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Abstract: In this paper, we study the convergence rates of homogenization problems for composites with general stratified periodic
structure. After introduced auxiliary function, we get the representation formula satisfied by oscillatory solution and homogenized
solution. Then we utilize the formula in combination with the asymptotic estimates of Green functions to obtain convergence rates in

L¥ of solutions forany 1< p<oo.

1. Introduction composites are found in many branches of engineering

) . and biomechanics. For instance, nano-shells, jackets
Composite  material have nonhomogeneous . . o
. . . of fiber reinforced polymers (FRP), repair of civil

structures which fascinates people for a long time. i ) .

) ] : ) engineering structures, modeling of the human heart
Analysis of macroscopic properties of composites was .
) ) o tissue and so on.
investigated by the physicists Maxwell. Around 1970, . . )

. . The main purpose of this paper is to study the
the problem of found the physical properties of . .
] . convergence rates of solutions for the stratified
material structure was reformulated in such a way that Lo L
periodic homogenization operators of the form,

L, =—div(A(p(x)/ €)=

this field became interesting from a purely
mathematical point of view. This formulation initiated
a new mathematical discipline called homogenization

-2 ap)l )|, &>,
ox .

theory. Ox, ;
Homogenization in partial differential equation is a where

well studied topic which deals with the asymptotic

analysis of physics in heterogeneous with a periodic p(x)eC? (5,]1%'”), (m<n),

structure. We refer to some classical books [1, 2, 3, 4, .
] and satisfies
5, 6, 7] for background and overview. The concept of

2
stratified periodic homogenization was introduced by & 0p, (x) 1

. . . AGP <2 2= =6 | <l
Bensoussan, Lions and Papanicolaou [1] in 1978 and == ox A
developed by Briane [8] with all necessary proofs and
some interesting biomechanics and engineering forany & =(&)eR”, (1)

applications. Generalized multilayered materials, such
where 4 >0.

Throughout this paper, the summation convention is
used. We assume that the matrix A(y)=(a,(y))

as stratified locally periodic materials or wavy fiber

Corresponding author: Jie Zhao, College of Science,
Zhongyuan University of Technology, Zhengzhou 450007, o -
China. E-mail: kaifengajie@163.com. ellipticity condition,

with 1<, 7 <n is real symmetric and satisfies the
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a,(y)=a,(y). A <a,(NEE, < %mz,

for yeR" and &=(&)eR", )
the periodicity condition
Aly+1)=A(y), for yeR" and [€Z". (3)

We also impose the smoothness condition

|| A(y) IICO,Q(RM)S A, for some a,A>0. (4)

The proof of error estimates is a one of the main
questions in homogenization theory. There are many
papers about results of convergence rates for elliptic
that all of
O(¢)
estimate in L was presented by Bensoussan, Lions
and Papanicolaou [1]. In 1987, Avelcaneda and Lin [9]
proved I”

homogenization problems. Assume

functions are smooth enough, the error

convergence for the elliptic
homogenization problems by the method of maximum
principle. After that, they [10] obtained L* error
estimate when [ is less regular than Bensoussan,
Lions and Papanicolaou’s. Griso [12, 13] obtained
interior error estimates by using the periodic unfolding
method. In 2010, Kenig, Lin and Shen [14] studied
rates of convergence of solutions in L’ and H 2 in
Lipschitz domains with Dirichlet or Neumann
problems. Recently, they [15] have also studied the
asymptotic behavior of the Green and Neumann
functions and obtained some error estimates for
solutions.

As the author know, there are very few and
incomplete results of convergence rates for stratified
periodic homogenization problems. It is more difficult
to deal with stratified periodic homogenization
problems than homogenization problems, since the
main characteristics of a material are the coefficients
of a partial differential equation, but now the vector
value function po(x) is a nonlinear transformation
generally which will cause new difficulties in the
estimation of the representation formula satisfied by

oscillatory solution and homogenized solution (see

Proposition 2). In this paper, we overcome this
problem after introduced auxiliary function.

The procedure we used for obtaining convergence
rates estimates is somewhat analogous to the process
Kenig, Lin and Shen [15] used for the most classical
homogenization problems. The main purpose of this
paper is to extend their [15] results to the general form
of homogenization operators. This would be more
interesting and technical. In particular, if o(x)=Xx,
we have the usual classical form of homogenization
operators. Furthermore, if o(X) = ()Cl2 + x22 + x32 )1/2 ,
we have a periodic
p(x)= ()Cl2 + x22 )"? . we have a cylindrical structure
with axis in the X3 direction.

structure in spheres. If

The rest of the paper is organized as follows.
Section 2 contains some basic formulas and useful
propositions which play important roles to get error
estimates. In section 3, we show that the solutions of
Dirichlet problems convergence in L’ () for any
l<p<oo to the solutions of the corresponding
homogenized problems based on obtaining estimates
for the Green functions of the operators.

2. Preliminaries

In this section we will establish some useful
estimates and propositions.

Let U, be a solution of the following elliptic
equation Dirichlet boundary value problem,

Ou,
ox .

i J

0
L.u :—g a;(p(x)/ &)

ETE

=f(x) in Q,

0 onoQ,
(5)

where (2 is a bounded ("' domain contained in

Mg =

R" . Associated with (5) is the homogenized problem

0 ou
Lu =— 210 (0%t
oo == 5| 4 F0

! J

=f(x) in Q,

0 onoQ,

where L, is the homogenized operator of L. The

1/[0 =

homogenized matrix is given by
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g,(x) =] [a,,(y) a,k(y> ’(x y) (x)}dy,

(6)
where Y =[0,)" =R" /Z" Functions
x(x,y)= Zj (x,y) is defined by the following cell
problem,

aﬂ[ 0, () "f( ,y)a”k( )a”’( )}
Vi

0 Ghok ,
=—a, x) inY,

ayk U(y ) aX_i ( ) m (7)
X (xy+l)=x,(x,y)for yeR" l€Z,,

jym x,(x,y)dy =0,

foreach 1< j<n.

Let Gg (x, y) denote the Green functions for
operators L. in a bounded domain Q. It follows
essentially the same steps as [10, 11], we can obtain
the estimates of Green functions which are more or
less standard. More precisely, if €2 is a bounded
C'"7 domain for some 0<7y<1,
x,yeQ,

then for any

|G, (x, y)|<|

.G, (x, ) <

n2()
-

C
T — (9 (10)

C
|ng('x’.y)|S n—12
be =yl
where constant C depends only on n,4,A,a and

Q.

Remark 1. If po(x) satisfies (1), we can construct

a transformation

P(x) = (0, (X),++, P, (X), 1 (%),

such that p(x):R" > R" is
non-degenerate transformation and satisfies

Agt <& pE< et

where A is a strictly positive real number and

P, (X)),

an one-to-one

forany £eR",

satisfies 0 <A <o0.
The next proposition had been proved by Kenig,
Lin and Shen [14].
Proposition 1. Let B (y)e L’(Y) with

1<i,j<n, where Y =[0,1)"=R"/Z". Suppose

0
that L B,.j(y)dy:0 and 6_)/[(3” (»))=0. Then
. 1 oD,
there exists @, € H'(Y) such that B, =—
' o,
and @, =-D, .
Remark 2. Let
Bij(x’y):qu'(x)_aij'(y)+
op 1
a,m(y) “(x, "3 l( ).
v,
In view of (6) and (7), we find that
Y I (BU (x, y) (x)ja’y 0 and
0 0,
—| B;(x, y) pk (x) It follows from
W\
Proposition 1 that there exists @, such that
®, =—D, and
0 ob,.
B Le "W (12)
Tox, oy
oD
From Remark 1, we obtain B, =—% op Dt 3
7oy oy
-1
0
where 8& is the inverse of matrix P .
Ox, OX,

In view of (4) and (7), we obtain y € C**(R")
(Theorem 8.14 in reference [16]). This implies that
® e C*(R™). In particular,

||Z||W1,w(Rm)+||(Dkij||LGC(Rm)SC’ (13)

where constant C depends only on A,m,c, 4.

Proposition 2. Suppose that u, € H'(Q) ,

u, e H*(Q) and L (u,)=L,(u,) in Q.Let
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0,00 =1, ()=, (3) 57, (3 p(3) /£ S22 (1),

Then

J

0 . Ou
L(w)=—-—]a. 0
(@) GxL iX Ox ,0x,

i

+5i ® 8(2}(””’1)1(8/)]{]16“0

ox,| " ax, \ox ) ox,

1

Proof. Note that

k ! Py
ra, Oy Ou, +gi o, op, op, 0°u,
7 Ox; Ox, ox,| “\ox, )\ ox, ) Ox;ox,

(14)

o(z) ( o, j ou,

Ikj
7oox, \ox, ) Ox,

’ oy
a; O, =a; O, -a Oty +eay, 0ty +éea; 0% Oty +a, ‘Z-’ 0P, Oy )
Ox; ox; ox; Ox,0x;; Ox; Ox; rtialy, Ox, Ox;

This together with L_(u,) = L,(u,) , gives

J
Lg(a)g):—i q; —a; +aik%apm
ox, |\ 7 oy, Ox,

1

-1 -1
_ 0 c 0Dy, ( 9p, 9P | Ouy
ox;| 0Ox, \Ox, ox, ) 0Ox,

l

9 |_,. 9],
ox; ox, ix

94
ox, iX

-1 -1

=—6ii D, P, Py | Ou
ox, ox, | “\ox, )\ ox, ) ox,
9 a0 (op. )

—te— q)lk' IOI IOk
ox,| “\ox,) \ o

) a(%)_l [ 9P ]_1 Ou,

ox| ¥ ox, \0ox, ) Ox,

2
o0u,

Ox,;0x,,

+&

1

where we have used (11) and (12). From the
antisymmetry of q)lkj , we obtain (14). This

completes the proof.

3. I Convergence estimates

The goal of this section is to establish L’
convergence rates of solutions. Firstly, we want to

obtain an L” estimate for local solutions. Then we
obtain the asymptotic behavior of Green functions. By

the Green functions representation of solutions, we

0
—e—|a, +a
Gx[ i% Ox 0%,

E— .
lkyj
ox, ox,,

o’u
k 0 +
Ox ,0x,

oy" ou, }

oy" ou,

v ox; Ox,

¢ Ou, N
Ox ,0x,

7 Oox, Ox,

2
v Oy

oy" ou,
v Ox; Ox,

0 6( ;’f’ )_1 (apk ]_l Ou,

ox; ) Ox;

obtain error estimates of |, —u, ||Lp(Q) for any
l<p<oo.
In the rest of this paper, we set
D =D.(x))=B.(x,)NQ,
I, =T, (x,)=B,(x,)NoQ
for some X, € Q and 0<r< %y, where B (x,) is
the open ball of radius » centered at X, and 7, is

a constant.

Lemma 1. Let U, satisfy
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L (u,)=0inD, and wu,=g onl,.

Then forany 1< g <o, we have

1-q)/
<CrmT | +Cll gl

” u, “Lm(D,.) [ (p, L”(T5,)

where C depends on n,q,A, A, and Q.

Proof. This estimate follows from the maximum
principle and De Giorgi-Nash estimate [16].

Lemma 2. Assume that u, € H'(D,) and
u, eW*?(D,,) forany n< p <o Suppose that

L (u)=L,(u,) inD, and wu,=u, onl;,.

Then
”u ) ” . Cgllvuollw(py)
e Y%ollpe(py= = ’
D) +Cer "IV U Ml o,
_'_C’,n(l—q)/q||u£—uo||Lq/<rl>(Dz )’

where C depends only on n, p,q,, A, 4.
Proof. Note that if L (4, )=f , then

L,m=f

7 = f(rx). Thus by scaling we may assume that

where  v(x)=r"u,(rx) and

7 =1. Consider

ou,
— = oM L H@
O, =u, —U,+&y; =w, +w,” in D,, (15)

ox ;

where

L(o")=L(®,) inD, and " =0 ondD,,

L (0)=0inD, and ¥ =w, ondD,.

, Oty
Ox,
1 and (13), we obtain

Since a) —8)(

on I',, in view of Lemma

2 ou
o Nl,.., < Cllex’ 0||

L° (D) L(F)

2
Cllo |l

Ipa/(q- U(D )

<C<9||Vu0 I

°°(D)

1
Cllo |l

) +C|lu, —u, ||

I7a/(¢=1) (Dy) .

It follows from (15) that
Cel|Vu, ||

L7 (D3)

lu, —u, ll,.
L” (D, 1
o +Cllo Moy, (16)

+C||ug_u0||Lfi/(qfl)(D3)‘

Ol

To estimate || @, we use the Green

L7 (Dy) ?

function representation
o’ ()= G, 0L (@),

where a‘g(x, V) denotes the Green function for

operator L, in D, . It follows from Proposition 2
that

<Cef, (v,G.002)IVuy(7)

+HV, G, VIV (»))dy
o ()] < Ce(l|V7u, |l

L7 (Dy)
+ || VZ't() ||LP(D;)) || Vyég(‘x’y) ||Lp/(pfl)(D2)

< Ce(|| Viu, || +1| Vu, ||

L7 (Dy) L”(Ds))

if p>n, where we have used Holder's inequality
||}’ ag('x’ y) ||Lp/(pfll (1)2)S C .

Hence from (16) and imbedding theorem, we obtain
the desired result. This completes the proof.
Lemma 3. Assume that Y, and Y, satisfy the

same condition as in Lemma 2. Suppose that
L(u)=f inQ and
and f € ng (D,). Then

I-n/p
S Cer N S e ()

u, =0 on o€,

llue, —uq |l

if p>n_ where C dependsonlyon A,n,a,A.
Proof. The proof is the same as that of Lemma 2.
Consider

ou,
o, =u, —u,+ey, —~ =0+ in Q, (18

ox ;

where
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L (@)=L (w,) inQ and =0 onodQ,
(19)

L(&)=0inQ and o =gy, % on Q2.
/ ox

J

(20)
In view of maximum principle, we obtain
1@ 1 S CE Nl Vatg Il gy - (1)
It follows from (18) and (21) that
M
i, =ty Il < Ce 1Vt N g +C 1T e
(22)

From the Green function representation, in view of
(14) and (19), we have

o (0)] <
Ce[_1¥,G, (6 IV, ()Yt (1D,

where G, (x,¥) denotes the Green function for L,
in Q. It follows from (8) and Holder's inequality,

we obtain
) 2

108 ()l )= Call Vg I, ) + 11 V2t Ty )
forany p>n.

This together with (22) gives

2
N, —tty 1l o, = CE Nl VUG |2 ) +CENVUq I,
for any p>n.

Then (17) follows from the following inequality
and Sobolev imbedding theorem [16],

2
| V7u, IIL,,(Q)SCllfllLP(D’_),for any 1< p < oo,
1-n/
|| Vu, ||L“°(Q)S cr' S ||Lp(D"),f07' any p >n.

This completes the proof.

Now we obtain the growth rate of Green function
from the following theorem.

Theorem 1. Assume that G.(x,y), G,(x,y)
denote the Green function for operators L., L, in
Q respectively. Let f € L*(Q). Suppose that

L(u,)=f inQ and wu =0 onoQ.

Then forany x,y €,

Ce
|Gg(an’)_Go(an’)|57, (23)

x—y
where C dependson A,n,a,A and Q.
Proof. Firstly, we fix Xy, €Q and let

r=|x0—y0|/4, Let fECf(D,(yO)). From the

Green function representation, we have
u (x)= G (x, d
=[Gy f(r)dy
and
(=] GleNfMdy 4
It then follows by (17) and duality that

1-n/
|| GE(XO’y) - GO(‘xO’y) ||L‘7/(”7])(D,(y0))£ CEI’ " p’

where p>n.
Since  L_(G,(x,,7))=L,(Gy(x,,¥))=0 in
D.(y,) and  G,(x),y)=Gy(x,»)=0 on

I' (¥,) , we invoke Lemma 2 to conclude that

G, (x4, ¥) = Gy (xy, ¥
<Cel| VyGo(xo:y) |

L™ (D, (3))

L Cer | viGO (X Wl

L7 (D, ()
/p—
_l_Crn e || Gg (x()’y) - GO (x()’y) ||LP/(!1*1)(Dr(yO))
1-
<Cer™,

where we have used (8). This completes the proof.
As an application of Theorem 1, we obtain error

estimates of ||, —u, || forany 1< p<o0.

L (Q)
Theorem 2. Suppose that u, € H'(Q) and
fel'(Q). Let u, be the solution of Dirichlet

problem

Lwu)=finQ and wu,=0 ondQ.

Then these estimates
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e, =ty Nl o, < Celln(d / 6+ 21" |1 [ 1], ) Where d = diam(Q),(25)
B A

L”(Q)SC‘E‘ ”f Lnﬂi(Q)aforn/(n_é‘)*‘ﬂ—z,lf‘0<5<I’l/2,(26)

e, =ty 1L 0 S CEN S 1Ly if q>n,(27)

lNu, —ug |l 0, < CeNfllygy>  Sorl/p=1/g=1/n, if 1<g<n

I, —up |l

hold, where C dependson A,n,a,A and Q. and
Proof. In view of (8) and (23), we obtain the <
_ < —°
convergence rates for Green functions |G, (x,3) = Gy(x, y)l < I — y|"—1

By the Green function representation and

G (x,y)-G(x, ) —— ..
G, (x,¥) =G, (x, )| - y|n—2 Holder's inequality, it gives

If (y)la’jv2 Ce I If (y)ldiy1
e =" OND: () [x — [

+Ce[ln(d / e+ 2)]™"" 1| 7|l

@) -uy) <cf

<Cell 1

L'(Q) L'(Q)

<CéfIn(d/e+2)]-"| £l

LU(Q))

where d = diam(Q) , which gets the first estimate.
The second estimate is the same as the first estimate,
u-ue <cf S gicp SO,
00 pr—yf

< Cg(n—25)/(n—5) ” fl +C8(n—2§)/(n—5) || f

.

15 ()
<Cghb X
<CeNflps
where n/(n—0)+ =2 and 0<d<n/2.
The third estimate follows from Holder's [2] U. Hornung, Homogenization and porous media,

Springer-Verlag, Heidel berg, New York, (1997).

inequality dlre(.:tly. ) [3] A. Braicles, A. Defranceschi, Homogenization of multiple
The last inequality follows from (23) and integrals, Clarenoon. Oxford, (1998).
Hardy-Littlewood-Sobolev  theorem of fractional [4] D. Gioranescu, J. Saint, J. Paulin, Homogenization of

reticulated structures, Springer-Verlag, Heidel berg, New
York, (1999).

[5] D. Gioranescu, P. Donato, An introduction to
The author wishes to express sincere thanks to the homogenization, Oxford University, (1999).

integration (Chapter 5, Theorem 1 in reference [19]).
This completes the proof.

referees for their careful reading. The part of this work [6] G. Allaire, Shape optimization by the homogenization
method, Springer-Verlag, Heidel berg, New York, (2002).

[71 L.I. Manevitch, LV. Andrianov, V.G. Oshmyan,
Mechanics of periodically heterogeneous structures,
Springer-Verlag, Heidel berg, New York, (2002).

was done while the author was visiting Department of
Mathematics, University of Washington.
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