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Abstract: Interactions between aqueous drilling fluids and clay minerals have been identified as an important factor in wellbore 
instability of shale formations. Current wellbore stability models consider the interactions between aqueous drilling fluids and pore 
fluid but the interactions with shale matrix are neglected. This study provides a realistic method to incorporate the interaction 
mechanism into wellbore stability analysis through laboratory experiment and mathematical modeling. The adsorption isotherms of 
two shale rocks, Catoosa Shale and Mancos Shale are obtained. The adsorption isotherms of the selected shales are compared with 
those of other shale types in the literature. This study shows that the adsorption theory can be used to generalize wellbore stability 
problem in order to consider the case of non-ideal drilling fluids. Furthermore, the adsorption model can be combined with empirical 
correlations to update the compressive strength of shale under downhole conditions. Accordingly, a chemo-poro-elastic wellbore 
stability simulator is developed to explore the stability of transversely isotropic shale formations. The coupled transport equations are 
solved using an implicit finite difference method. The results of this study indicate that the range of safe mud weight reduces due to the 
moisture adsorption phenomenon. 
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1. Introduction 

Shale rocks are often regarded as weak rocks in 

terms of compressive and tensile strength. It is known 

that presence of bedding planes and lamination imparts 

anisotropy to mechanical properties of rocks. The 

effect of bedding plane on rock failure has long been 

recognized [1-3]. Drilling through shale formations is 

often associated with borehole instability problems. 

York et al. (2009) reported that the wellbore instability 

issues in a well with 20,000 ft measured depth could at 

least cost 2.5 million dollars [4]. 

It is reported that one third of NPT (non-productive 

time) of drilling operations is spent on wellbore 

problems, of which a major portion is attributed to the 

wellbore instability issues [5]. Hydration of clay 

minerals is recognized to be one of the important 

interaction processes between shale and drilling fluid 
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during drilling process, which often leads to various 

operational problems such as shale swelling, stuck pipe, 

reduction of rate of penetration [6, 7]. Usually two 

kinds of clay swelling is realized, namely, the 

interacrystalline swelling due to the hydration of 

exchangeable cations and osmotic swelling which 

occurs due to a large difference between ion 

concentration (or water activity) of shale and aqueous 

fluids [8-10]. 

There are two main approaches to the investigation 

of interactions between shale and aqueous fluid. The 

first approach considers the forces acting on the clay 

and electrolyte system. Theoretical models assume that 

the charged clay surface along with the counter-ions in 

the pore water form an electrical or diffuse double layer. 

The double layer encompasses a layer of sorbed 

counter ions (and associated hydration water) and a 

diffuse layer. The first layer (immobile layer) is 

strongly bounded to the surface, which is referred as 

the Stern layer. The region adjacent to the Stern layer is 
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It is reported that the CEC of various clay minerals is 

linearly related to the specific surface area of clay [25, 

29, 30]. Salles et al. (2009) proposed a relationship to 

determine specific surface area of a clay material from 

water sorption isotherm. Using CEC to scale the 

sorption isotherms of various clays is also suggested 

[25, 31]. By analyzing different data sets of sorption 

tests, Woordruff and Revil (2011) showed that a plot of 

relative humidity versus mass of sorbed water per meq 

(a unit of cation exchange capacity measurement) for 

various clays can be collapsed into a unified isotherm if 

relative humidity is less than 60% [25]. 

2.2 Sorption Isotherms of Shale Rocks 

The sorptive tendency of shale rocks toward aqueous 

solutions has been investigated by several researchers 

[21, 32, 33]. Chenevert [21] observed that the sorption 

isotherms of selected shale types are to be hysteretic. 

Tandanand [32] reported that both compressive 

strength and tangent modulus of the Illinois shale 

reduce linearly with increase in moisture content. 

Fonseca [33] identified a linear isotherm correlation for 

a sample of Kimmeridge shale. However, we 

investigated the experimental results of Fonseca [33] 

and found that the mismatch parameter of the 

correlation can be improved using an exponential 

relationship. Furthermore, it can be realized that the 

isotherm of Kimmeridge shale is comparable to the 

isotherms of type II or III. Krushin [31] stated that the 

value of CEC as a scaling parameter can be used to 

unify the sorption isotherms of different shale types. 

The author suggested inferring the value of CEC of 

shale by matching its sorption isotherm with the 

pre-established sorption trend-line. Krushin [34] 

proposed a compaction model based on the sorption 

potential and CEC of shale rock to predict pore 

pressure in shale formations. 

2.3 Mathematical Models of Sorption Isotherms 

A common isotherm model describing the sorption 

of a gas on reactive surfaces is the BET model. The 

model assumes arbitrary number of adsorbate 

molecules can be attached at each site without any 

interaction between the layers [22, 35]. The BET 

equation is expressed as: 

    ww

wm

aca

caq
w

111 
    (1) 

where w is the moisture content of the material (gram 

of water per 100 gram of solid), qm represents the 

monolayer moisture content (amount of adsorbate that 

completes a monolayer coverage of the surface), often 

reported as gram of water per 100 gram of solid, aw is 

water activity, and c is an energy constant related to the 

difference in the heat of adsorption of the first layer and 

the other layers (J/mole). The assumptions of the 

theory have been questioned by various investigators 

[24, 35, 36]. Anderson [36] showed that the BET 

model overestimates the sorbed amount to the solid 

when relative pressure is greater than 0.4. Foo and 

Hameed [37] showed that the BET model can be used 

with relative pressures ranging from 0.05 to 0.3. 

Woodruff and Revil [25] showed that using the BET 

model, the adsorption isotherm of various clays can be 

unified into a single isotherm except for relative 

humidity greater than 0.6. Comparing data sets of 

sorption isotherm taken from the literature, Dokhani et 

al. [38] stated that the BET model fails to reproduce the 

correct sorption path for wide range of water activity.  

The GAB is a modification of the Langmuir and 

BET theories of sorption isotherms, which assumes 

that the state of adsorbate molecules in the first layer is 

different from the subsequent layers. The isotherm 

model has a third constant, k, which is related to the 

difference between the heat of sorption in the 

multilayer system and the heat of condensation [36]. 

The GAB model is expressed as follows: 

    ww

wm

kacka

ckaq
w

111 
   (2) 

when k is equal to 1, the above model reduces to the 

BET equation. It is shown that the GAB model is 
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applicable to a wide range of water activity from 0.1 to 

0.9 for different clay types or shale rocks [27, 28, 38]. 

3. Experimental Method 

This section describes the experimental procedure to 

obtain the adsorption isotherms of two rock types, 

namely Mancos shale and Catoosa shale. The 

technique is based on direct control of the humidity and 

temperature over shale samples. The Catoosa shale and 

Mancos shale, which were provided by National 

Oilwell Varco, were preserved in aluminum foil and 

wax before any exposure. Several plugs were obtained 

from the bulk shale cores. Then, the samples were 

prepared by grinding shale plugs to 8-10 mesh size and 

dried for about 20 hours in an oven at a temperature of 

220 °F. The samples were weighted before and after 

drying to determine the in-situ moisture content of the 

sample. The in-situ moisture content of Mancos Shale 

and Catoosa shale are obtained as 1.3% and 1.1%, 

respectively. A solution of known water activity was 

prepared to control the humidity over the shale samples. 

Here, the aqueous solution was prepared using calcium 

chloride or sodium chloride since the value of water 

activity as a function of salt concentration is available 

[39]. The samples were confined within a desiccator, 

which is a controlled humidity environment. The 

temperature of the room during the test was kept 

constant. The final weight of each sample was 

measured after a month to ensure equilibrium 

conditions between shale samples and the humidity of 

the desiccator.  

4. Experimental Results 

A comparison between our experimental results for 

the given shale rocks and the data set derived from 

published studies is illustrated in Fig. 2. Chenevert 

(1970) studied adsorption isotherms for shale A, D and 

C [21]. Chenevert and Osisanya [40] investigated 

adsorption isotherm of Midway shale and Wellington 

shale. Fonseca (1998) obtained the adsorption isotherm 

of Kimmeridge shale [33]. The results indicate that the 

adsorption potential of Mancos Shale is the lowest 

among the selected shale types. 

As suggested before, the GAB model can be used to 

reproduce the sorption path of different shale 

formations. Here, the sorptive properties of four 

selected shale formations are presented in Table 1.  

The sorption model outlined here has a practical 

application for real-time prediction of rock 

compressive strength to be coupled with wellbore 

stability simulators. The output of the model is the 

moisture content, which is an important parameter to 

update the UCS (uniaxial compressive strength) of the 

rock. It is shown that increase in the moisture content 

of shale has a negative effect on its compressive 

strength, as noted by various investigators [21, 43-46]. 

The presented correlations share a common theme in 

which uniaxial compressive strength reduces 

exponentially as the moisture content increases  

(Table 2). It should be pointed out that the range of 

uniaxial  compressive  strength at  dry conditions  is an 
 

 
Fig. 2  Sorption isotherms of several shale formations. 

 
Table 1  Sorptive properties of the selected shale types.  

Shale qm k c R2

Mancos 0.003 0.885 10 0.957 

Catoosa 0.004 0.854 10 0.992 

Midway 0.01 0.864 6 0.978 

Shale C 0.041 0.800 5 0.991 
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Table 2  Empirical correlations of uniaxial compressive 
strength of shale in terms of moisture content. 

UCS Model C0
dry, MPa Clay content, % Reference 

C0
drye-0.034w 182-196 NA [43] 

C0
drye-0.083w 30-40 > 40% [45] 

C0
drye-0.443w 80-100 NA [44] 

C0
drye-0.444w 80-100 > 60% [46] 

 

important parameter for selection of the appropriate 

correlation. It is also noted that UCS can be related to 

physical properties of shale, such as porosity or elastic 

moduli [47, 48]. 

5. Mathematical Modeling 

5.1 A Diffusion-Sorption Model 

The chemical imbalance between the drilling fluid 

and shale formation is usually expressed in terms of the 

solute concentration of the aqueous fluid [16, 17]. 

However, there are various types of chemical reactions 

that affect the concentration of solute during transport 

in porous media, such as cation exchange and sorption 

phenomena [49]. The available mathematical models 

that describe wellbore stability in shale formations 

have several limitations; the interaction between 

solvent and pore space is neglected in the transport 

equations, the drilling fluid is assumed to be an ideal 

solution. Although the models assume that solute is 

retarded from the pore space through a so-called 

“membrane efficiency”, measurement of sorbed mass 

of solute is a difficult task in a dynamic system. 

Besides, the influence of solute transport on physical 

properties of the rock mass is ambiguous. 

There were few attempts in the literature to develop 

the transport equations based on solvent rather than 

solute. Yew et al. [50] assumed that diffusion of water 

is only a function of moisture content of the rock. 

Hence, the effect of chemical potential is ignored in the 

constitutive equations. But, the authors did not discuss 

how to describe the moisture content at the wellbore 

wall. Huang et al. [51] developed a theoretical model 

that is claimed to be applicable for non-ideal solutions. 

However, water activity is approximated as a function 

of the mole fraction of water in the pore space, which is 

an ideal-solution assumption. The authors mainly 

considered the interactions between the pore fluid and 

the drilling fluid, while the interactions of aqueous 

fluid with the rock matrix are neglected [51]. The 

above approaches do not address the effect of aqueous 

fluid on the physical properties of shale.  

The above arguments suggest that the continuity 

equation should be established based on solvent. Here, 

the geometry of the problem is a cylindrical shale rock 

surrounding a wellbore, where the fluid flow and 

moisture transport occur radially due to the imposed 

initial and boundary conditions. The following analysis 

assumes radial symmetry around the borehole. For a 

binary solution, under isothermal conditions, the 

constitutive transport equations can be written as 

follows [52]: 

r

Lna
RTL

r

P
LJ w

IIIw 






    (3) 

r

Lna
RTK

r

P
KJ w

IIIv 






    (4) 

where Jw is the molar flux of solvent and Jv is the 

volumetric solution flux. In the above formulatiom, LI 

and LII are related to the advective and diffusive 

coefficients of moisture in shale matrix. In addition, KI 

and KII represent the hydraulic coefficient and 

chemical potential coefficient, respectively. The 

moisture content is defined as:  

   
d

d

m

mtrm
trw




,
,     (5) 

where m and md represent the instantaneous weight of 

exposed shale and dry shale, respectively. Neglecting 

the advective flux of water, the continuity equation can 

be written using Eqs. (3) and (5): 
























r

Lna

rr

Lna
D

t

w wweff
w

1
2

2

   (6) 

where Dw
eff is the moisture diffusivity coefficient 

defined as: 

s

IIeff
w

RTL
D


     (7) 

where ρs is the density of dry shale, R is the universal 

gas constant, and T is the absolute temperature. It is 
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noted that Eq. (6) cannot be solved directly, since it has 

two unknowns, i.e., water activity and moisture content. 

Using the GAB model to describe the sorption process, 

the chain rule suggests: 

 
t

a
af

t

a

a

w

t

w w
w

w

w 











    (8) 

where f(aw) is obtained by differentiating the sorption 

model (i.e., the GAB model) with respect to aw. It is 

shown that the chemical osmosis coefficient can be 

approximated in terms of parameters, which can be 

found in the literature [50]: 

w
eff
wII VDK       (9) 

Then, the continuity equation for the bulk solution in 

a cylindrical coordinate system is written as: 

   
r

J

r

J

t
vv 








 )(

   (10) 

For a slightly compressible fluid, substituting Eq. (4) 

into Eq. (10) and neglecting the higher order 

differential terms yields: 
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   (11) 

where Ԅ is the porosity and ct is the total 

compressibility. For an unbounded shale formation, the 

system of equations, i.e. Eqs. (6) and (11), is subjected 

to the following initial and boundary conditions: 

  dfww atra  0,    (12-a) 

  shw ara 0,    (12-b) 

  shw atra  ,   (12-c) 

  wbw Ptrp  0,    (13-a) 

  oPrp 0,    (13-b) 

  oPtrp  ,    (13-c) 

where sha  and adf are the in-situ water activity of 

shale and water activity of the drilling fluid, 

respectively. Also, Po and Pwb represent the in-situ pore 

pressure and wellbore pressure, respectively. The 

solution procedure to obtain pore pressure and 

moisture content around the borehole is explained in 

Appendix A. 

5.2 Wellbore Stability Modeling 

There are numerous publications about wellbore 

stability analysis in the literature. However, based on 

the subject of study, proposed models can be classified 

as: poro-elastic models [53], chemo-poro-elastic [33], 

thermo-poro-elastic [54], thermo-chemo-poro-elastic 

[18, 55]. Wellbore stability models for other 

applications such as transversely isotropic medium 

[56], dual porosity-dual permeability medium [57], and 

coupling with time-dependent effects of mud loss [58], 

are also investigated in the past. 

To obtain the stress distribution around the borehole, 

the problem is divided into two sub-problems: a 

mechanical problem and a hydraulic problem. The 

general solution is obtained by superposition of the 

solutions of the two parts. The solution of the 

mechanical problem is described elsewhere [53, 54]. 

Here, we only describe the procedure to obtain the 

fluid-induced stresses assuming that shale formation is 

homogenous, unbounded, transversely isotropic and 

under isothermal conditions. Assuming axial symmetry 

around the borehole, the equilibrium equation yields:  

0






rr
rrrr 

  (14) 

where σrr and σθθ represent the radial and hoop stress, 

respectively. Under plane strain condition, it is 

assumed that the plane of isotropy is perpendicular to 

the wellbore axis (Fig. 3). The relationship between 

the strain and displacement in cylindrical coordinates 

is written as: 

r

ur
rr 


     (15) 

r

ur     (16) 

where ur is the displacement in the radial direction. 

The constitutive equation of a transversely isotropic 

medium is written as follows: 
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Fig. 3  Schematic of an inclined wellbore in a transversely 
isotropic formation.  
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where v, E and α are defined in the plane of isotropy 

and represent drained Poisson’s ratio, drained Young’s 

modulus, and the Biot coefficient, respectively. 

Accordingly v′, E′ and α′ are drained Poisson’s ratio, 

drained Young’s modulus, and the Biot coefficient 

perpendicular to the plane of isotropy, respectively. 

The inner boundary condition is the radial stress at the 

borehole wall, which is the mud pressure. At far field, 

the radial displacement is assumed to be zero. 

Under plain strain assumption, the equilibrium 

equation can be written in terms of displacement, i.e. 

substituting Eqs. (15) and (16) into Eqs. (17-19). The 

resulting formulation is solved using the specified 

boundary conditions. Hence, the following 

expressions are obtained as explained in Appendix B: 
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(23) 

where:  

        oPtrprptrptrp  ,0,,,  (24) 

The transversely isotropic formulation resembles 

the formulation of isotropic case except different 

multiplier terms. It can be shown that the above 

equations, i.e. Eqs. (21-23), are reduced to isotropic 

formulation once the anisotropic coefficients are 

replaced with the isotropic material coefficients. 

Since the governing transport equations are 

expressed implicitly as a function of the moisture 

content, we first proceed with numerical methods to 

solve for the moisture content and pore pressure as 

noted earlier. Then, the magnitude of the fluid-induced 

stresses around the wellbore is evaluated through 

numerical integration. Afterward, the fluid-induced 

stress components are superimposed on the mechanical 

stress components to obtain the overall stress 

components.  

The procedure for a directional wellbore involves 

transformation of stresses from in-situ stress 

coordinates to the local coordinates (i.e., wellbore). 

The transformation laws for second-order tensor are 

generally written in the index notation: 

T
njmnimij ll       (25) 

where lij is known as transformation matrices as 

described elsewhere [59]. 

i

Isotropic plane 

x’ 

y’ 

z’ 

Transverse plane 

x 

y 

z 



Effects of Sorptive Tendency of Shale on Borehole Stability 

 

202

6. Modeling Results and Discussion 

The domain of the problem is discretized radially 

and the coupled equations, i.e. Eqs. (6) and (11), are 

solved numerically using the finite difference method 

to obtain pore pressure and moisture content around the 

borehole. For sensitivity analysis, three shale 

formations were selected (shale C, Midway and 

Mancos) to cover wide range of affinity of shale toward 

aqueous fluid. The adsorption parameters of the above 

shale rocks were already obtained using the GAB 

model (Table 1). To investigate the effect of adsorption 

parameters on pore pressure and moisture content, it is 

assumed that other physical and transport properties 

remain constant for all shale types. In addition, it is 

assumed that all shale types have same in-situ water 

activity and are exposed to a relatively dilute aqueous 

drilling fluid. The exposure time is set to 100 hours for 

all shale types. Table 3 summarizes other input 

parameters and setup conditions. 

6.1 Effect of Sorption Parameters 

To have a common index for comparison of response 

of shales toward aqueous solution, it is suggested to 

plot the change of moisture content as a function of 

time as shown in Fig. 4. Using the parameters in Table 

3, the time evolution of moisture content at a given 

radial position (e.g. r/rw = 1.05) is shown for shale C, 

Midway and Mancos shale. Although Mancos shale 

exhibits early growth in moisture content, it 

approached the equilibrium conditions after 100 hours 

of exposure. On the other hand, the growth rate of 

moisture content for shale C surpassed other types and 

it is far from equilibrium.  

The governing equations, i.e. Eqs. (6) and (11), 

indicate that pore pressure is implicitly correlated with 

the sorption parameters. Using the adsorption 

parameters in Table 1, pore pressure profiles in the 

vicinity of the borehole for the selected shale rocks are 

plotted in Fig. 5. Although the transport coefficients are 

assumed to be the same for the selected shales, the 

magnitude of induced pore pressure due to chemical 

imbalance can be quite different. It is noted that the 

peak of induced pore pressure is associated with the 

largest sorption potential (i.e., shale C). Conversely, 

Mancos shale, which exhibits less affinity to adsorb 

water, has the least induced pore pressure. Thus, we 

can classify the shale rocks based on the estimated 

magnitude of induced osmotic pressure. 

6.2 Wellbore Failure in a Strike-Slip Stress Regime 

For the sake of wellbore stability analysis, a 

hypothetical case of a transversely isotropic shale 

formation is investigated, in which the state of stress at 

the depth  of interest  is a strike-slip  stress regime,  i.e., 
 

 
Fig. 4  Simulated time evolution of moisture content for the 
selected shale formations at r/rw = 1.05. 
 

 
Fig. 5  Comparison of pore pressure distribution around 
the borehole for the selected shale types. 
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the maximum horizontal stress is the maximum 

principal stress and the minimum horizontal stress is 

the least principal stress. The necessary input values to 

conduct a parametric analysis are summarized in  

Table 3. Among them, there are parameters that can be 

controlled while drilling, such as mud weight, water 

activity of the drilling fluid, wellbore azimuth and 

deviation angle of the borehole. 

The sorption characteristics of the hypothetical shale 

formation are assumed to be those of Midway shale 

(Table 1). It is assumed that the uniaxial compressive 

strength of shale follows the empirical correlation 

proposed by Colback and Wiid (1965) [43]. The 

conventional compressive failure criterion, namely the 

Mohr-Coulomb, is investigated to assess the 

compressive failure of shale formation. To clarify the 

effect of drilling direction on wellbore stability, the 

required mud weights are demonstrated in a polar  

plot. The  perimeter scale  shows the  azimuth from the 
 

Table 3  Input parameters for simulation.  

Parameter Value 

Wellbore radius, ft 0.33 

Depth, ft 5,500 

Pore pressure gradient, psi/ft 0.46 

Overburden stress gradient, psi/ft 0.98 

Maximum horizontal stress gradient, psi/ft 1.2 

Minimum horizontal stress gradient, psi/ft 0.92 

Temperature, °F 122 

Total compressibility, 1/psi 6 × 10-6 

Hydraulic coefficient, m3.s/kg 1.2 × 10-19 

Chemical osmotic coefficient, m3.s/kg 8 × 10-16 

Moisture diffusivity, m2/s 4 × 10-12 

Biot coefficient (in plane), α, dimensionless 0.9 

Biot coefficient (transverse), αˊ, dimensionless 0.85 

Poisson’s ratio (in plane), ν, dimensionless 0.15 

Poisson’s ratio (in plane), νˊ, dimensionless 0.19 

Elastic modulus (in plane) , psi 2.19 × 106 

Elastic modulus (transverse), psi 1.06 × 106 

Cohesion of rock at dry condition, psi 2,000 

Angle of internal friction, degree 30 

Shale density, lbm/ft3 162.3 

Porosity, dimensionless 0.06 

Water activity of drilling fluid, dimensionless 0.9 

Water activity of drilling fluid, dimensionless 0.85 

Exposure time, hour 100 
 

 
Fig. 6  Polar plot of the lower bound of mud weight when 
UCS is constant.  
 

 
Fig. 7  Polar plot of the lower bound of mud weight when 
UCS is a function of moisture content. 
 

maximum horizontal stress direction, and deviations 

from the center show the borehole inclination angle. 

The advantage of polar plot becomes evident as drilling 

engineers explore the optimum drilling direction. 

The base case examines the stability of the borehole 

in a transversely isotropic shale formation and neglects 

the effect of moisture content on the rock strength. Fig. 

6 shows a polar plot of the lower critical mud weights 

for the base case in which the shear failure across the 

rock matrix is investigated. 

The effect of moisture diffusion on the lower bound 

of mud weights is shown in Fig. 7. It is evident that in 

strike-slip regime, the least required mud weight occurs 
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for horizontal wellbores along the direction of 

minimum horizontal stress. It is realized that including 

the effects of moisture diffusion in the model increases 

the magnitude of the lower bound mud weight but does 

not change the shape of the plot. Thus, including 

moisture diffusion phenomenon provides a 

conservative estimate of the required mud weight. 

7. Conclusions 

Adsorption isotherms of two rock types, Mancos 

Shale and Catoosa shale, were obtained through 

laboratory investigation and the results were compared 

with various data sets in the literature. It is shown that 

the GAB model can best describe the sorption behavior 

of the selected shale rocks. It was also found that the 

adsorption parameter can be introduced as an index to 

characterize different shale formations. The presented 

methodology facilitates estimation of compressive 

strength of shale formations under in-situ conditions. 

A diffusion-sorption model is developed to 

investigate the effect of moisture diffusion on wellbore 

stability in shale formations. Results of parametric 

analysis indicate that the sorption parameters of shale 

have a significant impact on the magnitude of induced 

osmotic pressure, hence, the magnitude of effective 

stress. The model is partially coupled with a wellbore 

stability module which evaluates the state of stress 

around the borehole of transversely isotropic shale 

formations. It is found that the collapse pressure 

strongly depends on the sorption tendency of the given 

shale. This study integrates both the theoretical and 

experimental work in order to properly address 

wellbore instability problems for troublesome shale 

formation. 
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Appendix A: Numerical Solution 

Using an implicit finite difference method, the discretized form of Eq. (6) is expressed as: 

        n
jw

n
jw

n
jw

n
jw

n
jw aafaOaNaM  





1
1

11
1       (A-1) 

where the following coefficients are introduced: 
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Here, Δt and Δr are time step-size and space step-size, respectively. Note that f’ is obtained by differentiating the adsorption model 

with respect to water activity. For example, by selecting the GAB model, we obtain: 
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Once the initial and boundary conditions are applied, (A-1) can be organized as:  
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where [Aw] represents the matrix of the coefficient, and {Bw} is the vector of known values and prescribed boundary conditions, all 

evaluated at the old time step, n. Meanwhile, {awj
n+1} is the vector of unknowns to be evaluated at the new time step, n+1. Thus, a large 

set of linear equations is formed, which requires an iterative method to be solved. The numerical solution is pursued using the conjugate 

gradient method, which is an iterative method suitable for large sparse matrices [60]. A computer code was developed in C++ 

programming environment to solve the system of equations. Once water activity is obtained in the new time step, we can compute the 

moisture content at every grid point around the borehole. Similarly, Eq. (11) can be discretized as: 
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After applying the initial and boundary conditions, (A-7) can be rearranged as: 
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where [AP] represents the matrix of the coefficient in the pressure equation, and {BP} includes known values over the domain and 

prescribed boundary condition, all evaluated at old time step n. The conjugate gradient method is also used to solve for the unknown 

pressures at the new time step. The numerical code was indeed verified with an explicit scheme to ensure the correct convergence of the 

iterative method. 

Appendix B: Fluid-Induced Stresses 

Using plain strain assumption, substitution of Eqs. (15) and (16) into the constitutive Eqs. (17-19) yields: 
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Then, the above formulations are substituted into the equilibrium equation, i.e. Eq. (14). Since the initial pore pressure throughout 

the domain is a constant value, it is convenient to express the final relationship in terms of the differential pressure: 
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After two consecutive integrations of (B-4), the following solution is obtained: 
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where r’ is the integration variable to be distinguished from the upper bound of integration. It should be reminded the radial 

displacement at far field is constrained. To comply with the given condition, C1 must be zero. Substituting (B-5) into Eqs. (15) and 

(16), and then updating (B-1, B-2) yields: 
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Since the radial stress at the borehole wall is equal to the mud pressure, the coefficients C2 can be determined as: 
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As a result, the following expressions are obtained: 
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Accordingly, the vertical component of the fluid induced stress can be obtained in a similar manner: 
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