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Abstract: In this paper, we investigate the global behavior of the difference equation 

௡ାଵݔ ൌ
1 െ ௡ݔ

ܣ ൅ ∑ ௡ି௜ݔ
௞
௜ୀଵ

 

݊ ൌ 0, 1, … 

with the ܣ א ሺെ∞, െ1ሻ is a real number, ݇ is a positive integer and the initial conditions ିݔ௞, … , ଴ݔ א ሺെ∞, 0ሿ. 
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1. Introduction 

Recently, many researchers are interested in the 

boundedness, invariant intervals, periodic character 

and global asymptotic stability of all positive solutions 

of the nonlinear difference equations, see [1, 2, 4-7, 

10-12]. In particular He et al. [3], Li and Sun [9] and 

Yan et al. [13] investigated the global asymptotic 

stability of all positive solutions of the following 

rational recursive sequences 

௡ାଵݔ ൌ
ߙ െ ௡ି௞ݔܾ

ܣ െ ௡ݔ
, ݊ ൌ 0, 1, … 

௡ାଵݔ ൌ
ߙ െ ௡ݔߚ

ߛ ൅ ௡ି௞ݔ
, ݊ ൌ 0, 1, … 

௡ାଵݔ ൌ
ߙ െ ௡ݔߚ

ߛ െ ௡ି௞ݔ
, ݊ ൌ 0, 1, … 

respectively, where the coefficients ߙ, ,ߚ ,ߛ ,ܣ ܾ  are 

nonnegative real numbers and ݇ א ሼ1, 2, … ሽ,  and 

showed that every positive equilibruim of these 

equations is a global attractor with a basin that 
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depends on certain conditions imposed on the 

coefficients. Furthermore, they obtained sufficient 

conditions for the globally asymptotically stable of the 

positive equilibria of these equations. 

In 2004, Li et al. [8] studied the difference equation 

௡ାଵݔ ൌ
ߙ ൅ ௡ݔߚ

ܣ ൅ ௡ି௞ݔ
, ݊ ൌ 0, 1, … 

Where ߙ, ,ߚ ܣ א ሺ0,∞ሻ, ݇ is a positive integer and 

the initial conditions ିݔ௞, … ,  ଴ are arbitrary positiveݔ

numbers. They investigated the global asymptotic 

stability of all positive solutions and obtained the 

global attractivity of the unique positive equilibrium 

of the equation. 

It is also noted that the above mentioned references 

[2, 4-7, 10-12] only considered the global attractivity 

of positive solutions of difference equation. They did 

notfurther provide the global attractivity of negative 

solutions of difference equation. In this paper, we will 

deal with the global attractivity of negative solutions 

for the following difference equation 

௡ାଵݔ ൌ
ଵି௫೙

஺ା∑ ௫೙ష೔
ೖ
೔సభ

, ݊ ൌ 0, 1, … (1.1)

with the ܣ א ሺെ∞, െ1ሻ  is a real number, ݇  is a 
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positive integer and the initial conditions ିݔ௞, … , ଴ݔ א
ሺെ∞, 0ሿ. Our aim is to study the periodic character, 

invariant intervals and the global attractivity of all 

negative solutions of Eq. (1.1) is a global attractor 

with a basin that depends on certain conditions of the 

coefficient. 

For the sake of convenience, we firstly present 

some definitions and known results which will be 

useful in the sequel. Let ܫ be some interval of real 

numbers ܨ be continuous function defined on ܫ௞ାଵ. 

Then, for initial conditions ିݔ௞, … , ଴ݔ א  it is easy ,ܫ

to see that the difference equation 

௡ାଵݔ ൌ ,௡ݔሺܨ ,௡ିଵݔ … , ,௡ି௞ሻݔ ݊ ൌ 0,1, … (1.2)

has a unique solution ሼݔ௡ሽ௡ୀି௞
∞ . 

A point ݔҧis called an equilibrium of Eq. (1.2) if 

ҧݔ ൌ ,ҧݔሺܨ … ,  .ҧሻݔ

That is, ݔ௡ ൌ ҧݔ  for ݊ ൒ 0 is a solution of Eq. 

(1.2), or equivalently, ݔҧ is a fixed point of ܨ. 

An interval ܬ ك  is called an invariant interval for ܫ

Eq. (1.2) if 

,௞ିݔ … , ଴ݔ א ܬ ฺ ௡ݔ א ݊ for all ܬ ൐ 0. 

That is, every solution of Eq. (1.2) with initial 

conditions in ݆ remains in ݆. 

The linearized equation associated with Eq. (1.2) 

about the equilibruim ݔҧ is 

௡ାଵݕ ൌ ෍
ܨ߲
௜ݑ߲

௞

௜ୀ଴

ሺݔҧ, . . . , ,௡ି௜ݕҧሻݔ ݊ ൌ 0, 1, . .. (1.3)

and its characteristic equation is 

௞ାଵߣ ൌ ∑ డி

డ௨೔

௞
௜ୀ଴ ሺݔҧ, . . . ,  ௞ି௜. (1.4)ߣҧሻݔ

Definition 1. Let ݔҧ be an equilibrium point of Eq. 

(1.2). 

(i) The equilibrium ݔҧ is called locally stable if for 

every ߝ ൐ 0 , there exists ߜ ൐ 0  such that if 

,₀ݔ … , ௞ିݔ א ܫ  and |₀ݔ െ |ݔ ൅ ڮ ൅ ௞ିݔ| െ |ݔ ൏ ߜ , 

then |ݔ௡ െ |ݔ ൏ ݊ for all ,ߝ ൒ െ݇. 

(ii) The equilibrium ݔҧ  is called locally 

asymptotically stable if it is locally stable and if there 

exists ߛ ൐ 0  such that if ,₀ݔ … , ௞ିݔ א ܫ  and 

₀ݔ| െ |ݔ ൅ ڮ ൅ ௞ିݔ| െ |ݔ ൏ ∞then ݈݅݉௡՜ ,ߛ ௡ݔ ൌ  .ҧݔ

(iii) The equilibrium ݔҧ is called global attractor if 

for every ₀ݔ, … , ௞ିݔ א ∞we have ݈݅݉௡՜ ,ܫ ௡ݔ ൌ  .ҧݔ

(iv) The equilibrium ݔҧ  is called globally 

asymptotically stable if it is locally stable and is a 

global attractor. 

(v) The equilibrium ݔҧ is called unstable if it is not 

stable. 

The following two results will be useful in 

establishing the locally asymptotically stable and 

global attractivity character of the equilibrium of Eq. 

(1.1). 

Theorem 1. A necessary and sufficient condition 

for all roots of the cubic equation with real 

coefficients 

ଷߣ ൅ ܽଶߣଶ ൅ ߣ₁ܽ ൅ ଷܽ₀ߣ ൌ 0 

to lie in the open disc |ߣ| ൏ 1 is 

|ܽ₂ ൅ ܽ₀| ൏ 1 ൅ ܽ₁, |ܽ₂ െ 3ܽ₀| ൏ 3 െ ܽ₁ܽ݊݀ܽ₀² ൅

ܽ₁ െ ܽ₀ܽ₂ ൏ 1. 

Theorem 2. Let ሾܽ, ܾሿ  be an interval of real 

numbers, and assume that 

݃: ሾܽ, ܾሿ³ ՜ ሾܽ, ܾሿ 

is a continuous function satisfying the following 

properties: 

(a) ݃ ሺݑ, ,ݒ  and ,ݓ and ݑ ሻ is non-increasing inݓ

is non-decreasing in ݒ. 

(b) If ሺ݉, ሻܯ א ሾܽ, ܾሿ ൈ ሾܽ, ܾሿ is a solution of the 

system 

݉ ൌ ݃ ሺܯ, ݉, ܯ ݀݊ܽ ሻܯ ൌ ݃ ሺ݉, ,ܯ ݉ሻ 

then ݉ ൌ  .ܯ

Then the difference equation 

௡ାଵݔ ൌ ݃ ሺݔ௡, ,௡ିଵݔ ,௡ିଶሻݔ ݊ ൌ 0,1, . .. (1.5) 

has a unique equilibrium ݔҧ א ሾܽ, ܾሿ,  and every 

solution of Eq. (1.5) converges to ݔҧ. 

2. Main Results 

In this section, we investigate the locally 

asymptotically stable, period-two solutions, invariant 

intervals and global attractivity of all negative 

solutions of Eq. (1.1) under the assumptions that 

ܣ א ሺെ∞, െ1ሻ  is a real number, ݇  is a positive 

integer and the initial conditions are non-positive. 
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The unique negative equilibrium of Eq. (1.1) is 

ݔ ൌ
െሺܣ ൅ 1ሻ െ ඥሺܣ ൅ 1ሻଶ ൅ 4݇

2݇
 

The linearized equation of Eq. (1.1) about the 

equilibrium ݔҧ is 

௡ାଵݕ ൅
1

ܣ ൅ ҧݔ݇
௡ݕ ൅

ҧݔ
ܣ ൅ ҧݔ݇

௡ିଵݕ ൅  ڮ

൅
ҧݔ

ܣ ൅ ҧݔ݇
௡ି௞ݕ ൌ 0, ݊ ൌ 0, 1, … (2.1)

and its characteristic equation is 

௞ାଵߣ ൅
ଵ

ሺ஺ା௞௫ሻఒೖ ൅
௫

ሺ஺ା௞௫ሻఒೖషభ ൅. . . ൅
௫

஺ା௞௫
ൌ 0 (2.2) 

By Definition 1 and Theorem 2, we have the 

following result. 

Theorem 3. Assume ܣ ൏ 0 . Then the unique 

negative equilibrium ݔҧ ൌ
ିሺ஺ାଵሻିඥሺ஺ାଵሻమାସ௞

ଶ௞
 of Eq. 

(1.1) is locally asymptotically stable. 

Theorem 4. Eq. (1.1) has no negative solution with 

prime period-two. 

Proof: Assume for the sake of contradiction that 

there exist distinctive negative real numbers ߶ and 

߰, such that 

… , ߶, ߰, ߶, ߰, … 

is a prime period-two solution of Eq. (1.1). Then, 

there are two cases to be considered. 

Case (i): If ݇ is odd, in this case ݔ௡ାଵ ൌ  ߶ ,௡ି௞ݔ

and ߰ satisfy the system 

߶ ൌ
ଵିట

஺ାథାటାڮథ
, ߰ ൌ

ଵିథ

஺ାటାథାڮାట
 

then we have 

ሺ߶ െ ߰ሻ ൬ܣ ൅
݇ ൅ 1

2
ሺ߶ ൅ ߰ሻ െ 1൰ ൌ 0. 

In view of ܣ ൅
௞ାଵ

ଶ
ሺ߶ ൅ ߰ሻ െ 1 ൏ 0, then ߶ ൌ ߰. 

This contradicts the hypothesis that ߶ ് ߰. 

Case (ii): If ݇ is even, in this case ݔ௡ାଵ ൌ  ,௡ି௞ݔ

߶ and ߰ satisfy the system 

߶ ൌ
ଵିట

஺ାథାటାڮାట
, ߰ ൌ

ଵିథ

஺ାటାథାڮାథ
 

then we have 

ሺ߶ െ ߰ሻ ൬ܣ ൅
݇
2

ሺ߶ ൅ ߰ሻ െ 1൰ ൌ 0. 

Clearly, ܣ ൅
௞

ଶ
ሺ߶ ൅ ߰ሻ െ 1 ൏ 0 , so ߶ ൌ ߰, 

which is also a contradiction. The proof is complete. 

Let 

݂ ሺݑ, ,ݒ . . . ሻ ൌ  
1 െ ݑ

ܣ ൅ .൅ݒ . .
 

Lemma-1. Assume ܣ ൏ 0 . Then the following 

statements are true. 

(i) െ1 ൏ ݔ ൌ
ିሺ஺ାଵሻିඥሺ஺ାଵሻమାସ௞

ଶ௞
൏ 0. 

(ii) If ݑ, ,ݒ ݓ א ሺെ∞, 0ሿ,  then ݂ ሺݑ, ,ݒ ሻݓ  is a 

strictly increasing function in ݑ , and a strictly 

decreasing function in ݒ and ݓ. 

The proof is simple and omitted. 

Lemma-2. Assume that ܣ א ሺെ∞, െ1ሿ  and let 

ሼݔ௡ሽ௡ୀି௞
∞  be a solution of Eq. (1.1). If ݔ௜ א ሺെ∞, 0ሿ 

for ݅ ൌ െ݇, െ݇ ൅ 1, . . . , െ1 ܽ݊݀ ₀ݔ א ሾܣ, 0ሿ,  then 

ܣ ൑ ௡ݔ ൏ 0 for ݊ ൌ 1,2, . .. 

Proof: 

ܣ ൑
1 െ ܣ

ܣ
൑

1 െ ܣ
ܣ ൅ ௞ିݔ ൅ ௞ାଵିݔ

൑ ଵݔ

ൌ
1 െ ଴ݔ

ܣ ൅ ௞ିݔ ൅ ௞ାଵିݔ

൑
1

ܣ ൅ ௞ିݔ ൅ ௞ାଵିݔ
൏ 0 

and 

ܣ ൑
1 െ ܣ

ܣ
൑

1 െ ܣ
ܣ ൅ ௞ାଵିݔ ൅ ௞ାଶିݔ

൑ ଵݔ

ൌ
1 െ ଴ݔ

ܣ ൅ ௞ାଵିݔ ൅ ௞ାଶିݔ

൑
1

ܣ ൅ ௞ାଵିݔ ൅ ௞ାଶିݔ
൏ 0 

The result now follows by induction. The proof is 

complete. 

Theorem 5. Assume that ܣ א ሺെ∞, െ1ሿ. Then 

ሾܣ, 0ሿ  is an invariant interval of Eq. (1.1). 

Proof: 

Let ሼݔ௡ሽ௡ୀି௞
∞  be a solution of Eq. (1.1) with initial 

conditions ିݔ௞, … , ,ଵିݔ ଴ݔ א ሾܣ, 0ሿ. By Lemma-1, the 
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function ݂ሺݑ, ,ݒ  and ,ݑ ሻ is strictly increasing inݓ

strictly decreasing in ݒ  and ݓ  for each fixed 

,ݑ ,ݒ ݓ א ሺെ∞, 0ሿ, we have 

ଵݔ ൌ ݂ሺݔ଴, ,௞ିݔ ௞ାଵሻିݔ ൏ ݂ሺ0, ,ܣ ሻܣ ൌ
1

ܣ3
൏ 0 

And 

ଵݔ ൌ ݂ሺݔ଴, ,௞ିݔ ௞ାଵሻିݔ ൐ ݂ሺܣ, 0,0ሻ ൌ
1 െ ܣ

ܣ
൒  ,ܣ

which implies that ݔଵ א ሾܣ, 0ሿ. By the induction, it 

follows that ݔ௡ א ሾܣ, 0ሿ  for ݊ ൒ 1.  The proof is 

complete. 

Theorem 6. Assume that ܣ א ሺെ∞, െ1ሿ. Then the 

unique negative equilibrium ݔҧ of Eq. (1.1) is a global 

attractor with a basin 

ܵ ൌ ሾܣ, 0ሿ௞ାଵ. 
Proof: 

Let ሼݔ௡ሽ௡ୀି௞
∞  be a solution of Eq. (1.1) with initial 

conditions ିݔ௞, … , ,ଵିݔ ଴ݔ א ܵ. Clearly, the function 

݂ ሺݑ, ,ݒ  ሻ defined in Lemma-1 is continuous, andݓ

nondecreasing in ݑ and nonincreasing in ݒ and ݓ 

on the invariant interval ሾܣ, 0ሿ. Let ݉, ܯ א  be a ܫ

solution of the system 

݉ ൌ ݂ ሺ݉, ,ܯ ܯ ,ሻܯ ൌ ݂ ሺܯ, ݉, ݉ሻ 

then ሺ݉ െ ሻሺ1ܯ ൅ ሻܣ ൌ 0. Since ܣ ൅ 1 ൏ 0, we get 

݉ ൌ ∞By Theorem-3, we have lim௡՜ .ܯ ௡ݔ ൌ  ҧ, theݔ

proof is complete. 

Theorem 7. Assume that ܣ א ሺെ∞, െ1ሿ.  Then the 

unique negative equilibrium ݔҧ of Eq. (1.1) is a global 

attractor with a basin 

ܵ ൌ ሺെ∞, 0ሿ௞ାଵ ൈ ሾܣ, 0ሿ. 

Proof: 

Let ሼݔ௡ሽ௡ୀି௞
∞  be a solution of Eq. (1.1) with initial 

conditions ିݔ௞, … , ,ଵିݔ ଴ݔ א ܵ. Then by Lemma-2, we 

haveݔ௡ א ሾܣ, 0ሿ, for ݊ ൌ 1,2, , … By Theorem-6, we 

have lim௡՜∞ ௡ା௞ݔ ൌ ∞ҧ, and so lim௡՜ݔ ௡ݔ ൌ  ҧ. Theݔ

proof is complete. 
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