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Abstract: In this paper, we investigate the global behavior of the difference equation
1—x,
Xpt1 = — =
n+1 A + Z?:lxn—i
n=20,1,..
with the A € (—o, —1) is a real number, k is a positive integer and the initial conditions x_y, ..., x, € (—o0, 0].
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1. Introduction depends on certain conditions imposed on the
coefficients. Furthermore, they obtained sufficient
conditions for the globally asymptotically stable of the
positive equilibria of these equations.

Recently, many researchers are interested in the
boundedness, invariant intervals, periodic character
and global asymptotic stability of all positive solutions
J . ymp . Y . P In 2004, Li et al. [8] studied the difference equation
of the nonlinear difference equations, see [1, 2, 4-7, +p
. . a X.
10-12]. In particular He et al. [3], Li and Sun [9] and Xpyg = ——2,n=0,1,...

A+ x,
Yan et al. [13] investigated the global asymptotic " _k L
- . . . Where a,,4 € (0,0), k is a positive integer and
stability of all positive solutions of the following

. . the initial conditions x_, ..., x, are arbitrary positive
rational recursive sequences . . .
numbers. They investigated the global asymptotic

Xni1 =%,n= 0,1,.. stability of all positive solutions and obtained the
o global attractivity of the unique positive equilibrium

Xpy1 = ;_:—)’ii’;,n =0,1,.. of the equation.
It is also noted that the above mentioned references
Xpy1 = ;__—:ii’;,n =0,1,.. [2, 4-7, 10-12] only considered the global attractivity

of positive solutions of difference equation. They did
notfurther provide the global attractivity of negative
solutions of difference equation. In this paper, we will
deal with the global attractivity of negative solutions
for the following difference equation

respectively, where the coefficients «,f,v,A4,b are
nonnegative real numbers and k € {1, 2,...}, and
showed that every positive equilibruim of these
equations is a global attractor with a basin that

_ 1-x,
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modelling. with the A € (—oo,—1) is a real number, k is a

n=01,.. (1.1)
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positive integer and the initial conditions x_y, ..., x, €
(—o0,0]. Our aim is to study the periodic character,
invariant intervals and the global attractivity of all
negative solutions of Eq. (1.1) is a global attractor
with a basin that depends on certain conditions of the
coefficient.

For the sake of convenience, we firstly present
some definitions and known results which will be
useful in the sequel. Let I be some interval of real
numbers F be continuous function defined on I*+1,
Then, for initial conditions x_g, ..., xq € I, it is easy
to see that the difference equation

Xn+1 = F(p, Xn—1, o, Xn—g)ym = 0,1, ... (1.2)
has a unique solution {x,}5-_-

A point xis called an equilibrium of Eq. (1.2) if

X =F(%, .., %).

That is, x, =% for n >0 is a solution of Eg.
(1.2), or equivalently, x is a fixed point of F.

An interval | €I is called an invariant interval for
Eq. (1.2) if

X_gy oy X9 €] = x, €] forall n> 0.

That is, every solution of Eq. (1.2) with initial
conditions in j remainsin j.

The linearized equation associated with Eq. (1.2)
about the equilibruim x is

k
oF _

&,....,X)yp_sn=0,1,... (1.3)

:Vn+1 = . aul
=0
and its characteristic equation is

oF ,_

AF1 = 3k (%,...,5)AkL (1.4)

i=06_ui

Definition 1. Let X be an equilibrium point of Eq.
(1.2).

(i) The equilibrium X is called locally stable if for
there exists 6 >0 such that if
X0y, X €1 and |xo— x|+ -+ |x_p —x| <9,
then |x, —x| <¢, forall n > —k.

(ii) The called
asymptotically stable if it is locally stable and if there
y >0 such that if xo,...,Xx_x €1 and
[xo — x| + -+ |x_p — x| <V, then lim,_,x, =X.

every €>0,

equilibrium X is locally

exists

1-x,
A+YE X0

(iii) The equilibrium X is called global attractor if
for every xo,...,xX_y € I, we have lim,_, x, = X.

(iv) The
asymptotically stable if it is locally stable and is a

equilibrium X is called globally
global attractor.

(v) The equilibrium X is called unstable if it is not
stable.

The following two results will be useful in
establishing the locally asymptotically stable and
global attractivity character of the equilibrium of Eq.
(1.2).

Theorem 1. A necessary and sufficient condition
for all roots of the cubic equation with real
coefficients

AB+a2+ad+23a,=0
to lie in the open disc |A] <1 is
laz + ao]l <1+ ay,|a; —3ae| <3 —aianday’+
a; — aeay < 1.

Theorem 2. Let [a,b] be an interval of real

numbers, and assume that

g:[a,b]’ - [a, b]
is a continuous function satisfying the following
properties:

(@) g (u,v,w) is non-increasing in u and w, and
is non-decreasing in v.

(b) If (m,M) € [a,b] X [a,b] is a solution of the
system

m=gM,mM)and M = g (m,M, m)
then m = M.
Then the difference equation
Xn+1 = g (Xn, Xn-1,Xn—2), 1 =10,1,...(L.5)
has a unique equilibrium X € [a,b], and every
solution of Eq. (1.5) converges to x.

2. Main Results

In this section, we investigate the locally
asymptotically stable, period-two solutions, invariant
intervals and global attractivity of all negative
solutions of Eg. (1.1) under the assumptions that
A€ (—wo,—1) is a real number, k is a positive
integer and the initial conditions are non-positive.
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The unique negative equilibrium of Eq. (1.1) is

x_—(A+1)—Jm
B 2k

The linearized equation of Eq. (1.1) about the
equilibrium x is

1 X
Yn+1 +A+k)_6yn+A+k)_Cyn_1+m

— = = 2.1
+A+k3?y"_k 0,n=0,1, (2.1)

and its characteristic equation is

x x
+"'+A+kx

k+1 1
A + + (A+kx)Ak-1

(A+kx)Ak

=0(2.2)

By Definition 1 and Theorem 2, we have the
following result.
Theorem 3. Assume A < 0. Then the unique

—(A+1)—‘2/ECA+1)2+4k of qu

negative equilibrium x =

(1.1) is locally asymptotically stable.

Theorem 4. Eq. (1.1) has no negative solution with
prime period-two.

Proof: Assume for the sake of contradiction that
there exist distinctive negative real numbers ¢ and
Y, such that

v 0,9,
is a prime period-two solution of EQ. (L.1). Then,
there are two cases to be considered.
Case (i): If k is odd, in this case Xp41 = Xpn—p, P
and  satisfy the system

p=—tt = ?

T Arprprd ¥ Attty

then we have

@G- (a+ 2@+ -1) =0

In view 0fA+%(¢+1/))—1<0, then ¢ = 1.

This contradicts the hypothesis that ¢ + 1.

Case (ii): If k is even, in this case Xp41 = Xn—k»
¢ and Y satisfy the system

_ 1-y _ 1-¢
¢ = A+Pp+p+-+1) ¥ = A+p+p+-+¢

then we have

1%, 217

A+Z,k=1 Xn—i

(¢—¢)(A+§(¢+¢)—1)=o.

Clearly, A+§(¢+1/))—1<0, so ¢ =1,

which is also a contradiction. The proofis complete.
Let
1-u
fav.)= g
Lemma-1. Assume A <O0. Then the following

Statements are true.

(i) =1 <x = ZADEHE

(i) If u,v,w € (—,0], then f (u,v,w) is a
strictly increasing function in u, and a strictly
decreasing function in v and w.

The proof is simple and omitted.

Lemma-2. Assume that A € (—o,—1] and let
{xnIm=—i be a solution of Eq. (1.1). If x; € (—,0]

for i=—-k,—k+1,...,—1and x, € [A,0], then
A<x,<0 forn=12,..
Proof:
A<1—A< 1-A <
T A T A+x_ptx_pe
1—xg
- A+x_p +xX_iq
< ! <0
A+ x_j+X_ps1
and
A<1_A< 1-A < x,
A T A X e F X
_ 1—xq
_A+x—k+1+x—k+2
1

< <0
A4 X_jy1+ X_piz

The result now follows by induction. The proof is
complete.

Theorem 5. Assume that A € (—oo,—1]. Then
[4,0] isaninvariant interval of Eq. (1.1).

Proof:

Let {x,}n-_y be a solution of Eq. (1.1) with initial
conditions X_y, ..,X_1,%Xg € [A,0]. By Lemma-1, the



218 Behavior of a Nonlinear Difference Equation x,,; =

function f(u,v,w) is strictly increasing in u, and
strictly decreasing in v and w for each fixed
u,v,w € (—,0], we have
x1 = f(x0, %_p, x_g41) < f(0,4,4) = % <0
And
1-4

x1 = f (X0, X—p, X—k+1) > f(4,0,0) = T A,
which implies that x; € [A,0]. By the induction, it
follows that x, € [A,0] for n=1. The proof is
complete.

Theorem 6. Assume that A € (—o, —1]. Then the
unique negative equilibrium x of Eq. (1.1) is a global
attractor with a basin

S =[A,0]F*1,

Proof:

Let {xp}n-_x be a solution of Eq. (1.1) with initial
conditions X_y, ...,X_1,Xy € S. Clearly, the function
f (u,v,w) defined in Lemma-1 is continuous, and
nondecreasing in u and nonincreasing in v and w
on the invariant interval [A,0]. Let m,M €1 be a
solution of the system

m=f(mMM), M=f(Mmm)
then (m—M)(1+ A) = 0. Since A+1<0, we get
m = M. By Theorem-3, we have lim,_, x, = X, the
proof is complete.

Theorem 7. Assume that A € (—o, —1]. Then the
unique negative equilibrium x of Eq. (1.1) is a global
attractor with a basin

S = (—oo,0]%*1 x [4,0].

Proof:

Let {xp}n-_y be a solution of Eq. (1.1) with initial
conditions X_y, ...,X_1,%y € S. Then by Lemma-2, we
€ [4,0], for n=1,2,,... By Theorem-6, we
have lim,,_, Xp4r = X, and so lim,_, x, = X. The

havex,,

proof'is complete.
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