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Abstract: The purpose of this paper is to construct a multivariate generalization of a new kind of Kantorovich type
g-Bernstein-Schurer operators. First, we establish the moments of the operators and then prove the rate of convergence by using the
modulus of continuity. Finally, we obtain the degree of approximation by means of Lipschitz type class.

Keywords: ¢g-Bernstein-Schurer-Kantorovich operators, rate of convergence, modulus of continuity, Lipschitz type -class,

multivariate operators.

1. Introduction

In recent years, one of the most interesting area of
research in approximation theory is the application of
g-calculus. Lupas and Phillips [16] was the first
person who initiated the g-type generalization of
linear positive operators. He introduced the
g-analogue of well known Bernstein polynomials and
obtained the rate of convergence and Voronovskaja
After that

g-parametric operators is an active area of research in

type theorem for these operators.

the field of approximation theory.
In [13], Muraru constructed the g-Bernstein-Schurer

operators defined by
n+p k .
Bn,p(f;x)zzbn+p,k(q;x)f > XE[O,I]
k=0 [n q
(1

where b, (q;x)= ["?ka a- x)Z“”_k and

(1) 1, m=0,
—X —
Tl A=-x)1-gx)..(1-¢""'x), meN

for x€[0,1] and 0<g<l. For p=0, the
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sequence of operators (1) reduces to the g-Bernstein
polynomials (see [16]).
studied

properties of Kantorovich type generalization of

Dalmanoglu [4] some approximation
g-Bernstein operators. In [17], Radu has obtained the
statistical convergence of g¢-Bernstein-Kantorovich
Also, the

generalizations of the linear positive operators based

polynomials. Kantorovich  type
on g-integers were studied by some authors (see [8],
[10], [15], etc.). Recently, Agrawal, Finta and Sathish
Kumar [1] introduced a new Kantorovich type
generalization of the g-Bernstein-Schurer operators
defined in [13] as follows

K, (f:q,x)

ntp [k+1], /[n+1]
— q —k 9 9 R
pLURRIDIL RIS A ISR QTS
x €[0,1].

In 2014, Same authors introduced Bivariate ¢

-Bernstein-Schurer operators defined as
[<nI My, p (f; qnl > qnz > x’ y)

m+p ny+p

Dy >9n -k -k
- [nl + l]qm [n2 +1]%2 z z b’hlrl’,’Z’z*P’klakz (X, y)qnl lqn2 :

=0 k=0
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G, s)d, (O)d, (s),

(ko 1], /np+1],,, J-[k +1l,,, /m+
[

[kZ]L’”Z [n2+1]‘lu2 kl] /[nl'H]
(2)
where (x,y) €[0,1]x[0,1] and
Dy +9n
bnlJlrp,rzlz+p,k] o ('xa )/) =
n+p n,+p k2 (1 x)n1+p k (1 y);2+p ky
k, k, n

qny 9y

Stancu [19], was the first person who introduced the
linear positive operators in two and several variables.
Later on, B a rbosu [3] considered the bivariate
g-Bernstein polynomials and studied some Korovkin
type approximation results. In [6], Erkus and Duman
proved the Korovkin-type approximation theorem
for the bivariate linear positive operators to the
Dogru and Gupta [5]
studied the rate of convergence of the bivariate

functions in space sz~

generalization of ¢g-MKZ operators. In 2009, Ersan
and Dogru [7] obtained the statistical approximation
properties of g-Bleimann, Butzer and Hahn operators.
Orkcii
generalization of the ¢-Sza sz-Mirakjan-Kantorovich

Recently, [14] constructed the bivariate

operators by using the g-integral and obtained a

weighted A -statistical convergence and the rate of
pointwise approximation in terms of the modulus of

jbm J‘bmfl
a, a,,

continuity.

Now, we recall some basic definitions and notations
of g-calculus [9]. For any fixed real number ¢
satisfying the conditions 0<g <1,
[k], and the g-factorial [k]q!

are defined as

the g-integer
for ke{0,1,2...}

g <]A=a-a) if gzl
q k. if g=1
and
[k]!= [k],lk-11,...000,, ifk>1
q° 1’ lfk:()

respectively. For any integers n,k satisfying

0 <k < n, the g-binomial coefficient is given by

n) [n]q!
k q_ [n—k],1k],!

Let 0<a<b. and 0<g<1. Following [20],

we consider the Riemann type g-integral is defined as
b R S i i
[ fdji=0-g)b-a). fla+b-a)g)q"
i=0

This Riemann type ¢-integral is appropriate to
derive the g-analogues of some well-known integral
inequalities. Then Riemann type g-integral for a

multivariate function is given by

b R R R
j [ttt )d 0 d e,.d 1,

=(-4)1~q,)..(1~¢,)(b —a )b, ~a,)..(b, —a )Z ZZ

Sf(a, + (b _al)%ilaaz +(b,

where OSai<b,. and O<q[<1,i=1,2,...,m

2. Construction of Operators

In this study, we construct a multivariate case of
new Kantorovich type generalization of the
g-Bernstein-Schurer operators defined in [13]. In what
follows, let 1 =[0,1+ p], where
peN’=NuU{0} and J=[0,1] . For
1" =1x1..x1I, let C(I™) denote the space of all

—a,)q, " s

i,=0  i,=0i=0

am + (bm - am )qm im)Ql ! q2 iz"'qm " * (3)

real valued continuous functions on /" endowed

with the norm

71, = sup

| f(x,%y,.05%,) ]
(21,Xy 50y X,y )EL™

For feC(") and 0<gq, <Li=L2,..m
then we define the multivariate case of the Kantorovich

type g¢-Bernstein-Schurer operators as follows:
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N,y sy, p(f qnl q;12 "qn,,,’xl’XZ"""xm)
l’l1+p I’l2+p n, +p
Py
=[n,+1], [n,+1], ..n, +1], Z > Z it oy, (K15 Xyseees X,,)
=0 k=0
. J-[km+l]qn M, +1],, J~[k,,,,1+1]q” a1,
qn] qnz qnm Lk, /Lm,+1] . [k ]qnm?l /[”mfl'*'l]tlnm,l
[kl+1]q”1 /[m+1] i R R R
J‘[kl]qn] [ +1],,, f(tl’tz’ tm)dqnltldqn d i L )
where 3. Basic Results
T —— .
ot P4 Pt ok k( X, Xy5ees X,,) In what follows, for i=1,2,...,m, let (qnl_) be a
sequence in  (0,1) satisfying 9, =1 and
n+pl| [n,+p n +p P . ,
=" ? " X, X, " q" —0 as n— .
k k k 1 2 m n;
b Ja, 2 Vay, "y, Lemma 1. Let
(l—x )n‘“’ k (l—x )nﬁp k2, (l—x )"'”+p o i b Iy
s (X, X500 X, ) =X, ' X, 700X, ",

The purpose of this study is to obtain some (X, %y,.05x, ) €1” ,
approximation properties of a Kantorovich type .. . .
PPTOXIH propettie ' P (iyyiysennsi, ) € N*x N x .. x N° with
multivariate generalization of ¢-Bernstein-Schurer
operators. We obtain the rate of convergecne by using L+i+..+i, <m be the m-dimensional test

the of of

approximation in terms of Lipschitz type space.

modulus continuity and degree

,,,,,

Knl,nz,.,n,-,.,nm,p (eOO..l.O;qn] ’ an 2 qni 2 qnm ’xl’x2’ "‘xi’ "xm) =

41
(21, n+1],,

Knl My sl sl P (eOO..Z.O ; qnl 4 an 2 qn‘- 2 qnm > xl 4 xZ 2 xi 2

4, (3+5q,,+44,. ) [n+pl,,

seees @y 5 X5 Xps e

functions. Then the following equalities hold for the
operators given by (4).

x,)=1;

[+ p],,
[n,+1],

2q,
.y
(2],

1

Xp) = T
[, +11; 3],

g2 (L+q, +44,7) [ +pl,, [n+p=1l, o

21, 0%, e, i 2, 0,

n;

Proof. Using (3), we obtain,

J'[k”’+1]‘ffv,n/["'”+l]qnm J-[k2+1]ql JIm+1,, J-[kl+1]qnl/[n,+
Uk l, /Ty, +] Tk, m) U, /m+1]

Ay, Inpy, ny

f]n, qnz
[n, + l]qn1 [n, + l]%2

qnm
m, +1],

Ay

[n+l]n it

“Ad) (4] (6).d) ()=

an

Now, using the above equation in (4)and taking into account that Kn,p (Lg,x)=1 (see[[1], Lemma4 ]), we

get
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Kn],nz ..... n,,p (eOO.“O;qnl 4 qnz EORA qnm ’xl"xZ’ ""‘xm)

mtpmtp  n,+p

_ T

- N+ PRy + Py + DK K K (XI’XZ""’xm)
k=0 k=0 k,=0

=1.
Now, applying (3) we have
J»[k,,, 1, M, +1l,, JA[k2+1]qn2 M+, JA[kI 1, A+,
[ )] :

k,, ]qnm /[n,, +1]q”m ky ]q”] /[my +1]qn1

td? (1)d! (t,)..d" ()

by, /m 41,

_4yd) g, Mkl a, 94!
[n, +1]an n + 1]%1,-.1 [n, + l]q”‘_ [n, + l]qn[ [n, + l]qni [2]%‘ 7, + l]qm_+1 n, + l]qnm
In view of (4) and
n+p
z b;zlzrp,k‘. (X,)C]:: =1- (1 - qn,- )[n, + p]qnl_ Xis (5)
k=0

i

we get

Kn],nz,.,nl-r,nm,p (600.140;qn1 ’qnz >°9 qni >°3 qnm ’xl"xZ’ "xi’ "xm)

mtpmtp  n,+tp

n, + n, + n, +
_ 1 p 2 p . m p xl ky xz kz.“xm Ko (1 _ xl )Zlnl‘*'P_kl
k=0 ky=0  k,=0 kl 0 kz s km 4
k b
X(l—xz);2+P_kZ~-~(1_-xm)g”’+p_k'”( [ l]qn,- 4 qn. )
m n [I’ll. + I]Qni [ni + l]qm [2]%
nipipn + [ki] fi
_ z i TP % k,(l_xi)z,fp—k,-( 0y n, )
&k . . [n+1],  [n+1], (2],
1 in, + v e
= > P ek,
[ni + l]q k. =0 ki ! !
i 4
n+p
T AR RGOS
[n,+1], 121, = k), '
n;+p-1 _
:M P n+p IJ X k‘.+1(1_xi)gl+p—kl—l
[n; + l]qn[ k=0 k; 0 !
n+p T+
PR S L x, (1=, )it gl
[n,+1, 121, =0 &), ‘
[, + p]
— n; ler 1 (l_(l_qn,)[ni—i—p]qn[ xz)
[, +11, (2], [n,+1],
_ [n[ +p]qnl_ 2q,,i 1

= X, + .
[m+11, 12, (2], [m+1],
Again using (3), we find
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[k, +11,, /[n,+1],, lky 1], A+, clk+1], /n+l,
j[ j[ i j[ N dR t)d; (t,).d, (t,)

knly, /41, k), /m 41, kil Im+1],,

'm

Gy g, [k, q," 2q,1k],
= 1 ! il + !
[m+1], -m +1], [ni+1];i [ni+1]qni[3]q”i [, +1]
1+] km
q, -4,

i+1 m

[nm +1, dn, +1],
From (2),(5) and

n+p

Z by, ()a, =1=(=q)n + pl, x,+q,(1~q,)’[n+pl, [n+p-1], x,

we get
Kn] Sy syl D (eOO.Z.O 9 qn1 > qnz 29 qni 29 qnm > xl > ‘x2 >°9 xi 2% xm )

I’ll+p n2+p }’l2+p n2 +p

kZ

nm+p
k,

n,+p
1k

m

xlklxzkz... "(1- xl)”‘”’ k
Dy

(k1 . 2" . 29, k],
[, +1, [n,+1 [3], [n+1F 2],

k=0 k=0 k=0 i

(1_x2)2i:p_k2 (l-x, )n:,+ Pk (

n+p n K, I
Xi (l_xi)qi,, ‘

y;

[ki]i,,, gt 291k,
[n,+12, [ +11 [3], [ +11 [2],

2
— AN ntp ki 1 n;+p—k; [ki]q”‘, N n+p ki 1 n+p—k;
- k X ( _x")fln- 7 T Z 6 (1= f)qn-
k=0l % ), SR LR ) P ) an '

n,+p
k.

1

2q,[k], e
Tl —
[n +1], [2], i
_ [nz + p]qn[ 1 + q, xi[ni +p _]‘]qn[
1], [n 1], [n,+1],
. 2[n, + p]q”i [n, + l]qn,.
[n,+11; [2],
1
+ 2
[n, + 1]an [3]%1
B 1 9 (3+5q, +4q, ) [n,+p], i
- 2 2 N
[m; +1]; 3], (21, 131, [m; +1],,

x,fi(1=x, T S [ —

4y, [ni +1]§Hi [3]%’

Gy

x(1-(1=g,)[n, +p-1], x)

gl (+q, +4q, )+ pl, [ +p-1],
T ! -x. .
21, 131, [, +1T;,

(1 - (1 - qn2’ )[nl + p]qn‘_ xi + qn’. (1 - qnl )2[ni + p]q"l [nz + p - l]qn, xl 2
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Hence, the proof is completed.
Remark 1. From Lemma 1, we get

Knl,nz,...,nm,p ((tl - xi); qnl ’qnz E qnm H xl H x2’ °te xm)

[nf+p]11nl- 21]/,’ .
+x,( TR —1);

2
Knl,nz ,,,,, n,,p ((tz _xl) ;qnl ’qnz PASRS] qnm ,x17x2""7xm) = (

1
[2], [n,+1],

q.(1+q, +44,")
[2], 131,

2
y; (3+5qni+4q”,' ) [nier]qnl

[n‘,er]qnl [n,,+p*1]qnl [n;+l7]q,,l 4q,, 5
[+, T, 12, +1)x, " +(
4. Main Results

Theorem 1. Forany [ € C(I™), we have
lirrl_)ooHI<nl,n2 ,,,,, nm,p(f)_fHI :0'

f’ll ,I’lz ,...,l’lm
Proof. To proof our theorem, we need some notions

concerning j th projection and Korovkin subset
according to [2]. For locally compact Hausdorff
X, X,,...X, we

spaces denote  pr,
X xX,x.xX, — X, (j=12,..,m)the j
th projection which is defined by pr; =x, for every

x=(x,%y,....,x,)€ X, xX,x.xX, .LetX and

(2, By,

_ 2 1 .
T, T, 0% Y g

Y be two locally compact Hausdorff spaces and
T:C(X)—> C(Y) be a positive linear operator. A

subset H of C(X) is called Korovkin subset for T with
respect to positive linear operator if it Satisfies the
following property: if L, i , 1s an arbitrary net of of
positive linear operators from C(X) into C(y) such that
sup,; || L., and if lim,_,_ L (h)=T(h) for all

i||<o0

heH , then lim_,_L(f)=T(f) for every
feC(X). O
For feC(I"), the modulus of continuity for

multivariate case is defined as follows:

(f30,,0,,...,0,))=sup{| f(t,,ty,.cst,) = f (X, X000 X, ) | (15055 00t,)s (X)5 Xy sy X, ) €1

and |t —x|<0,, for i=12,...m},

where @(f;0,,0,

properties:

,...,0,) satisfies the following

0.—0

a(f;06,,0,,...,0,) =0 if for
i=12,...m;

| f(t,t,,...t,) = [(x,%,),..,X, ) |<

o(f,0,,0,,....0, )1+ |t, = x, | /0)(1+|t, = x,|/0,)

A+, —x,|/0,).

Now, we give the estimate of the rate of convergence
of the multivariate operators defined in (4).

Theorem 2. Let feC(/") and 0<gqg, <1
for i=12,...m Then for all

(x,,%,,...,x,) €J", wehave

| Kn, My iy P (f; qnl ’qn2 "'qnm ’xl’xZ""’xm)
_f(xl’xz""’xm) |

<40(f34[5, ()51, (%)50[8, (x,)),
5,11_ (x)= K, , (O xi)z;qni ,X;) for

i=12,..,m.

where
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Proof. Using linearity and positivity of the operator K, (f; GG seres Gy 5 X5 Xgsens X, ), we have

| Knl,nz ,,,,, My s D (f;qnl ’an 2% Qnm ’xl’xz""’xm) _f(xl’x2""’xm) ’

SK, o St t,) = (XX X,) [5G, 5 G, 5 Gy %15 X050 X, ])

mo

< (f3:5, () f8, ()3, G, (14, ) +ﬁK”‘ 8=, 150, .3)

1
X(an, (l;qn2 ’x2)+—K
! 5,.(»)

1

nz,p(| 1, =X, |;qn2’x2))

"'X(Kn (li‘qn ’xm)+—Kn (’ tm _xm |;qn "xm))'
m > P 'm ,5nm (xm) msP 'm

Now, applying the Cauchy-Schwarz inequality we have

. 2. 12 . 12 .
K, (t—-x1]q,,x)<K, ((¢—-x)3q,,x) (K, ,(Lg,,x)" fori=12,...m.

Using the above, we get the desired result. [
4.1 Degree of approximation

Now, we study the degree of approximation for the
multivariate operators (4) by means of the Lipschitz
class.

For O0<a;<1 and i=1,2,...,m, we define
the Lipschitz class Lip,, (¢,,a,,....,a, ) for the

multivariate case as follows:

| f(ttysenst,)) = (X5 X5 005%,) [

Theorem 3. Let f € Lip,,(¢,,,,...ct,,). Then,

we have

| Knl,nz,“.,nm,p(f;qnl ’qnzﬂ"'ﬁ qnm9x13x29"-9xm)

_f(xlaxza-“axm) |
<M (x)8,27 (x))..00" (x,,),

where O, (x;) for i=1,2,...,m are defined as in

Theorem 2.

Proof. By our hypothesis, we may write

|Knl,n2 ,,,,, nm,p(f;qnl9qn27"'7qnm’xl’xZ""’xm)_f(x17x2""’xm)|

<Koy p (S Gty t,) = (0 X550 6,) [5G, 5 Gy 5005 G, 5515 X500 X,,)

22 .
07 B/ IO/ B S S o
1 2 m

= MK,,]’I, (l L=x |aI ;q”1 :xl)an,pq L—X, |0!2 ;qnzaxz)---Knm,pq Ly =%, |am;qnm axm)-

M | L—Xx |al|t2 X |m2 | Ly =X, o
< MKnl,nz,...,nm,p (| tl —X] |0{l | t2 _xz |0[2 | tm _xm
Now, wusing the Holder’s inequality with
u=2/a, v=2/2-¢) , u,=2/a, ,

v,=2/Q2-a,), ..., u,=2/e,, v,=2/2-a,),

we have

| Knl,nz ,,,,, nm,p(f;q;«ll Sqnzﬁ"'ﬁqnm 7x17x27"')xm)

_f(xlaxza“'axm)l

2. a X o
< MK"]J’ ((tl _xl) ’qn] ’xl) ’ Knl,p(laqnl 9x1) :
22 2-a)
XK”‘Z P ((tz —XZ )2 ;qn2 ’x2) ? an P (laqnz 7x2) ?
Zm 2-ay
. 'XKnm . ((tm _xm )2 ;qnm ’xm ) 2 Knm " (l;qnm ’xm ) 5

<SMS; (x)8,) (x5,)... 8,7 (x,).
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Hence, the proof is completed.
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