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Abstract: In this paper, we present Euler-Lagrange and Hamilton mechanical equations introduced on Riemann almost contact space

of a Cartan space of order two. In the conclusion we discussed differential geometric and physical results about related mechanical

equations.
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1. Introduction

Modern differential geometry has the fundamental
elements as vector field, 1-form, curve, tangent and
cotangent bundles, manifold, etc. Tangent and
cotangent bundles can be modeled as the phase-space
of velocities and momentum of a given configuration
manifold. So modern differential geometry has an
important role for Lagrangian and Hamiltonian
dynamic formalism and mechanical equations. It can
explain and find Euler-Lagrange and Hamilton
mechanical equations using a suitable vector field on
tangent and cotangent bundles. These dynamic
formalisms and equations are illustrated in [1], [2]

Let 3 is m-dimensional con.guration manifold with
(x)1<i<m , it

cotangent bundle TM and T*M with coordinates

coordinates tangent and
(x%,p") and (x,p;), 1 <i<m respectively. If the
functions L:TM - R and H:T*M - R are regular
Lagrange and Hamilton functions then there is a
unique vector field &€ (Xy) on TM(T*M) such that
Lagrangian and Hamiltonian dynamic formalisms are
given:

if ¢, =dE|, (1
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ix,¢n = dE|, )
respectively, where ¢, ¢y are symplectic forms and
E; is the energy associated to L. Further, the geodesies
of the manifold M can be found by solving
Euler-Lagrange and Hamilton equations shown by

a (oL aL

5 Ga) —aa=0 3)
dx!  0H dp; oH
22 -2 4)
dt dp; = dt dxt

respectively for i = 1,2, ..., m. Furthermore the triple
(TM, ¢, &) is called Lagrangian system on TM and
the triple (T*M, ¢y, Xy) is called Hamiltonian system
on T*M. It is possible to find many studies about
Lagrangian (Hamiltonian) mechanics, dynamics and
Euler-Lagrange (Hamilton) equations in articles [3], [4]
and books [5], [6]

Hamilton Jacobi formalism is used to solve various
mechanical problems in classical mechanics. Also
Hamilton-Jacobi theory gets to reach at the
frequencies of periodic systems, without finding the
full solution of the dynamic problem. Hamilton-Jacobi
formulation can be extended to quantum mechanics.

Schrodinger equation for the eigenfunctions and
eigenvalues is important equation in quantum
mechanics. Because energy eigenstates of a particle in

a potential well are usually found out by solving this.
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Quantum Hamilton Jacobi formalism allows
calculation of the bound state energies of the system
without requiring the determination of the
wave-functions. The basis of this formalism is the
quantum Hamilton Jacobi equation, which along with
the physical boundary conditions. So this equation is
equivalent to the Schrodinger equation or Heisenberg.s
equation of motion [7]. Also Hamilton.Jacobi equation
is a special case of the Hamilton-Jacobi-Bellman
equation, which is used to solve optimal control

problems [8].

2. Cartan Space of Order-2 (C®™) and
Riemann Almost Contact Structure of €™

In this section, we remind of some structures given
in [6]. Let M is a manifold of real dimension m and
T*2M is 2-osculator cotangent bundle of M with local
coordinates (xi,yi,pi) i=12,..m and K:T**M >
[0,00] is a real function where T**M =TM @ T*M.
Then the pair (M,K(x,y,p)) is a Cartan space of
order 2 if the following axioms hold:

(i) K is differentiable on T*2M = T*2M/{0} for
{0} ={(x,0,0) | x € M}

(ii) K is positively 1-homogeneous on the fibres of
cotangent bundle T*?>M that is K(x,y,Ap) =
AK(x,y,p) forall A >0

(iii) The Hessian of K? with elements

10K 0K

g7 (x,y,p) = 2907, ®)

is positively defined on T*2M. Here g¥ is symmetric,
nonsingular distinguished tensor field (d-tensor field)
and contravariant of order two on the manifold T*2M.
The function K(x,y,p) is called fundamental function
and the d-tensor field g¥ is called fundamental or
metric tensor of the space C" = (M,K(x,y,p)). A
Cartan space can be thought as Riemann almost contact

space on the manifold T*2M . By means of a
nonsingular connection with coefficients (Nlj , N; j) on

T*2M that is regular distribution supplementary to the

vertical distribution V =W;®W, with N:u €

T*2M - N, € T,T*>M then we can write T,T**M =
NwW)@W; (w) + W, (w) for all u € T*2M. Afterwards
it follows that

a\T s _ i@ ]
(ﬁ) T exi oxi Ni ayJ t Nij dp;j (6)

5\ . . .
Moreover (E),l =1,2,..,m is a local base in

6 a 0

HTM . (5505

)i= 1,2,..,m 1is local base

adapted to the horizontal and vertical distributions.
And also (dx!,8y!,6p;)i=12,..,m is the dual

5 8 9\ . i
base of (ﬁ’a_yi’a_p») i=12,..,m where §y'=
L

dy' + N/ dx/andSp; = dp; — Njdx/ € HT*M. Now,

Let g;; be covariant tensor of g¥ then the N-lift to

T*?M of the fundamental tensor by G¥(x,y,p) by:

G = gydx'®dx) + g;5y'®Sy" + g7 5p;®@p; (7)
Theorem 1. i) The pair (T’*fz“w, G) is a Riemann

The distributions N,W; and W, are

orthogonal with respect to G.

space i)

Now suppose that the d-tensor metric g7 (x,y,p)
and the symmetric nonlinear connection N are given
then we can define almost contact structure F as follow:

p(i) - g F(i)=o
5xt Yop;, \ay!
F()=9" 5= (8)

The affect of F on the base (dx’,8y',8p;) is as
follow:

F*(dx') = —g;i6p; F*(6y") =0
F*(6p;) = —g" dx' )

Theorem 2. i) F is a tensor field of type (1,1) on
T2M

(i) The pair (G,F) is Riemann almost contact
structure on T*2M

(i) The almost symplectic 2-form of the structure
(G,F) is

0 = &p;Ndx* (10)

Definition. The space (TF*W, G, F) is called

Riemann almost contact model of the space €.
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3. Euler-Lagrange Equations

In this section we present Euler-Lagrange equations
on almost Riemann model H?™ = (7:?274, G F ) of the
space C®"_ First let F take an almost contact structure
on the space €™, Let semispray be the vector field &

given as:

§=X YV P (11)

The vector field denoted by

V=F@) = Xl st Pl (12)

is called Liouville vector field. We call the function
E; =V(L)—L is energy function associated to the
map L:M — R that L=T—-P is a

Lagrangian function where T and P are kinetic

satisfies

energy potential energy of the system respectively. So
E; can be obtained as
E, = —g; X' oL + gy Pt S—L. —L(13)
Y7 op; Sxt
and

5 0 0 oL
dE;, = <6 -~ dx +F6y +%8p)(—g,-jX %

i

+ UPLE—L)
g 6[

ENTAN CNEANS

000 5 (g ' = 5 (5 ) o

_g..Xii(a )5[) gljpii(ﬁ)dxi
77 0p; \Op; Sxt \Sx/

+g1]P a < oL ) é‘yl gl] Pl 0 (S_L) 5pi
oyi\éxJ op; \8x/
6L dL oL

—ﬁdx —Wdy —ap]

i

(14)
For structure F, the closed 2-form given by
¢ = —ddpL such that
é d 0
ddgL = F(Fdx +;5y +%6p )

oL

L .
gua dx! +g‘1(S -6p'

(15)

then, ¢; can be found as

& (0L
bL=9i 5 50 (6 )dxf/\dx

ui(a )d iNG
T 9" 53 \5xt) ¢ O

+g; o (8L>6y1/\dx —g‘fi<6L) 5y’ Nop;
Y ayi\a 0y \& '
+g; 0 (aL)6p Adxt — g¥ i((s—L)ch?-/\(Sp-
UFFAVY J op; \&xt) T
(16)
The left hand side of Lagrangian formalism is

calculated as

, ) d 0
g, = ¢(§) = ¢L( _+Yl_+Pl )

ayt op;
— —gixi = <5L>6p — 9y X a-<a—L->6y"
Sx Sxt U7 ayi\op
T IA T IAN
94X a_pl<a_pl> op' +g,Y 8_yl<a_pl> p

—giyli— 9 ﬁ St + i]pii ﬁ dxt
g dyi\Sxt T gl sxi\x

+gY Pt — g ﬁ) Syl + gP‘i<a—L> dx!
oyt \bx! Y7 9pt \oap!
7
So from (1) we get the following as:
L  SL JL
gufa +6l= fﬁ—;_o(m)

Now let the curve a be the integral curve of the
vector field £. So Euler-Lagrange equations can be
found as below:
a(aL) 6L 6(6L) dL

R J— yj =
9ii 3¢ \op; 0.9 5xi) “apr - 09

+ Sxt ot

Hence, the equations introduced in (19) are called
Euler-Lagrange equations on the Riemann almost
contact model of space C®". Furthermore the triple
(H*™, ¢, %) is said to be a Lagrangian system on the

Riemann almost contact model H?™ of space €,
4. Hamilton-Jacobi Equations

Here, we present Hamlton-Jacobi equations for
quantum and classical mechanics constructed on

the Riemann almost contact model H?™ of space
c@n



Mechanical Equations on Riemann Almost Contact Model of a Cartan Space of order 2 203

Theorem 3. There exists a unique vector field
X2 € T*2M with the property
iXK2¢> = —dE, (20)
for any Cartan space. This equation is called
Hamilton-Jacobi formalism.

Now firstly set a 1-form
w=—3(g"x'dx' +y'Sy + gypidp;) (21)
Then we have the Liouville form
A=F"(w) = —%(—xiépi + pl-dxi) (22)

and the closed form
¢ = —dA = &p; Ndx/ (23)

Take the Hamiltonian vector field

XKz=Xi%+Yiaiyi+Piaipi (24)
Then we find
ix . = Pp(Xx2)
= &pjNdx/ (Xii vl P"i)
J 5xt oy! op;
= —X'8p; + Pldx! (25)

and

SK?
—dKz = -
oxt

. 0KZ o . 0K? o
dxt _6_yi6yl _B_mapl (26)
By means of (20); using (25) and (26) , it is obtained

. 2 . . 2
X‘=%,Y‘=O,P‘=—% 27)

and so the Hamiltonian vector field is found as follows:

dK? & §K? @
X 2= 2
K oxi 97, (28)

Assume that a curve a:1 € R -» T*2M
a(t) = (¥'(0),y' ), pi (1)) (29)
be an integral curve of the Hamiltonian vector field of

the Hamiltonian vector field Xgz, i.e,

Xg2(a(t)) = a(t),tel (30)
where
bty = 8 0 de o
a(t) = dt 8xi ' dt 9yl + dt ap; @D
Considering (30), if we equal (28) and (31) we find
i 2 i ) 2
dxt _OKT dy' _ g dpi _ _ OK© (32)

At opldr . At ext

Hence, the equations introduced in (32) are called
Hamilton-Jacobi equations on the Riemann almost
C®" and the
(H**™, ¢, X 2) is said to be a Hamiltonian mechanical

contact model of space triple

system on the Riemann almost contact model H**™ of
the space €.
5. Corollary

Considering together with Euler-Lagrange (19) and
Hamilton-Jacobi (32) equations, we find

aKZ _ _ Di
gija_pi_pi Or g; =K
opi

(33)
if the functions L and K? are accepted to be equal
then using equations (19), (32) and (33) we get

d [(SK? 3
at\oxi ) Pi
(34)

As shown that it can be written to be independent p;
of gl]

6 Discussion

From sections 3 and 4 we conclude that Lagrangian
and Hamiltonian dynamics in classical mechanics and
field theory can be intrinsically characterized on the
Riemann Almost Contact Model of a Cartan Space of
Order Two. The paths of semispray & on the almost
Riemann model H?™ = (TF*T]\;I,G,F) of manifold
c@n of the Euler-Lagrange
equations obtained in (19) on H*™ of manifold €®™",
Also the solutions of Hamilton-Jakobi equations
obtained in (30) on H*?>™ of manifold C®" are paths
of vector field Xg2 on the almost Riemann model

are the solutions

H**™ of manifold C®™. Consequently it is shown
that these equations are very important for researchers
working the analytics problems about Cartan spaces.
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