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Abstract: In this article, we will show the Kaldor-Philips business cycle model with Hopf bifurcation theorem of the three 
dimensions, and the International trade model along with the dynamic IS-LM model by utilizing Hopf bifurcation theorem of the four 
dimensions. In section 2, we will present the Kaldor-Philips type dynamic IS-LM model. In section 3, we will also the dynamic 
IS-LM-international trade model of Hopf bifurcation theoremof four dimensions. In the last, but not least, I will present the policy 
implications of the Kaldor-Philips business cycle and International trade models along with the dynamic IS-LM model. 

1. Introduction

Some Post Keynesians question whether or not 

inflation targeting is compatible with the Post 

Keynesian Economy (Davidson, 2006; Lima & 

Setterfield, 2008; Palley, 2006; Setterfield, 2006; Dos 

Santos, 2014). 

Setterfield (2006) tried to show that inflation 

targeting is compatible with Post Keynesian 

economics, especially, when policy used to achieve 

the inflation target explicitly acknowledge (1) there is 

the demand-driven nature of the real income 

generating process; and (2) the importance of 

conflicting process of income distribution for 

determining the rate of inflation. 

In this article, we will show the Kaldor-Philips 

business cycle model with Hopf bifurcation theorem 

of the three dimensions, and the International trade 

model along with the dynamic IS-LM model by 

utilizing Hopf bifurcation theorem of the four 

dimensions. 

In section 2, we will present the Kaldor-Philips type 

dynamic IS-LM model. In section 3, we will also the 

dynamic IS-LM-international trade model of Hopf 
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bifurcation theoremof four dimensions. In the last, but 

not least, I will present the policy implications of the 

Kaldor-Philips business cycle and International trade 

models along with the dynamic IS-LM model. 

2. Dynamic IS-LM Model with Philips Curve

As the institutional characters of modern capitalist 

economy, we can point out the instability of the 

financial market and the increasingly important of the 

decision-making processes of the business firms. 

Besides, we can consider the correspondences of the 

government and the central bank in the cases of the 

booms and recessions. 

We can see the literature the stabilization policy as 

follows Philips defined three types of stabilization 

policy. Those are following; (i) proportional 

stabilization policy: government expenditure is 

proportional to the size of error; (ii) derivative 

stabilization policy: government expenditure is 

increased in response to the direction of the change of 

the real income; and (iii) integral stabilization policy: 

government expenditure corresponds to the calculative 

or integralerror in the past (Nagatani 1981, 

pp.164-165). Asada (1997 ch.2) analyzed the 

implication of the cycle caused by policy in the 
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macro-dynamics of business cycles, and distinguish 

effective cases from ineffectiveness as the 

stabilization policy. 

Torre (1977) applied to the analysis of the business 

cycle Hopf Bifurcation theoremwith the dynamic 

IS-LM model.  

2.1 Dynamic IS-LM Model with Philips Curve: 

Analytical Approach 

Notation 

y = real national income, ்ݕ = target national 

income along with fullemployment (exogenous 

variable), I = real investment, S = real saving, k = real 

capital stock, δ = depreciation rate of capital 

(exogenous variable), G = government expenditure 

(exogenous variable), T = income tax, M = nominal 

money supply (exogenous variable), p = price level, L 

= money demand, r = nominal interest rate, ߨ௘ ൌ 

expected rate of inflation (exogenous variable). 

Let us consider the dynamic IS-LM-PC model with 

Kaldorian investment function, Keynesian liquidity 

preference function and dynamic Philips curve by 

using Hopf bifurcation theorem of three dimensions. 

We don’t consider the open economy. 

ௗ௬

ௗ௧
ൌ ܫሺߙ ൅ ܩ െ ܵ െ ܶሻ, ߙ ൐ 0        (1) 

ܫ ൌ ,ݕሺܫ ݇, ݎ െ ,௘ሻߨ ௬ܫ  ൐ 0, ௞ܫ  ൏ 0, ௥ܫ  ൏ 0   (2) 

ܩ ൌ ,଴ܩ ଴ܩ ൐ 0              (3) 

ܵ ൌ ܵሺݕሻ, ܵ௬ ൐ 0             (4) 

ܶ ൌ ܶሺݕሻ,  ௬ܶ ൐ 0             (5) 

ௗ௞

ௗ௧
ൌ ,ݕሺܫ ݇, ሻݎ െ ,݇ߜ δ ൐ 0         (6) 

ெ

௣
ൌ ,ݕሺܮ ,ሻݎ ௬ܮ  ൐ 0, ௥ܮ  ൏ 0        (7) 

ௗ௣

ௗ௧
ൌ ݕሺߛ െ ,ሻ்ݕ ߛ ൐ 0           (8) 

Eq.(3-2-1) is the dynamic equation with the excess 

demand of goods and services market. Eq. (3-2-2) is 

the investment function with the increasing function 

of income, and the decreasing function of real interest 

rate. Eq. (3-2-3) is government expenditure 

function.Eq. (3-2-4) is saving function. Eq. (3-2-5) is 

the income tax. Eq. (3-2-6) is the dynamic function of 

capital accumulation. Eq.(3-2-7) is equilibrium 

condition of the money market, which means the real 

money supply equals the real money demand, which is 

the increasing function of the real income, and 

decreasing function of nominal interest rate. Eq.  

(3-2-8) is the dynamic equation of the price level with 

the reflective function between the real output and 

target output along with the full employment. Reduced 

(3-2-7) to the nominal interest rate, equation is as 

follows: 

ݎ ൌ ,ݕሺݎ ܲሻ, ௬ݎ  ൐ 0, ௣ݎ  ൐ 0        (9) 

From the above economic system, we can get the 

following system of dynamic equations: 

(i) 
ௗ௬

ௗ௧
ൌ ߙ ቀܫ൫ݕ, ݇, ,ݕሺݎ ሻ൯݌ ൅ ଴ܩ െ ܵሺݕሻ െ ܶሺݕሻቁ,  

ߙ ൐ 0 

(ii)
ௗ௞

ௗ௧
ൌ ,ݕሺܫ ݇, ,ݕሺݎ ሻሻ݌ െ ,݇ߜ δ ൐ 0         (10) 

(iii)
ௗ௣

ௗ௧
ൌ ݕሺߛ െ ,ሻ்ݕ ߛ ൐ 0 

(Assumption 1) The signs of derivatives are as 

follows: 

௬ܫ ൐ 0, ௞ܫ  ൏ 0, ௥ܫ  ൏ 0, ܵ௬ ൐ 0,  ௬ܶ ൐ 0, ௬ݎ  ൐ 0, ௣ݎ 

൐ 0. 

(Assumption 2) All functions in the system are 

differential, and all functions without the investment 

function are defined linearly. The investment function 

is defined as the function which has the Kaldorian 

non-linearity. 

௬௬ܫ  ൏ ݕ ݎ݋݂ 0 ൐ ௬௬ܫ  and ,כݕ ൐ ݕ ݎ݋݂ 0 ൏  כݕ

From (Assumption 1) and (Assumption 2), the 

above dynamic system has the only equilibrium (y*, 

k*, p*) independent of the parameters ߙ and ߛ. To 

analyze the dynamic system of three dimensions, we 

assume as follows: 

(Assumption 3) There is an equilibrium (y*, k*,p*) 

in the space {(y, k, p)|y>0, k>0, p>0}. Linearizing the 

system around the equilibrium, the Jacobian matrix J* 

is as follows: 
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J* = ൭
ଵଵܨ ଵଶܨ ଵଷܨ
ଶଵܨ ଶଶܨ ଶଷܨ
ଷଵܨ 0 0

൱          (11) 

Where 

ଵଵܨ ൌ α൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯, ଵଶܨ ൌ αܫ௞ ൏ 0, ଵଷܨ

ൌ αܫ௥ݎ௣ ൏ 0, ଶଵܨ   ൌ ௬ܫ  ൐ 0, ଶଶܨ

ൌ ௞ܫ െ δ ൏ 0, ଶଷܨ ൌ ௣ݎ௥ܫ ൏ 0, ଷଵܨ

ൌ ߛ ൐ 0. 

Suppose that all derivatives are estimated at the 

equilibrium point. We fix the parameter, γ . The 

characteristic equation of the Jacobian matrix (3-2-11) 

is as follows: 

ଷߣ ൅ ܽଵߣଶ ൅ ܽଶߣ ൅ ܽଷ ൌ 0        (12) 

where ܽଵ ൌ െܨ－=כܬ ݁ܿܽݎݐଵଵ－ܨଶଶ＝－ 

α൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯ െ ሺܫ௞ െ δሻ 

ܽଶ ൌ ଷଷܨଶଶܨ െ ଷଶܨଶଷܨ ൅ ଷଵܨଵଷܨଷଷーܨଵଵܨ ൅ ଶଶܨଵଵܨ

െ  ଶଵܨଵଶܨ

＝ － αܫߛ௥ݎ௣ ＋ α൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯ሺܫ௞ െ δሻ െ
αܫ௞ܫ௬ 

ܽଷ＝det כܬ ＝ െ αߛδܫ௥ݎ௣＞0, 

and ܽଵ, ܽଶ ܽ݊݀ ܽଷare functions of ߙ each other. 

When the equilibrium loses the stability as a 

parameter changes, Hopf bifurcation occurs. 

Then, we assume as follows: 

(Assumption 4) On the equilibrium, 

൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯ 

must be positive, but enough to be small for all 

ܽଵ, ܽଶ> 0. 

By the way, we will prove the existence of closed 

orbits in the dynamic system (3-2-10) by using Hopf 

bifurcation theorem. 

Proposition 1. Under (Assumption 1) ～

(Assumption 4), if the bifurcation parameter α is near 

to the bifurcation value, then ߙ ൐ ߙ  ଴ orߙ ൏  ,଴ߙ

there is a closed orbit at least around an equilibrium of 

the dynamic system (3-2-10). 

(proof) 

In proving the local stability of the dynamic system, 

the very useful theorem is Routh-Hurwitz theorem. In 

the case of three dimensions, if ܽଵ, ܽଶ, ܽଷ ൐ 0  and 

ܽଵܽଶ െ ܽଷ > 0, it is shown that the real parts of 

eigenvalues are negative. If ܽଵ, ܽଶ, ܽଷ ൐ 0  and 

ܽଵܽଶ െ ܽଷ > 0, it is shown that the real parts of 

conjugated complex roots are zero, there are no real 

roots which are equivalent to zero. 

Then, suppose α as the parameter of the bifurcation 

and assume an initial value which Routh-Hurwitz 

conditions are filled. By (Assumption 4), a marginal 

increase in α implies a marginal decrease in ܽଵ, i.e.,  

డ௔భ

డ α
 = －൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯< 0, 

at lastܽଵ will become to zero. Besides, a marginal 

increase in α implies a marginal increase in ܽଷ, i.e., 

డ௔య

డ α
 = െߛδܫ௥ݎ௣> 0 

The sign of ∂ܽଶ
߲ αൗ  is ambiguous, but the 

existence of a value α଴ with the consequence 

ܽଵܽଶ െ ܽଷ = 0 can nevertheless be demonstrated. If 

∂ܽଶ
߲ αൗ ൐ 0 ,  the product ܽଵܽଶ  will be equal to 

infinite on the upper line of α ൌ αොat last, and  

ܽଵܽଶ െ ܽଷ ൌ ሼߙ൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯ ൅ ሺܫ௞ െ

௣ݎ௥ܫߛߙሻሽሼߜ െ ௬ܫ൫ߙ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯ሺܫ௞ െ ሻߜ ൅

 ௣＝0ݎ௥ܫδߛ௬}＋αܫ௞ܫߙ

ܽଵܽଶ െ ܽଷ ൌ α଴ܣ
ଶ െ Bα଴ ൌ 0 

A= 

௬ܫ௣൫ݎ௥ܫߛ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯

െ ൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯
ଶ

ሺܫ௞ െ δሻ

൅ ௬ܫδ൫ߛ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯ܫ௥ݎ௣ 

B= 

െܫߛ௥ݎ௣ሺܫ௞ െ δሻ ൅ ൫ܫ௬ ൅ ௬ݎ௥ܫ െ ܵ௬ െ ௬ܶ൯ሺܫ௞ െ δሻଶ

െ ௞ܫ௣ሺݎ௥ܫδߛ െ δሻ 

Then, ଴ߙ ,0＜ߙ ൌ ܤ
ൗܣ  

The Jacobian of (3-2-9) has a pair of pure 

imaginary eigenvalues and no other eigenvalues with 

zero real part on the bifurcation value α଴. 

Forα ൏ α଴, ܽଵܽଶ െ ܽଷ is negative. Then, a pair of 

conjugated complex root ߣሺα଴ሻ , that ensures 
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ܽଵܽଶ െ ܽଷ ൌ 0 cannot become ߣሺα଴ሻ ൅  .ሺα଴തതതሻ =0ߣ

Then, for ߙ  ൏ ଴ߙ  , the real part of a pair of 

conjugated complex root is non zero. The case, in 

which closed orbits arise at ߙ ൏  ଴  is called theߙ

subcritical case: closed orbits enclose stable fixed 

points ሺݕ, ݇, ሻ|ఈழఈబ݌
, implying that the orbits 

repelling. The equilibrium becomes unstable at 

ߙ  ൐ ～଴, there is no orbit. Then, (Assumption 1)ߙ

(Assumption 4), if the bifurcation parameter  ߙ  is 

near to the bifurcation value, then for  ߙ ൐ ߙ  ଴ orߙ ൏

଴ߙ  there is a closed orbit at least around an 

equilibrium of the dynamic system (3-2-10). (Q.E.D.) 

2.2 Numerical Simulation of Dynamic IS-LM Model 

with Philips Curve 

Along with the above dynamic IS-LM model with 

Philips curve, we will show the numerical simulation 

as follows: 

ݕ݀
ݐ݀

ൌ αሾ0.1ሺY െ 23ሻଷ ൅ 0.05K ൅ ଴݌0.05 ൅ ଴ܩ

െ ሺ0.1ሺY െ 23ሻ ൅ 0.13Y െ 0.65ሻሿ 

݀݇
ݐ݀

ൌ 0.1ሺY െ 23ሻଷ ൅ 0.05K ൅ ଴݌0.05 െ 0.05K 

ௗ௣

ௗ௧
ൌ0.3( ଴ܻ－Y) 

 ଴＝45ܭ ,଴＝0, ଴ܻ＝23݌ ,଴＝0.05ܩ

if 2＝ߙ ଴＝0݌ ,଴＝0.05ܩ , , ଴ܻ＝23,  and  ܭ଴＝45, 

we will show the result as follows: 

Besides, if 8＝ߙ, ＝଴ܩ  ,଴＝0݌ ,0.05  ଴ܻ＝ 23, 

 and  ܭ଴＝45, we will show the result as follows: 

We will consider the implication of this model. Let 

us consider the case which the real national income 
 

 
Fig. 1  Y-K Phase Diagram(હ＝૛, ࡳ૙＝0.05,࢖૙＝૙,ࢅ૙＝23, ࡷ ࢊ࢔ࢇ૙＝45). 
 

 
Fig. 2  Y-K Phase Diagram(હ＝ૡ, ࡳ૙＝0.05,࢖૙＝૙,ࢅ૙＝23, ࡷ ࢊ࢔ࢇ૙＝45). 
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becomes smaller than the equilibrium value by some 

exogenous causes for simplicity. The decrease in the 

real income will lead to the decrease of consumption 

and decrease of investment. And also the decrease in 

the real income will lead to the decrease of the money 

demand and income tax. And if the real national 

income become smaller than the equilibrium value, 

the actual rate of inflation will be adapted by the gap 

between the actual and target level of real income. 

3. International Trade withthe dynamic 
IS-LM model 

Lorentz (1987) has developed a very simple IS-LM 

model which examines the effect of economic 

linkages on the economic dynamical system of a 

macro-open economy along with the dynamic IS-LM 

model. 

We will extend the following dynamic 

macroeconomic model with two-country, international 

trade. We assume the price levelsin each country are 

exogenous variables, and the change rate of money 

supply in each country will regulate dynamically by 

the net export of each country. 

3.1 Dynamic IS-LM Model with International Trade: 

Analytical Approach 

Notation 

 ,௜ = real national income in country i (i = 1, 2)ݕ

 ௜=real investment in country i (i=1,2), ௜ܵ=real savingܫ

in country i (i = 1, 2), ܯ௜= nominal money supply in 

country i (i = 1, 2), ݌௜ = price level in country i (i = 1, 

2) (exogenous variables), ܮ௜ =money demand in 

country i (i = 1, 2), ܯ௜
் ＝ nominal money supply in 

country i (i = 1, 2) (exogenous variable), ݎ௜= nominal 

interest rate in country i (i = 1, 2), ߨ௜
௘ ൌ expected 

rate of inflation in country i (i = 1, 2) (exogenous 

variable). 

ଵݕ݀

ݐ݀
ൌ ,ଵݕଵሺܫଵ൫ߙ ଵݎ െ ଵߨ

௘ሻ െ ଵܵሺݕଵሻ ൅ ܧ ଵܺሺݕଶሻ

െ ,ଵሻ൯ݕଵሺܯܫ ଵߙ ൐ 0 

           (13) 

ଵ௬భܫ
൐ 0, ଵ௥భܫ

൏ 0, 0 ൏ ଵܵ௬భ
൑ 0, ܧ ଵܺ௬మ

൐ 0, ௬భܯܫ
൐ 0 

ଶݕ݀

ݐ݀
ൌ ,ଶݕଶሺܫଶ൫ߙ ଶݎ െ ଶߨ

௘ሻ െ ܵଶሺݕଶሻ ൅ ଵሻݕଶሺܺܧ

െ ,ଶሻ൯ݕଶሺܯܫ ଶߙ ൐ 0  

          (14) 
ଶ௬మܫ

൐ 0, ଶ௥మܫ
൏ 0, 0 ൏ ܵଶ௬మ

൑ 

0, ଶ௬భܺܧ
൐ 0, ଶ௬మܯܫ

൐ 0 

ଵܯ
ଵതതതൗ݌ ൌ ,ଵݕଵሺܮ ,ଵሻݎ

ப௅భ

డ௬భ
൐ 0,

ப௅భ

డ௥భ
൏ 0    (15) 

ଶܯ
ଶതതതൗ݌ ൌ ,ଶݕଶሺܮ ,ଶሻݎ

ப௅మ

డ௬మ
൐ 0,

ப௅మ

డ௥మ
൏ 0    (16) 

ଵܯ݀

ݐ݀
ൌ ܧଵ൫ߛ ଵܺሺݕଶሻ െ ଵሻ൯ݕଵሺܯܫ ൅ 

ଵܯଵሺߚ
் െ ,ଵሻܯ ଵߛ ൐ 0,  ଵ＞0       (17)ߚ

ଶܯ݀

ݐ݀
ൌ ଵሻݕଶሺܺܧଶ൫ߛ െ ଶሻ൯ݕଶሺܯܫ ൅ ଶܯଶሺߚ

் െ  ,ଶሻܯ

ଶߛ   ൐ 0,  ଶ＞0              (18)ߚ

Eq.(4-1) is the dynamic equation with the excess 

demand of goods and services market of country 1 in 

the open economy. Eq. (4-2) is the dynamic equation 

with the excess demand of goods and services market 

of country 2 in the open economy. Eq. (4-3) is 

equilibrium condition of the money market of  

country 1, which means the real money supply equals 

the real money demand, which is the increasing 

function of the real income, and decreasing function 

of nominal interest rate. Eq. (4-4) is equilibrium 

condition of the money market of country 2, which 

means the real money supply equals the real money 

demand, which is the increasing function of the   

real income, and decreasing function of nominal 

interest rate. Eq. (4-5) is the dynamic equation of the 

nominal money supply of country 1, and Eq. (4-6) is 

the dynamic equation ofnominal money supply of 

country 2. 

Eq. (4-3) and (4-4) are reduced to the form as 

follows: 
ଵݎ ൌ ,ଵݕଵሺݎ ଵ௬ଵݎ ,ଵሻܯ ൐ 0, ଵெభݎ

൏ 0     (19) 

ଶݎ ൌ ,ଶݕଶሺݎ ଶ௬ଶݎ ,ଶሻܯ ൐ 0, ଶெమݎ
൏ 0     (20 

From the above economic system, we can get the 

following system of dynamic equations: 
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ሺ݅ሻ
ଵݕ݀

ݐ݀
ൌ ,ଵݕଵሺܫଵ൫ߙ ,ଵݕଵሺݎ ଵሻሻܯ െ ଵܵሺݕଵሻ ൅ ܧ ଵܺሺݕଶሻ

െ ,ଵሻ൯ݕଵሺܯܫ ଵߙ ൐ 0 

ሺ݅݅ሻ
ଶݕ݀

ݐ݀
ൌ ,ଶݕଶሺܫଶ൫ߙ ,ଶݕଶሺݎ ଶሻሻܯ െ ܵଶሺݕଶሻ ൅ ଵሻݕଶሺܺܧ

െ ,ଶሻ൯ݕଶሺܯܫ ଶߙ ൐ 0 

ሺiiiሻ
dMଵ

dt
ൌ γଵ൫EXଵሺyଶሻ െ IMଵሺyଵሻ൯

൅ ଵܯଵሺߚ
் െ ,ଵሻܯ ଵߛ ൐ 0,  ଵ＞0ߚ

(4-9) 

ሺ݅ݒሻ
ଶܯ݀

ݐ݀
ൌ ଵሻݕଶሺܺܧଶ൫ߛ െ ଶሻ൯ݕଶሺܯܫ

൅ ଶܯଶሺߚ
் െ ,ଶሻܯ ଶߛ ൐ 0,  ଶ＞0ߚ

(Assumption 5) The signs of derivatives are as 

follows: 
ଵ௬భܫ

൐ 0, ଵ௥భܫ
൏ 0, 0 ൏ ଵܵ௬భ

൑ 0, 

ܧ ଵܺ௬మ
൐ 0, ଵ௬భܯܫ

൐ 0 

ଶ௬మܫ
൐ 0, ଶ௥మܫ

൏ 0, 0 ൏ ܵଶ௬మ
൑ 0, ଶ௬భܺܧ

൐ 0,  

ଶ௬మܯܫ
൐ 0 

ଵ௬ଵݎ ൐ 0, ଵெభݎ
൏ ଶ௬ଶݎ ,0 ൐ 0, ଶெమݎ

൏ 0 

(Assumption 6) All functions in the system are 

differential, and all functions without the investment 

function are defined linearly. The investment function 

is defined as the function which has the Kaldorian 

non-linearity. 
ଵ௬భ௬భܫ

൏ ଵݕ ݎ݋݂ 0 ൐ ଵݕ
  ,כ

and 
ଵ௬భ௬భܫ 

൐ ଵݕ ݎ݋݂ 0 ൏ ଵݕ
 כ

ଶ௬మ௬మܫ
൏ ଶݕ ݎ݋݂ 0 ൐ ଶݕ

  ,כ

and 
ଶ௬మ௬మܫ 

൐ ଶݕ ݎ݋݂ 0 ൏ ଶݕ
 כ

(Assumption 7) There is an equilibrium ( ଵݕ *, 

 ,ଵ>0ݕ| (ଶܯ,ଵܯ,ଶݕ ,ଵݕ)} ଶ*) in the spaceܯ,*ଵܯ,*ଶݕ

ଶܯ,ଵ>0ܯ ,ଶ>0ݕ ൐ 0}. Linearizing the system around 

the equilibrium, the Jacobian matrix J* is as follows: 

J* = ൮

ଵଵܬ ଵଶܬ ଵଷܬ 0
ଶଵܬ ଶଶܬ 0 ଶସܬ

ଷଵܬ ଷଶܬ ଷଷܬ 0
ସଵܬ ସଶܬ 0 ସସܬ

൲        (21) 

ଵଵܬ ൌ ଵ௬భܫଵሺߙ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ሻ, 

ଵଶܬ ൌ ܧଵߙ ଵܺ௬మ
൐ ଵଷܬ ,0 ൌ ଵ௥భܫଵߙ

ଵெభݎ
൐ 0, 

ଶ௬భܺܧଶߙ=ଶଵܬ
>0, 

ଶ௬మܫ)ଶߙ=ଶଶܬ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
), 

ଶ௥మܫଶߙ=ଶସܬ
ଶெమݎ

ଷଵܬ ,0< ൌ െߛଵܯܫଵ௬భ
＜0, 

ܧଵߛ=ଷଶܬ ଵܺ௬మ
൐ ଷଷܬ ,0 ൌ െߚଵ ൏ 0,   

ଶ௬భܺܧଶߛ=ସଵܬ
൐ 0, 

ଶ௬మܯܫଶߛ－=ସଶܬ
൏ ସସܬ ,0 ൌ െߚଶ ൏ 0. 

Hopf bifurcation theorem(existence part) 

Consider the following general system 

ݕ݀
ݐ݀

ൌ ߮ሺݕ,  ሻ    ሺHሻߙ

and suppose that for each ߙ in the relevant interval it 

has an isolated equilibrium point ݕ௘=ݕ௘ሺߙሻ. Assume 

that the Jacobian matrix of ߮  with respect to ݕ , 

evaluated at (ݕ௘ሺߙሻ,  :has the following properties (ߙ

(H1) it possesses a pair of simple complex conjugate 

eigenvalues ߠሺߙሻ േ ݅߱ሺߙሻ  that become pure 

imaginary at the critical value ߙ଴of the parameter, i.e., 

ሻߙ଴ሻ=0, while ߱ሺߙሺߠ ് 0, and no other eigenvalues 

with zero real part exist at  (ݕ௘ሺߙ଴ሻ,  ;(଴ߙ

(H2)
ௗఏሺఈሻ

ௗఈ
|ఈୀఈబ

് 0 

THEN system (H) has a family of periodic solutions. 

Since the existence part of the theorem leaves us as 

regards the nature of the cycle, there are in principle 

various possibilities. One possibility is that orbits 

spiral from ݕ௘ሺߙሻ  when ߙ ൐ ଴ߙ  toward a stable 

limit cycle.This is called a supercritical Hopf 

bifurcation. Another is that an unstable cycle exists for 

ߙ ൏  ଴, inside of which all orbits spiral in towardߙ

 .ሻ. This is called a subcritical Hopf bifurcationߙ௘ሺݕ

Other possibilities may also exist1. 

Suppose that all derivatives are estimated at the 

equilibrium point. We fix the parameter, γ. The 

characteristic equation of the Jacobian matrix (4-10) is 

a four-dimensional system. In the case of a 

four-dimensional system we have the following useful 

theorem due to Asada and Yoshida (2003).2 

                                                           
1 G. Gandolfo(2009), p.481. 
2 Ibid., pp.481-482. 
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Asada-Yoshida Theorem 

(i) the polynomial equation 

ସߣ ൅ ܽଵߣଷ ൅ ܽଶߣଶ ൅ ܽଷߣ ൅ ܽସ ൌ 0     (22) 

has a pair of pure imaginary roots and two roots with 

non-zero real parts if and only if either of the 

following set of conditions (A) or (B) is satisfied: 

(A) ܽଵܽଷ >0, ܽସ ് 0, and Φ ؠ ܽଵܽଶܽଷ െ ܽଵ
ଶܽସ െ

ܽଷ
ଶ＝0 

(B) ܽଵ ൌ 0, ܽଷ ൌ 0, and ܽସ ൏ 0. 

(ii) The polynomial equation(4-11) has a pair of 

pure imaginary roots and two roots with negative real 

parts if and only if the following set of conditions ( C) 

is satisfied: 

(C) ܽଵ ൐ 0, ܽଷ ൐ 0, ܽସ ൐ 0  and Φ ؠ ܽଵܽଶܽଷ െ

ܽଵ
ଶܽସ െ ܽଷ

ଶ＝0 

where  
 

ܽଵ＝－trace J ൌכ ଷଷܬ－ଶଶܬ－ଵଵܬ－ െ ଵ௬భܫଵሺߙ－＝ସସܬ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ሻ－ߙଶሺܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ

െ ଶ௬మܯܫ 
ሻ＋ߚଵ ൅  ଶߚ

ܽଶ ൌ ૚૛ࡲ
כ ൅ ૚૜ࡲ

כ ൅ ૚૝ࡲ
כ ൅ ૛૜ࡲ

כ ൅ ૛૝ࡲ
כ ൅ ૜૝ࡲ

כ

ൌ ଶଶܬଵଵܬ െ ଶଵܬଵଶܬ െ ଶଵܬଵଷܬ ൅ ଶସܬଵଵܬ ൅ ଷଶܬଵଵܬ െ ଷଵܬଵଶܬ ൅ ଷଷܬଵଵܬ െ ଷଵܬଵଷܬ ൅ ସଶܬଵଵܬ െ ସଵܬଵଶܬ െ ସଵܬଵଷܬ

൅ ଷଶܬଶଵܬ െ ଷଵܬଶଶܬ െ ଷଵܬଶସܬ ൅ ସଶܬଶଵܬ െ ସଵܬଶଶܬ ൅ ସସܬଶଵܬ െ ସଵܬଶସܬ ൅ ସଶܬଷଵܬ െ ସଵܬଷଶܬ െ ସଵܬଷଷܬ

൅ ସସܬଷଵܬ

ൌ ଵ௬భܫଶሺߙଵߙ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ሻ ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ െ ܧଶߙଵߙ ଵܺ௬మ
ଶ௬భܺܧ

െ ଵ௥భܫଶߙଵߙ
ଵெభݎ

ଶ௬భܺܧ
൅ ଶ௥మܫଶߙଵߙ

ଶெమݎ
ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ ൅ ܧଵߛଵߙ ଵܺ௬మ
ଵ௬భܯܫ

െ ଵ௬భܫଵሺߚଵߙ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ሻ ൅ ଵ௥భܫଵߛଵߙ

ଵெభݎ
ଵ௬భܯܫ

൅ ଵ௬భܫଶሺߛଵߙ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ

െ ଵ௬భܯܫ
ሻܯܫଶ௬మ

െ ܧଶߛଵߙ ଵܺ௬మ
ଶ௬భܺܧ

൅ ଶ௬భܺܧଵߛଶߙ
ܧ ଵܺ௬మ

൅ ଵߛଶߙ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ଵ௬భܯܫ

൅ ଶ௥మܫଵߛଶߙ
ଶெమݎ

ଵ௬భܯܫ
െ ଶ௬భܺܧଶߛଶߙ

ଶ௬మܯܫ

െ ଶߛଶߙ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ଶ௬భܺܧ

െ ଶ௬భܺܧଶߚଶߙ
െ ଶ௥మܫଶߛଶߙ

ଶெమݎ
ଶ௬భܺܧ

൅ ଵ௬భܯܫଶߛଵߛ
ଶ௬మܯܫ

െ ܧଶߛଵߛ ଵܺ௬మ
ଶ௬భܺܧ

൅ ଵ௬భܯܫଶߚଵߛ
൅ ଶ௬భܺܧଶߛଵߚ

 

ܽଷ＝െߙଶߚଵߚଶ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ൅ ଶ௬మܯܫଵߚଶߛଶߙ

ଶ௥మܫ
ଶெమݎ

െ ଵߚଵߙ ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ ൅ ଵ௬భܯܫଵߛଶߚଵߙ

ଵ௥భܫ
ଵெభݎ

൅ ଶߚଶߙଵߙ ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ

െ ଶ௬మܯܫଶߛଶߙଵߙ
ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ ଶ௥మܫ
ଶெమݎ

൅ ଶ௬భܺܧଶߚଵߙଶߙ
ܧ ଵܺ௬మ

െ ܧଶߚଵߙଶߛ ଵܺ௬మ
ଶܺܧ

௬భ

൅ ଵߚଶߙଵߙ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ

൅ ܧଵߚଵߙଶߙ ଵܺ௬మ
ଶܺܧ

௬భ
െ ܧଵߛଵߙଶߙ ଵܺ௬మ

ଵ௥భܫ
ଵெభݎ

ଶ௬భܺܧ

െ ଶߙଵߙଵߛ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ଵ௥భܫ

ଵெభݎ
ଵܯܫ

௬భ
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ܽସ＝detJ*＝ܬଵଵܬଶଶܬଷଷܬସସ െ  ସସܬଷଷܬଶଵܬଵଶܬ－ସଶܬଷଷܬଶସܬଵଵܬ

ସଵܬଷଷܬଶସܬଵଶܬ＋ସଶܬଷଵܬଶସܬଵଷܬ＋ସସܬଷଵܬଶଶܬଵଷܬ－ସସܬଷଶܬଶଵܬଵଷܬ－ െ  ସଵܬଷଶܬଶସܬଵଷܬ

ൌ ଶߚଵߚଶߙଵߙ ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ

െ ଶ௬మܯܫଶߛଵߚଶߙଵߙ
ଶܫ

௥మ
ଶெమݎ

ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ െ ଶ௬భܺܧଶߚଵߚଶߙଵߙ

ܧ ଵܺ௬మ

൅ ܧଶߚଵߛଶߙଵߙ ଵܺ௬మ
ଶ௬భܺܧ

ଵ௥భܫ
ଵெభݎ

െ ଵ௬భܯܫଶߚଵߛଶߙଵߙ
ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ

ቁ ଵ௥భܫ
ଵெభݎ

൅ ଶ௬మܯܫଶߛଵߛଶߙଵߙ
ଵܯܫ

௬భ
ଶ௥మܫ

ଶெమݎ
ଵ௥భܫ

ଵெభݎ
െ ଶ௬భܺܧଶߛଵߚଶߙଵߙ

ଶܫ
௥మ

ଶெమݎ
ܧ ଵܺ௬మ

െ ଶ௬భܺܧଶߛଵߛଶߙଵߙ
ܧ ଵܺ

௬మ
ଶܫ

௥మ

ଶெమݎ
ଵ௥భܫ

ଵெభݎ
 

 

and ܽଵ, ܽଶ, ܽଷ  and ܽସ  are functions of ߙଵ, , ଶߙ  ,ଵߚ

and ߚଶ each other. 

When the equilibrium loses the stability as a 

parameter changes, Hopf bifurcation occurs. 

Then, we assume as follows: 
(Assumption 8) On the equilibrium, 

ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ 

and  

ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ 

must be positive, but enough to be small for all 

ܽଵ, ܽଷ> 0. 

Proposition 2. Under (Assumption 5) ～

(Assumption 8), if the bifurcation parameter α is near 

to the bifurcation value, then αଵ ൐ αଵ଴ , αଶ ൐

αଶ଴ or  αଵ ൏ αଵ଴ , αଶ ൏ αଶ଴, there is a closed orbit at 

least around an equilibrium of the dynamic system 

(4-9). 

(proof) 

In proving the local stability of the dynamic system, 

the very useful theorem is Routh-Hurwitz theorem. In 

the case of four dimensions, if ܽଵ, ܽଶ, ܽଷ, ܽସ ൐ 0  and 

ܽଵܽଶܽଷ െ ܽଵ
ଶܽସ െ ܽଷ

ଶ>0, it is shown that the real 

parts of eigenvalues are negative. If ܽଵ, ܽଶ, ܽଷ, ܽସ ൐

0  and ܽଵܽଶܽଷ െ ܽଵ
ଶܽସ െ ܽଷ

ଶ> 0, it is shown that the 

real parts of conjugated complex roots are zero, there 

are no real roots which are equivalent to zero. 

Then, suppose α as the parameter of the bifurcation 

and assume an initial value which Routh-Hurwitz 

conditions are filled. By (Assumption 8), a marginal 

increase in α implies a marginal decrease in ܽଵ, i.e.,  

డ௔భ

డαభ
 = －ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ< 0, 

߲ܽଵ 

߲αଶ
ൌ െ ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ ൏ 0 

at last ܽଵ will become to zero. Besides, a marginal 

increase in α implies a marginal increase in ܽଷ, i.e., 
 

߲ܽଷ

߲αଵ
ൌ ଵߚ ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ ൅ ଵ௬భܯܫଵߛଶߚ
ଵ௥భܫ

ଵெభݎ

൅ ଶߚଶߙଵߙ ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ

െ ଶ௬మܯܫଶߛଶߙ
ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ ଶ௥మܫ
ଶெమݎ

൅ ଶ௬భܺܧଶߚଶߙ
ܧ ଵܺ௬మ

െ ܧଶߚଶߛ ଵܺ௬మ
ଶܺܧ

௬భ

൅ ଵߚଶߙ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ

൅ ܧଵߚଶߙ ଵܺ௬మ
ଶܺܧ

௬భ
െ ܧଵߛଶߙ ଵܺ௬మ

ଵ௥భܫ
ଵெభݎ

ଶ௬భܺܧ

െ ଶߙଵߛ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ଵ௥భܫ

ଵெభݎ
ଵܯܫ

௬భ
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߲ܽଷ

߲αଶ
＝ െ ଶߚଵߚ ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ ൅ ଶ௬మܯܫଵߚଶߛ
ଶ௥మܫ

ଶெమݎ

൅ ଶߚଵߙ ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ

െ ଶ௬మܯܫଶߛଵߙ
ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ ଶ௥మܫ
ଶெమݎ

൅ ଶ௬భܺܧଶߚଵߙ
ܧ ଵܺ௬మ

൅ ଶ௬మܫଵሺߚଵߙ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ሻሺܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ሻ ൅ ܧଵߚଵߙ ଵܺ௬మ

ଶܺܧ
௬భ

െ ܧଵߛଵߙ ଵܺ௬మ
ଵ௥భܫ

ଵெభݎ
ଶ௬భܺܧ

െ ଵߙଵߛ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ ଵ௥భܫ

ଵெభݎ
ଵܯܫ

௬భ

  

߲ܽସ

߲αଵ
ൌ ଶߚଵߚଶߙ ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ

െ ଶ௬మܯܫଶߛଵߚଶߙ
ଶܫ

௥మ
ଶெమݎ

ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ െ ଶ௬భܺܧଶߚଵߚଶߙ

ܧ ଵܺ௬మ

൅ ܧଶߚଵߛଶߙ ଵܺ௬మ
ଶ௬భܺܧ

ଵ௥భܫ
ଵெభݎ

െ ଵ௬భܯܫଶߚଵߛଶߙ
ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ ଵ௥భܫ
ଵெభݎ

൅ ଶ௬మܯܫଶߛଵߛଶߙ
ଵܯܫ

௬భ
ଶ௥మܫ

ଶெమݎ
ଵ௥భܫ

ଵெభݎ
െ ଶ௬భܺܧଶߛଵߚଶߙ

ଶܫ
௥మ

ଶெమݎ
ܧ ଵܺ௬మ

െ ଶ௬భܺܧଶߛଵߛଶߙ
ܧ ଵܺ

௬మ
ଶܫ

௥మ

ଶெమݎ
ଵ௥భܫ

ଵெభݎ
 

߲ܽସ

߲αଶ
ൌ ଶߚଵߚଵߙ ቀܫଵ௬భ

൅ ଵ௥భܫ
ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ

ቁ ቀܫଶ௬మ
൅ ଶ௥మܫ 

ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 
ቁ

െ ଶ௬మܯܫଶߛଵߚଵߙ
ଶܫ

௥మ
ଶெమݎ

ቀܫଵ௬భ
൅ ଵ௥భܫ

ଵ௬ଵݎ െ ଵܵ௬ଵ െ ଵ௬భܯܫ
ቁ െ ଶ௬భܺܧଶߚଵߚଵߙ

ܧ ଵܺ௬మ

൅ ܧଶߚଵߛଵߙ ଵܺ௬మ
ଶ௬భܺܧ

ଵ௥భܫ
ଵெభݎ

െ ଵ௬భܯܫଶߚଵߛଵߙ
ቀܫଶ௬మ

൅ ଶ௥మܫ 
ଶ௬ଶݎ െ ܵଶ௬ଶ െ ଶ௬మܯܫ 

ቁ ଵ௥భܫ
ଵெభݎ

൅ ଶ௬మܯܫଶߛଵߛଵߙ
ଵܯܫ

௬భ
ଶ௥మܫ

ଶெమݎ
ଵ௥భܫ

ଵெభݎ
െ ଶ௬భܺܧଶߛଵߚଵߙ

ଶܫ
௥మ

ଶெమݎ
ܧ ଵܺ௬మ

െ ଶ௬భܺܧଶߛଵߛଵߙ
ܧ ଵܺ

௬మ
ଶܫ

௥మ

ଶெమݎ
ଵ௥భܫ

ଵெభݎ
 

 

The sign of ∂ܽଶ
߲ αൗ  is ambiguous, but the 

existence of a value ߙ଴  with the 

consequence ܽଵܽଶܽଷ െ ܽଵ
ଶܽସ െ ܽଷ

ଶ＝0 can 

nevertheless be demonstrated.  

The Jacobian of (4-10) has a pair of pure imaginary 

eigenvalues and no other eigenvalues with zero real 

part on the bifurcation value αଵ଴, αଶ଴. 

For ߙଵ ൐ ଵ଴ߙ ଶߙ , ൐ ଶ଴ߙ ,  ܽଵܽଶܽଷ െ ܽଵ
ଶܽସ െ ܽଷ

ଶ 

is negative. Then, a pair of conjugated complex root 

ሺα଴ሻߣ , that ensures ܽଵܽଶܽଷ െ ܽଵ
ଶܽସ െ ܽଷ

ଶ  cannot 

become ߣሺα଴ሻ ൅  .ሺα଴തതതሻ =0ߣ

Then, for ߙଵ ൏ ଴ߙ , the real part of a pair of 

conjugated complex root is non zero. The case, in 

which closed orbits arise at ߙଵ ൏ ,ଵ଴ߙ ଶߙ  ൏  ଶ଴  isߙ

called the subcritical case: closed orbits enclose stable 

fixed points, implying that the orbits repelling. The 

equilibrium becomes unstable at  ߙ ൐  ଴, there is noߙ

orbit. Then, (Assumption 5)～(Assumption 8), if the 

bifurcation parameter α is near to the bifurcation value, 

then for ߙଵ ൐ ଶߙ ,ଵ଴ߙ ൐ ଵߙ  ଶ଴  orߙ ൏ ,ଵ଴ߙ ଶߙ ൏  ଶ଴ߙ

there is a closed orbit at least around an equilibrium of 
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Fig. 3  Y1-Y2 Phase Diagram (ࢻ૚=6.8, ࢻ૛=7.8, ξ12=4, ξ21=4, ࢽ૚=0.2, ࢽ૛ ൌ0.2, ࢼ૚ ൌ0.2, ࢼ૛=0.2). 
 

the dynamic system (4-9). (Q.E.D.) 

3.2 Numerical Analysis of Dynamic IS-LM model with 

International Trade 

Along with the above dynamic IS-LM model with 

International Trade, we will show the numerical 

simulation as follows: 

ሺ݅ሻ
ଵݕ݀

ݐ݀
ൌ ଵݕ݊ܽݐܿݎଵሺሺ8ܽߙ െ ଵܯଵݕ0.000001

െ ଵݕ0.15 ൅ 0.0001 כ 12ߦ כ ܻ2

െ 0.0001 כ 21ߦ כ ܻ1ሻሻ, ଵߙ ൐ 0 

ሺ݅݅ሻ
ଶݕ݀

ݐ݀
ൌ ଶݕ݊ܽݐܿݎଶ൫ሺሺ8ܽߙ െ ଶܯଶݕ0.000001

െ ଶݕ0.15 ൅ 0.0001 כ 21ߦ כ ܻ1
െ 0.0001 כ 12ߦ כ ܻ2ሻ൯, ଶߙ ൐ 0 

ሺ݅݅݅ሻ
ଵܯ݀

ݐ݀
ൌ ଵሺ0.0001ߛ כ 12ߦ כ ܻ2 െ 0.0001 כ 21ߦ

כ ܻ1ሻ ൅ ଵሺ4ߚ െ ,ଵሻܯ ଵߛ ൐ 0,  ଵ＞0ߚ

ሺ݅ݒሻ
ଶܯ݀

ݐ݀
ൌ ଶሺ0.0001ߛ כ 21ߦ כ ܻ1 െ 0.0001 כ 12ߦ

כ ܻ2ሻ ൅ ଶሺ4ߚ െ ,ଶሻܯ ଶߛ ൐ 0,  ଶ＞0ߚ

If ߙଵ ଶߙ ,6.8= =7.8, ξ12=4, ξ21=4, ߛଵ =0.2, 

ଶߛ ൌ0.2, ߚଵ ൌ0.2，ߚଶ=0.2, we will show the result as 

follows: 

We will consider the implication of the 

interregional trade macroeconomic model with two 

country, international trade. Let us consider the real 

national income of country 1 becomes smaller than the 

equilibrium value by some exogenous reason. The 

decrease of real income of country 1 will lead to the 

decrease of consumption, investment, and import in 

country 1 and export of country 2. The increase of net 

export of country 2 will lead to the increase of the real 

income of country 2. Besides, the decrease of real 

income of country 1 will also lead to the decrease of 

the rate of change of money supply in country 2 and 

the increase of the rate of change of money supply in 

country 1. The increase of the rate of change of money 

supply in country 1 will lead to decrease of interest 

rate of country 1, and that will show the upward shift 

of investment of country 1. It will lead to the increase 

of the real income of country 1.  

The decrease of the rate of change of money supply 

in country 2 will lead to the increase of the interest 

rate, and also show the decrease of the investment of 

country 2. And it will lead to the decrease of the real 

income of country 2. 

4. Concluding Remarks 

We will consider the implication of this model. Let 

us consider the case which the real national income 

becomes smaller than the equilibrium value by some 

exogenous causes for simplicity. The decrease in the 

real income will lead to the decrease of consumption 

and decrease of investment. And also the decrease in 

the real income will lead to the decrease of the money 

demand and income tax. And if the real national 

income become smaller than the equilibrium value, 
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the actual rate of inflation will be adapted by the gap 

between the actual and target level of real income. 

We will consider the regional macroeconomic 

model with two-country, international trade. We 

assume the price levels in each country are exogenous 

variables, and the change rate of money supply in each 

country will regulate dynamically by the net export of 

each country. 

We will consider the implication of the 

interregional trade macroeconomic model with two 

country, international trade. Let us consider the    

real national income of country 1 becomes smaller 

than the equilibrium value by some exogenous  

reason. The decrease of real income of country 1 will 

lead to the decrease of consumption, investment, and 

import in country 1 and export of country 2. The 

increase of net export of country 2 will lead to the 

increase of the real income of country 2. Besides, the 

decrease of real income of country 1 will also lead to 

the decrease of the rate of change of money supply in 

country 2 and the increase of the rate of change of 

money supply in country 1. The increase of the rate of 

change of money supply in country 1 will lead to 

decrease of interest rate of country 1, and that will 

show the upward shift of investment of country 1.   

It will lead to the increase of the real income of 

country 1.  

The decrease of the rate of change of money supply 

in country 2 will lead to the increase of the interest 

rate, and also show the decrease of the investment of 

country 2. And it will lead to the decrease of the real 

income of country 2. 
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