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Abstract: We have introduced the total domination polynomial for any simple non isolated graph G in [7] and is defined by D(G, x) =

Z?:yt © d (G, i) X', where d(G, i) is the cardinality of total dominating sets of G of size 7, and y,(G) is the total domination number of G.

In [7] We have obtained some properties of D,(G, x) and its coefficients. Also, we have calculated the total domination polynomials of

complete graph, complete bipartite graph, join of two graphs and a graph consisting of disjoint components. In this paper, we presented
for any two isomorphic graphs the total domination polynomials are same, but the converse is not true. Also, we proved that for any

vertex transitive graph of order n and for any v € V(G), d(G, i) = ? d(G, i), 1 <i<n. And, for any k-regular graph of order #, d(G, i)

= (T:), i>n-kand d(G, n-k) = Z) - n. We have calculated the total domination polynomial of Petersen graph D,(P, x) = 10x* + 72x° +
140x° + 110x” + 45x% + 10x” + x'°. Also, for any two vertices u and v of a k-regular graph H with N(u) # N(v) and if D(G, x) = D( H, x ),

then G is also a k—regular graph.
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1. Introduction

Let G = (V, E) be a graph. For any vertex u € V, we
define the open neighborhood of u as the set N(u)
defined by N(u) = { v / uv € E } and the closed
neighborhood of u as the set N[u] defined by N[u] =
N(u) U {u}. For a subset S of V, the open neighborhood
of S is N(S) which is defined as the union of N(u) for all
u € S and the closed neighborhood of § is defined as
N(S) U S. The maximum degree of the graph G is
denoted by A(G) and the minimum degree is denoted
by & (G). A set S of vertices in a graph G is said to be a
dominating set if every vertex u € V is either an
element of S or is adjacent to an element of S. A set of
vertices in a graph G is said to be a total dominating set
if every vertex u € V' is adjacent to an element of S. The
domination number of a graph, denoted by y(G), is the
minimum cardinality of the dominating sets in G. The
total domination number of a graph G, denoted by
¥:(G) , is the minimum -cardinality of the total
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dominating sets in G.

2. Introduction to Total Domination

Polynomial
2.1 Definition

Let G be a graph with no isolated vertices. Let DG,
i) be a family of total dominating sets of G with
cardinality i and let d(G, i) = |[D«G, i)|. Then the total
domination polynomial DG, x) of G is defined as DG,
X) = X, d (G, ix' where v(G) is the total

domination number of G.
2.2 Example

Consider a graph G with vertex set V' = {vy, v2, v3, V4,
vs} and edge set £ = {vivy, VaV3, VaVs, V3Vs, V3Vs, VaVs}.
DG, 1) =, DG, 2) = { {v2, v3}, {v2, vs} }, DUG, 3)
={ v, va, vab, {va, v, val, {vi, vo, vsh, {va, v3, vsh, v,
va, Vst |, DUAG, 4) = { {va, v3, Vs, s}, {V1, V2, va, vs§, {1,
V2, V3, Vst, {Vi, v, V3, Vat }, DUAG, 5) = { {vi, va, v3, V4,
vst }, DG, ) = &, for all i > 5. Therefore, d(G, 1) =0,
d(G,2)=|DdG.,2)|=2,d(G,3)=|DAG, 3) |=5,d(GC,
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4)=1D(G, 4)[=4,d(G,5) =] DG, 5) | = 1.
D(G, x) = ¥i-,. ) ddG, i) x'
=d(G,2) X+ d(G, 3) x> + d(G, 4) x* + d(G, 5) X’
=2+ 50 +4xt + X
Hence, the total domination polynomial of the given
graph G is D(G, x) = 2x> + 5x° + 4x* + x°.

2.3 Lemma

The degree of the total domination polynomial of
any simple graph G without isolated vertices is the
order of the graph G.

2.4 Lemma

If H is a sub graph of a simple graph G without
isolated wvertices, then the degree of the total
domination polynomial of H is less than or equal to the
degree of the total domination polynomial of G.

2.5 Remark

If H is a sub graph of a graph G without isolated
vertices, then d,(H, i) need not be less than or equal to
d(G, Q).

Proof:

Let G be a path P; with the vertex set {1, 2, 3,4, 5, 6,
7} and let H be the sub graph Pg with the vertex set {1,
2,3,4,5,6} of P;.

We have, D«(Pg, 4)=1{ {2,3,5,6}, {2,3,4,5}, {1, 2,
5,6}, {1,2,4,5} } and D(P7,4)={ {2, 3,5, 6}, {2,3,
6,7}, {1,2,5,6} }. Butd(Ps, 4) =4 and d(P7, 4) = 3.

Thus, we conclude that the remark.

2.6 Lemma

Let G, and G, be two graphs with vertex sets V; and
V, respectively. If G| and G, are isomorphic, then the
total domination polynomials of G and G, are equal.

Proof:

Let the graph function f from G, to G, be an
isomorphism. Then, |Vi| = |V,|. By Lemma 2.3, the
degree of total domination polynomial of G, is equal to
the degree of total domination polynomial of G,. Next,
we have to prove d(G1, m) = d(G,, m). It is enough to

prove [D(Gy, m)| = | DGy, m)|. Let DGy, m) = {uy,
U, ..., Uy} be a total dominating set of G; with
cardinality m. Let u; and u; be any two adjacent vertices
of G in D(Gy, m). Since G, and G, are isomorphic, f{u;)
and f{u,) are adjacent vertices of G,. Therefore, D(Ga,
m) = {fln,), o), ... Au,)} is a total dominating set of
G, with cardinality m. Hence, d{(G,, m) = d(G,, m)
from which it follows that the total domination
polynomial of G and G, are equal.

2.7 Remark

If the total domination polynomials of two graphs
are equal, then the two graphs need not be isomorphic.

Proof:

We consider the following two graphs G and G, and
their total domination polynomial is x* + 6x* + 15x° +
20x° + 15x7 + 6x° + x°.

ug Us
U Uy Us us G
Ug Uy Ug
Vg \%i Vs
Vi (7 V3 G2
Vg Ve V4

But, there does not exist an isomorphism between G,
and G,.
polynomials of two graphs are same, the two graphs

Hence, even if the total domination

need not be isomorphic.

3. Total Domination Polynomial of the
Petersen Graph

Definition 3.1

A vertex — transitive graph is a graph G such that for
each pair of vertices u and v of G, there exists a graph
automorphism f'on G such that f{u) = v.

Notation 3.2

Let ©."(G, i) bea family of all total dominating sets
of G with cardinality 7 and it contains the vertex v of G.
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Let d,"(G, ) = | D, (G, i)
Lemma 3.3
Let G be a vertex transitive graph of order n and v €

V(G). Forany 1 <i<n,d(G,i)= = 4 (G, i).

Proof:

Let G be a vertex transitive graph of order n. Let D
be a total dominating set of G with cardinality i. Since
G is a vertex transitive graph, there exists a graph
automorphism f on G. Therefore, f{D) is also the total
dominating set of G with cardinality i. Also, for any
two vertices u and v of G, d,“)(G, i) = d,"X(G, i). Since D
is a total dominating set of G with cardinality i, there

are exactly i vertices v; , U, such that D

15 Yi

i 00ee

counted in d:vi T)(G, i), for each 1 <r <i. Hence, d(G, i)

==d" (G, ).

Lemma 3.4

Let G be a k-regular graph of order n. Then, d(G, i) =
(?) for all i > n-k.

Proof:

Let G be a k-regular connected graph with vertex set
V={v, vy, ..., v, }. Since G is a k-regular graph, each
vertex of G is of degree k. Now, remove any k-1
elements from V. Let the remaining set be V. All the
vertices of G can be dominated by the elements of V.
Therefore, V7 is a total dominating set of cardinality n —
k + 1. Therefore, the number of total dominating sets of
cardinality n — k + 1 is the number of ways of deleting
n—2+1)' Ifwe
remove any k - 2 elements from ¥, then the remaining »

k-1 elements from V, which is (kﬁl) or (

— (k—2) elements will form a total dominating set of G
with cardinality n — k + 2. Therefore, d(G,n—k+2) =
(, %) = ((7,)- So, in general if we remove any j
elements from ¥ which is less than or equal to £ — 1,

then the remaining elements form a total dominating

set of G with cardinality n — j in (n'i]) ways.

Therefore, d(G, n - j) = (nrij) Hence, d{(G, i) = (?)

for all i > n-k.

Lemma 3.5

Let G be a k- regular graph of order n. Then, d(G,
n-k) = (Z) -n.

Proof

Let G be a k- regular graph with vertex set {v, v, ,...,
v,}. Since G is k - regular, every open neighborhood of
v in V has exactly £ elements. Now, for each, v; € V,
N(w) = {vy, Vi, , vy }. By removing all the
elements of N(v;) from V, v; becomes an isolated vertex.
Therefore, V' - N(v;) is not a total dominating set. This is
true for each i = 1, 2,... , n. By Peigon hole principle,
there are exactly n non-total dominating sets of
cardinality n-k in G. Hence, by lemma 3.4 d(G, n-k) =
©)-n.

Theorem 3.6

The total domination polynomial of the Petersen
graph P is Dy(P, x) = 10x* + 72x° + 140x° + 110x" +
45x% +10x° + x"°

Proof:

Let P be a Petersen graph of order 10 with vertex set

V=1{1,2,3,4,5,6,7,8,9,10}, as given in Figure.

For P, the total domination number is y,(P) = 4. First,
we have to find the collection of total dominating sets
of P of cardinality 4.

D(P, 4) = { {57.8,10}, {4,6,7,9}, {3,6,8,10},
{2,7,9,10}, {2,3,4,8}, {1,6,8,9}, {1,4,5,10}, {1,2,5,6}.
{1,2,3,7}, {3,4,5,9} }.

The number of total dominating sets of cardinality 4
containing one vertex labeled as ‘5’ is 4,

Therefore, d(P, 4) = n/4 - d°(P, 4) = % -4 =10.

Next, we shall find d(P, 5). By Lemma 3.3, it is
enough to find the total dominating sets of P with
cardinality 5 containing one vertex labeled as ‘6°.
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These total dominating sets are given below:

bl(ﬁ)(P’ 5)

{ {6,7.8,9,10},

{5,6,7,8,10},

{4,6,7,9,10}, {4,6,7,8,9}, {4,5,6,7.9}, {3,6,8,9,10},
{3,6,7,8,10}, {3,5,6,8,10}, {3.4,6,8,10}, {3,4,6,8,9},

{3,4,6,7.9},

{3.4.5,6,9},

{2,6,7,9,10},

{2949697’9} b

{2,3,6,8,10}, {2,3,4,6,8}, {1,6,8,9,10}, {1,6,7.8,9},

{1,5,6,8,10},

[1,5,6,8,9},

{1’4’6’8’9}’

{1,4,6,7,9},

{1,4,5,6,9}, {1,4,5,6,10}, {1,3,6,8,10}, {1,3,6,8,9},

{1,2,6,8,9},
{1,2,5,6,8},

{ 1 ’2’6’7’9} b
{1,.2,5,6,7},

{1,2,5,6,10},
{1’2’4’5’6}’

{1929596’9}’
{1,2,3,6,8},

{1,2,3,6,7}, {1,2,3,5,6} }. Therefore, d,% (P, 5) = 36

Hence, d(P, 5) = £ 4. (P, 5) = =36 =72

Next, we shall find d(P, 6). By Lemma 3.3, it

suffices to obtain the total dominating sets of

cardinality 6 containing one vertex labeled as 1’

These total dominating sets are listed below:
P, 6) = { {1,6,7,89,10}, {1,57,89,10},

{1,5,6,8,9,10},
{1,4,6,8,9,10},
{1,4,5,8,9,10},
{1,4,5,6,9,10},
{1,4,5,6,7,10},
{1,3,6,7,8,10},
{1,3,5,7.8.9},

{1,3,4,6,8,10},
{1,3,4,6,7,9},

{1,3,4,5,8,9},

{1,3,4,5,6,10},
{1,2,6,8,9,10},
{1,2,5,7,9,10},
{1,2,5,6,8,10},
{1,2,5.6,7,9},

{1,2,4,7,9,10},
{1,2,4,5,9,10},
{1,2,4,5,6,10},
{1,2,4,5,6,7},

{1,2,3,7.8,9},

{1,2,3,6,7,10},
{1,2,3,5,7,10},
{1,2,3,5,6,10},

{175’6’7’8710}7
{1,4,6,7.9,10},

{1,4,5,7,9,10},

{1,4,5,6,8,10},

{1,4,5,6,7,9},
{1,3,6,7,8,9},
{1,3,5,6,8,10},
{1,3,4,6,8,9},
{1,3,4,5,9,10},
{1,3,4,5,7,10},
{1,3,4,5,6,9},

{1,2,6,7,9,10},

{1,2,5,7,8,10},
{1,2,5,6,8,9},
{1,2,5.6,7.8},
{1,2,4,6,8,9},
{1,2,4,5,8,10},
{1,2,4,5,6,9},
{1,2,3,7,9,10},
{1,2,3,6,8,10},
{1,2,3,6,7.9},
{1,2,3,5,7,9},
{1,2,3,5,6,9},

{1,5,6,7,8,9},
{1,4,6,7,8,9},
{1,4,5,7,8,10},
{1,4,5,6,8,9},
{1,3,6,8,9,10},
{1,3,5,7.8,10},
{1,3,5,6,8,9},
{1,3,4,6,7,10},
{1,3,4,5.8,10},
(1,3,4,5,7,9},
{1,2,7,8,9,10},
{1,2,6,7,8,9},
{1,2,5,6,9,10},
{1,2,5,6,7,10},
(1,2,4,8,9,10},
{1,2,4,6,7,9},
{1,2,4,5,7,10},
{1,2,4,5.6,8},
{1,2,3,7.8,10},
{1,2,3,6,8,9},
{1,2,3,6,7,8},
{1,2,3,5,7,8},
{1,2,3,5.,6,8},

{1,2,3,5,6,7}, {1,2,3,4,8,10}, {1,2,3,4,8,9},
{1,2,3,4,7,10}, {1,2,3,4,7,9}, {1,2,3,4,7,8},
{1,2,3,4,6,8}, {1,2,3,4,6,7}, {1,2,3,4,5,10},
{1,2,3,4,5,9}, {1,2,3,4,5,8}, {1,2,3,4,5,7},

(123,456}
Therefore, d, (P, 6) = 84. i.e, d, (P, 6) = = 84 =

140
ByLemma3.5,d,(P,7)= () —~10=120-10=110
Again by Lemma 3.4, d(P, 8)= (y) =45,d(P,9)=

(’y) =10and d(P, 10)= (7o) = 1.

Hence, the total domination polynomial of P is D,(P,

x) = 10x* + 72x° + 140x° + 110x7 + 45x° + 10x° + x'°.
Theorem 3.7
Let G be a graph of order n with total domination

polynomial DAG, x) = g¢m@ﬁﬁuaﬁ=c)
for some j, then & (G) > n—j. Moreover, 6(G) =n - (m —
1), where m=min {;/d(G,j)= (7) }. If for any two

vertices of degree 6(G), say u and v with N(u) # N(v),
then there are exactly (mn—l) - d(G, m-1) vertices of
degree 8(G).

Proof :

Let G be a simple graph without isolated vertices of
order n. Let the total domination polynomial of G be

D(G, %) = Xy dd(G, i1 . Suppose d(G. /) =(} ). then |
DG, )) | = (7) This means that any total dominating

sets of G with cardinality j can be chosen in (7) ways,
which is same as saying that deleting n-j vertices of G

in ( " ) ways to get the collection of total dominating
n—j

sets of G with cardinality j. Hence, the total dominating
sets of G with cardinality j can be constructed by
deleting any n-j vertices from the vertex set of G. Let
N(u) be the open neighborhood of any vertex u in G. If
we delete n-j elements from N(u), then there exists
atleast one vertex in N(u). Otherwise, u becomes an
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isolated vertex. So, each vertex is of degree grater than
n-i. Hence, 8 (G) > n-j. Let m =min {j/ d(G, )= (7) )

Then, 6(G) = n- (m-1) = k (say). That is, m-1 = n-k.

Let u and v be any two vertices of degree & in G.
Then the neighborhoods N[u] and N[v] contain A+l
elements of the vertex set of G. By the above argument,
if we delete k£ neighboring points of u, then u becomes
an isolated vertex. Therefore, the remaining set of
vertices will not form a total dominating set of
cardinality n-k. On the other hand, if we delete &-1
elements from N[u], except u and one vertex from any
other neighborhood, then the remaining vertex set form
a total dominating set of cardinality n-k. Since, N[u] #
N[v], there are exactly n non-total dominating sets of G.
Therefore, d(G, n-k ) =(nfk) - n. Hence, there are

exactly (7) - d(G, m-1 ) number of vertices of degree

k.

Remark 3.8

In Theorem 3.7 the condition N (u) # N (v) is
necessary.

Proof:

For example, we consider a graph G given in the
following Figure.

Wehave, N (1)={3,4,5,6} andN (2)= {3, 4, 5, 6}.

Therefore, N (1) =N (2)

Since this graph is a complete bipartite graph with
partition sets V; = {1, 2} and V, = {3, 4, 5, 6}, the total
domination polynomial of the graph G is

DG, x) = [ (1+x)” -1 [ (1+)* -1 ]

=x"+6x” + 14x* + 16x° + 8.

For this graph, m = 5 and & (G) = 2 and we have 4

vertices of degree 2.

But, by Theorem 3.7, we must have (2) -d(G, 4)=
15 - 14 = 1 is the number of vertices of degree 6 (G),
which is not true.

Theorem 3.9

Let H be a k — regular graph, where for any two
vertices u, v € V(H), N(u) # N(v). If DG, x) = D( H,
x ), then G is also a k — regular graph.

Proof:

Let H be a k — regular graph of order n. The total
domination polynomial of H is D(H, x)=3"_, d(H, i)x'.
Since DG, x) = D( H, x), DG, x) = ¥, d(H, i)x"

Since H is k —regular graph, d{(G,j ) = (7) forallj>n

- k. Since N(u) # N(v) and by Theorem 3.7, there are
exactly n vertices of degree k. Hence, G is a k — regular
graph.
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