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Abstract: In this paper, the generator set of R < x,,x, >¢

is obtained in according to the group G = GI(n, R) . The conditions of

G = Gl(n, R) -equivalence of a pair of curves are found in terms of G = Gl(n, R) -invariants. And the independence of GL(#n, R)

-invariants is shown.
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1. Introduction

The theory of differential invariants consists of
three fundamental theorems. The first of these is
finding the generators for invariant functions. The
second is finding the conditions of equivalence for
curves and the third one is finding the relations (if it
exists) between of these generators. We give the
generator set of differential invariants for two curves
and investigate the relations among them.

Let R be the field of real numbers and R" be
n-dimensional Euclidean space. The set

A= a,
and a; €R, which detA #0

i, j=1...,
GL(n,R): e "

is a group in according to multiplication of matrix.

The action of the group GL(n,R) on R is given

- Bl
gx=|... ... ..|]:i]=

gnl gnn xn
for g€GL(n,R) and xeR".

& X t...+8,%,

g% -+ g%,
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Invariant theory is studied since earlier times [5, 6,
13, 14]. There are a lot of paper and books about the
invariant theory of curves and surfaces [2, 3, 7, §, 9,
10, 11, 12]. The generator set of differential invariants
and the relations of them is obtained in [1] for special
groups. For two curves, it is investigated the
differential invariants and its applications to ruled
surfaces for the group SL(n,R) in [4].

In this paper, we investigate the differential invariants
of a pair of curves for the group GL (naR ) . In section
1, we give some introductory definitions. In section 2,
the generator system of differential invariants is found
for the rational functions of a pair of curves. Then the
conditions of equivalence for two pairs of curves is
given by the differential invariants. Also it is shown
that the set of generator invariants is minimal.

Definition 1.1. A C” -function x:I — R" will be
called a parametric curve or briefly a curve in R".

Definition 1.2. Let |x,x,| and |y, y,| be two

pairs of curves. If y =gx,i=12 for some

g € GL(n,R), then these curve families will be called
GL(n, R) -equivalent and denoted by {xl,xz}g{yl,yz}
for the group G = GL(n,R).

Definition 1.3. Let X, and X, be two curve in

R". The polynomial
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P{x,x,}= P(x,, %y, X, X0, ™)

for some natural number m will be called the
differential polynomial of X, and X,.
The derivation of P{xl,xz} will be denoted by

P’ and this derivation is obtained as follows:

x” =x, [xfmil)] =x",i=1,2
Definition 1.4. Let B and P, be two differential
polynomials. Then the function

Pl{xlvxz}

f<x,x,>= ? {xl,xz}

» B {xla xz} #0
will be called a differential rational function.

If f<gx,gv>=f<x,y> for all geGL(n,R),
the differential rational function f all called
differential rational
differential

centro-affine invariant

function.Centro-affine polynomial is
defined by the same way.There no exists centro-affine
invariant differential polynomial except constant. But
there exists the centro-affine invariant differential
rational function different from constant.

The set of all differential rational functions will be
denoted by R <xl,x2> .Itis a field and R -algebra. Let

G be the group GL(n,R) . The set of all
centro-affine invariant differential rational functions
will be denoted by R<x1,x2>6. R<xl,x2>G is a
differential subfield and subalgebra of R <x1 ) X2> .
Definition 1.5. Let f,, f,,..., f, € R(x,,x,)". If the
differential field and algebra generated by these
functions is equal to R<xl,x2>G, then these functions

will be called the generator set of R <xl,x2 >G.

2. Centro-Affine Invariants of a Pair of
Curves

Let x,x,,...x,€R". We will be denoted the

X, e X

nl

determinant by [xl...xn] In here, k.

column of this determinant is consist of the

components of X,, which are X, X;,,-..X,.

Lemma 2.1. Let X,,X,..,X,,Y,,...,Y, be vectors

n

in R". Then the following equality holds:

[xlxz...xn][xoyz...yn}—[xoxz...xn}[xlyz...yn}(z'l)
—...—[x]xz...xo}[xnyz...yn}zo.
Proof. Page 53 in [1].
Definition 2.1. 4 curve x in R" will be called
GL(n,R) (briefly regular) if

[xlx'l...xf”’”} #0 Hence for all t
[ (1) % (1) x| % 0.

Let G be the group GL(n,R).

Theorem 2.1. Let x;, and X, be two curve in R"

-regular

such that x, is regular. Then the generator set of

R<xl,x2>G is

7x, o ) i)

e
[xlxl' .. .x]("’l)]

(1), ((+1) (D)
XX 0xx x ]

! (n—1)
|:XIX] .. .xl }

b

2.2)

for i=0,....,n-1.

Proof. For the group G = GL(n, R), the generator set

of R(x,,zeA)’ is
[xl C XXX .an

(3.,

,i=1,...,n,reA/{1,...,n}

(K)
[1]. Let wus take X,X,,x'1,x 20X HX 5.

instead of the vectors X_. Then the generator set of

(K) (K) N9
R(x17x27x,]5.x,25"'9x1 9x2 ’) 1S

i-1 T i+1 n—
{xl...xl( )xl( )xl( )...xl( 1)}

[xlxl' .. .xf"’”} ’
i=0,....n-1, 7 eA/{O,...,n—l}
]

, 720

r (D)
[xlxl LX) }
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Firstly, we want to show that

xj.. .xl(ifl)xl(r)xfm) L

= - > i
{xlxl’..xl(" 1)] » T2n 18

generated by

X xl(iil)xl(")xl(m) . xl( 1)

’ n— ] ) = e —1. Let = .
[xlxlan( 1)} i=0,...,n—-1 T=n
Then the generator set of
. K) (K G
R(xl,xz,xl,xz,...,xl( ),xg ),...) 18

(n) (n-1) (D) (n)
[xl X' ][xlxl - } [xlx’,...xl }

(n-1) ? (n-1) e (n-1)
[xl...x1 } {xl...x1 } X ..x" ]

So these are generated by the set (2.2).
Let 7 >n. By induction, for 7—1 let the set (2.2)

be the generator set. Therefore
(i=1) (=) (”')..xf““’}

{xl..xl XX

[xlxl’A . x]("_l)]

is generated by (2.2). We

get

- {xl . .xl(i—z)xl(i)xl(r—l)xl(m) N ‘xl(n—l)}

(i-1) _(z—1) _(i+1)

(n=2) _(n)
—[xl...x1 b S AR ARG

If we divide this equation by |x,x/...x{""] , it is
obtained that

[x] IO e R B G B G ]

D
{xlx1 S X ]

’

{xl xR .xl(”fl)}

[x,x]' .. .xl(”"l)}

e

! (n-1)
[xlxl co X ]

i-1) _(z-1) _(i+1 n=2) _(n
{xl...l( Il )xl()}

(2.3)

! (n-1)
[xlxl co X ]

The first term in the right of equality (2.3) is
(i—l)xgz-l)xl(iﬂ)“xl(nfl)]

{xlxl'.._xl(nfl)}

{xl..x

obtained by the derivation of

The second term in the equality (2.3) is generated by
the set (2.2) in according to induction hypothesis. In
Lemma 1, if we take

_ — < _ (n-1)
X, =X, X, =X, X, =X,
e — D
Xo=Xp 5 Vo= Xpees Vi =X
) i+ __(n-2)
Yia =X 5 Vi =X e V=X

eliminate the zero terms and divide [xlxl’ ...x,(”"’} it

is obtained that
{xl(”)x1 L ...xl("_l)}
{xlxl' .. .xl(”"l)}

AR ) [0 af )]

' (n-1)
[xlxl .. .xl }

] [l ]

- . =0
' (n-1) ’ (n=1)
[xlx1 X } {xlxl c X }

{xl(")x1 . xl(r_l) L

[xlxl’A . xl("fl)]

So the term generated by the

set (2.2). Therefore the third term in the equality (2.3)
is generated by the set (2.2).

[xl - _x(i—l)xgr)xl(iﬂ) - -xl( ,171)}
.. T2 0 .
Similarly, [x] D } is
obtained by induction on 7 . For 7=0 ,

X xl(i_l)xle(i+1) L

[xlxl'. . _xl("fl)]

is the generator. Let for 7=n,

X .xf[_l)xgn)xl([ﬂ) .. xl( 1)

[xlx{ D }

generated by the set (2.2). Let

us show that this is true for 7=n+1.
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’

{xl ) .xl(”_l)}

1 (n-1)
[xlx1 LX) }

{xl ) .xl("fl)] (2.4)
L

X
3 [xlxll - xl(H) ] {)ﬂ - -xl("fl)xg”)xf"”) .. .xl(”fl)}
e T

The second terms in the right of equality (2.4) are

[xlx

the generators. The first term is generated as follows;

[xl L O .xl("fl)J =
[xl 2y i) .xl("_l)]

+|:x| .”x](i—l)x(nﬂ)x(iﬂ) x(n—l)

P 1 ERRP,%)

i-1 n i+1 n-2 n
PR S NCNCICENEY

If we divide by [)clx1 x" l)} this equality, we

get

(i-1) _(n+1) _(i+1)  _(n-1) ]
{xl...xl X, X X

1
e

{xl I B B _

-
ERNE

{xl 2O )y ) ...xl("_])}
B x]x 1 (n b

{xl .. .xl(’_ )x§">x("”> . .x(”’z)xl(”)}
B X' XD

The first term in the right side of the above equality
is shown that can be generated. The second term is the

generator. And it is shown that the third term can be

generated using the Lemma 1. Therefore
{xlnxl(i—l)xgn+l)xl(i+l).”xl(,,q)}
{xlm N 1)} can be generated by the set

By the induction hypothesis, The set (2.2) is

generator set. [
Theorem 2.2. Let G=GL(n,R) and |x,x,| ,

(v, y,| be two curve families such that x, and y,

are regular. If for i=0,...,n—1
[xl ) .xl("_l)}

-1
R

{ (=) () (1) 1)}

Yiew: i NN - W

[yly,l yl(n 1)}
. . 2.5)
{xl e D }

1
[xl.X'l (n )}

e ]

e

then {xlsxz}Z{ylayz}'

Proof. Since X, and ), are regular, we get

[Xlxl x" 1)}7&0 and [yly’1 - lq:tO . Let
us take the matrixes

x,() ... x11 (t)

Ax1 =| ... and
x, () ... xln (t)
X0 X ()
ro_
Axl =
X, . X0
Since [xlxl' (" 1)} # 0 , there exists the inverse
of Axl . Take the matrix A;A;, =C. Then

A),cl = Axl .C' So the matrix C has the form

0 ... 0 ¢,
Co 1 ... 0 ¢,
0 1 ¢
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where

(n) _n (n=1) ' (n=2) .(n)
[xlx1 XX, } . _[xlxl...xl x| }
.oy - (n_l)

[Xl x'l .. .Xl i|

From the equalities (2.5), it is obtained that

-1 r 41 i
A A=A A . Sowehave that

(A, A = A+ 4 (A

= A’}'l'A;I + A)’l '(_AXTI'A,XI'A;II)

-1 -1 -1
= A)’l '(Ayl -A i _Axl A Xl)'Axl =0
Therefore 4, .A;Il =g g

is constant and
det(A, A |=detd, detd] =detg#0 . So
g€GL(n,R) .Andweget A, =gA, .If we write

this equality obviously, we have that

(n—-1)

Yoo o Vi
(n-1)
yln yln
(n=1)
g - 8| | X X1
(n=1)
gnl e gnn xln xln

and then yl(t):g)c1 (t), Vtel.

Let us take the matrix

X1
X,
2
sz =|
x2n
and take
' (n=1)
X X X1 h, X1
' (n=1)
X X2 | _| K22
’ (n-1)
xl n 'xl n xl n hnn x2 n
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Therefore A;I I.sz =H=

hin
find the element of this matrix. We have that

D, = AxI .H . Then we get

,i=1,...,n. Letus

' (n-1)
xphy, + xR

i = X1

' (1) _
Xl + X0, A X h,, =Xy,

' (n—l)
x,h, +xh, .. +x "h

I nn

= x2n

The solution of this equation system in according to
Crammer’s rule;

’ (n—1) (n-1)
_[xle...xl } _[xlxz...xl }
n = (n-1)] 720 n-n7’
[xlx’l...xln } [xlx'l...xl"
-2
[xzx'l x!" )xz}
wh, =

Similarly, we can find the matrix A;_]l.Dy2 and
from the equations

-1 -l
A'D =47D, .

(2.5), we will get
Also, we know that, since
A, =gA, then
-1 _ -1 e |
Ax] .sz = (gAxl) .Dy2 = AXl .g .D

Y2

so, we will get sz zg_l.Dy2 and Dy2 =g.D

X, °

If we write this equality as matrixes

Va1 X1
g - B

Yo | X2
gnl gnn

y2n x2n

Then we get y,(7)=gx,(t), Viel. So for the

same geGL(n,R) , it is obtained that
»(t)=gx () and y,(¢)=gx,(¢) Hence
{xlaxz}g{ypyz}' O

Theorem  2.3. Let G=GL(n,R) and
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[0, f5(8)s o £, (2), S, (2),i=0,..,n=1, (¢€])
be C” -functions. Then there exists curves x,x,

which x, is regular such that

{ (i=1) (n) (i+1)

(n-1)
XX UxUx }

= = f.(2),i=0,...

[xl X1

n—1

i—1 i+1 -
{xl e Xy 1)}

[x ’ (n-1) :ﬁi(l),i:O,...,n—l
o

Proof. From the previous proof, we take the matrix
multiplication A;-A;l =B such that 4' =4 .B

In here, matrix B has the form

0 ... 0 £
s |1 04O
0 ... 1 £

Then we have the following differential equation

system from this multiplication;

X,/ (t) +x'1/, (t)+ Lot x,(f“l)fn (t) = x](f)

X, [ (t) +x"12f5 (t) +..+ xl(;H)fn (t) = x](;)

X, [ () + X fs (£) ..+ x](fl)ﬁ (1)= x,(:)
Let us take x,, =y, i=1,...,n. So we can write the

above differential equation system as

K@) y+ ()Y +.+ £, (6) " =y =0

It is known that the theory of differential equations,
there exist one solution of this differential equation.
Let xl(t)=(y1,y2,..-,y,,) be the solution. Then the
curve X (l‘ ) satisfies the conditions of the theorem.

Take the matrixes

(n-2)
X X1 X1
(n=2)
4 = Xis Xis X» | and
2
(n-2)
xln xln x2n

X, (0) @)

4 =

SHORSE A0
andlet 4 '.4,=H.So 4,=4_H.Then we get the

matrix H as;

10 ... 0 [,
01 ... 0 f,0t)

1 f,(0)
0 /.

Since A4, :AXI .H , we have the following

differential equation system:

X1 = Xi1f50 (f)+x'11f21 (Z)+ et xl(;h])f‘zn—l (t)

Xy = X33 (Z) +x'nfy (t) TR xl(gil)fzn—l (t)

Xop = xlnfzo (l) + xylmle (Z)+---+ xl(Zil)f‘zn—l (Z)

X1

X9

So we get the curve X, = , hence curves X,

Xy

n

and x, satisfies the theorems rules.
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