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Abstract: Being able to look at something in more than one way is crucial in all branches of mathematics. This fact, however, is 
often disregarded. Learning to view the world differently implies through a change in perspective, that can have a relevant impact on 
the capability to solve problems (see [2]). Based on our experiences of Wolfram Mathematica™, we propose an approach to identify 
the locus, and its related conic section, of all the points that trisect an arc of circle having its center on the axis which passing through 
the medium point of the chord subtended by the arc. In this paper, it is shown that it is possible, without any conflict with the proved 
impossibility of the classical trisection of the angle, to trisect an arc that opposes the angle at the center of a circle, using only a 
straightedge and a compass. After setting out the conditions for the evaluation of a conic, first, by using Mathematica™, we 
numerically determine that the curve is a hyperbola; then we prove that, given any generic segment, it is always possible to identify a 
hyperbola locus of points which lies on the intersections of the arcs of circumference having the center on the axis of the segment. 
Knowing that when someone looks at a Math problem, it is very common that they try to "figure it out" in their head before writing 
anything down, two possible lines of research are presented with the conclusions: the first one concerning the logical justification that 
the revenue place is a conic, and the second one connected with the need to explain how, and if, the segment size may alter the value 
of the minimum angle determined by the displacement of the center of the circle toward the infinite. 

Keywords: 

1. Introduction1

The use of geometry to solve problems related to 
"surveying", dates can be traced back to the work 
of ancient Egypt surveyors. Among the tools used  
in the tight-rope there was a very versatile tool, useful 
to the task as a ruler and as a compass (see [11]). It 
was in fact achievable with all the geometry described 
by Euclid in his "Elements". However, constructions 
achievable using only straightedge and compass have 
always excited and engaged the mathematicians at 
any era, also for aesthetic and philosophical reasons 

*Sergio Barile is full Professor of Business Management and
Decision Theory at Sapienza University of Rome. 
1  Wolfram Mathematica™ applications have been realized 
with the collaboration of Dr. Roberto Cavaliere. 
1 It is well known that it’s impossible to trisect an angle using 
a compass and a straightedge. The proof of this impossibility 
requires a little Galois theory, but for the reader who is familiar 
with abstract algebra, it is quite accessible (see, e.g [1],[6]). 

(see [7]). 
It is often said that Classical Geometry is the 

geometry ‘of straightedge and compass’. The meaning 
of this sentence is very deep and complex and concerns 
the relationship between an instrumental practice (the 
use of straightedge and compass) and the construction 
of a theory (the geometry of Euclid's Elements). The 
fact that the Greek geometry was referring to 
unambiguously as theoretical and not practical, is to 
be understood by thinking not so much about what 
you can do with these tools, but what you cannot do 
with them. For example, consider the great problems 
of construction, such as the duplication of the cube, or 
the trisection of the angle, which have been of wide 
interest for geometers of antiquity (see [3]). 

If, from a practical point of view, as it appears quite 
obvious, there is always an acceptable solution to a 
given problem, from a theoretical point of view, on 
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the contrary, such a solution, in general terms, and 
beyond except for some special cases, may does not 
exist. In fact, while it is always possible to draw with 
‘ruler and compass’ solutions with an approximation 
that exceeds the control of an empirical verification, in 
many cases, with respect to the propositions axiomatic 
base, it is not possible, to build solutions that exceed 
the control of a demonstration within the system of 
given axioms, by using a straightedge and a compass. 
The importance of these problems in the history of 
‘geometry’ is shown by the fact that they mark the 
limits and potential of a well-defined system of 
principles (axioms). 

In this sense, a geometric construction is designed 
as a geometric problem (see [9]), the solution of which 
is expected to be found in a well-defined theoretical 
framework. Every construction, beyond its actual 
realization, has as a justification of its correctness a 
theorem that establishes the geometric relationships 
among the various elements of the configuration.  

The crucial point, necessary to think about a 
problem in terms of theoretical rather than practical 
construction, is represented by the fact that what needs 
to be validated is the procedure, and not the product of 
this procedure (the drawing). In what follows, through 
the realization of a correct construction procedure, 
with the help of the computing environment of 
Wolfram Mathematica™, we get a result that allows 
us to identify a locus of all points which realizes the 
trisection of the arcs of a beam of circumferences 
subtended to a given segment and having center on the 
axis of the same. A result that brought back to the idea 
to draw the locus only using straightedge and compass 
would lead to conclusion of impossibility (see [4]). 
Conversely, the idea of the apriori identification of a 
specific point defined for each given circumference, 
becomes fully achievable. 

The use of a modern computational software such 
as Wolfram Mathematica™, able to use symbolic and 
numerical procedures, allows the exploration of new 
perspectives for the solution of classical problems, 

emulating the performance of traditional instruments 
such as a straightedge and a compass. 

After this introductory section, the paper is 
organized as follow: 

Section 2 contains the Statement of the problem, 
section 3 the Drawing of trisection point by 
straightedge and compass, section 4 illustrates 
Experiments with Wolfram Mathematica, section 5 
provides a Proof of proposition A introduced in the 
Problem’s definition, and finally, section 6 proposes a 
brief Conclusion. 

2. Statement of the Problem 

The aim of this work is to provide evidence of the 
following two propositions:  

There exists a locus 𝑬𝑬𝒊𝒊, of all points trisecting arcs 
relative to the circumferences 𝑪𝑪𝒊𝒊 with center 𝑯𝑯𝒊𝒊 
located on axis of the segment 𝑨𝑨𝑨𝑨, and passing 
through the points A and D (see Fig. 1).  

It is possible, within the specific context shown in 
Fig. 1, and without to conflict with the demonstrated 
impossibility of the classical trisection of the angle, to 
trisect arcs that oppose the angle to the center of a 
circumference, using only straightedge and compass. 

In what follows, for the constructions to be proved, 
we assume that the terms “ruler” and “compass” refer 
to idealized ruler and compass, namely the idealized 
ruler, known as a straightedge, is assumed to be infinite 
in length, with no markings on it and only one edge. 
The compass is assumed to collapse when lifted from 
the page, so it may not be directly used to transfer 
distances. In other words, using this kind of compass, 
the only thing that is possible to do is drawing a circle 
or an arc, once the center and a point are given.  

Let us consider a segment 𝐴𝐴𝐴𝐴 to be divided into 
three equal parts 𝐴𝐴𝐴𝐴 , 𝑂𝑂𝑂𝑂  and 𝐶𝐶𝐶𝐶 , and the axis 
passing through its midpoint B (see Fig. 2). It is 
known that such a construction is possible with 
straightedge and compass (see [10]). 

We then identify the point by proceeding in the 
following manner (Fig. 3):  
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Fig. 1  Sheaf of circumferences having center 𝑯𝑯𝒊𝒊 upon the axes of the segment 𝑨𝑨𝑨𝑨����, and through the points 𝑨𝑨 and 𝑫𝑫. 
 

 
Fig. 2  Segment 𝑨𝑨𝑨𝑨����, and axis passing through 𝑩𝑩. 
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Fig. 3  Identification of points 𝑬𝑬 and 𝑬𝑬�. 
 

Step 1. We point the compass in B opening with 
𝐵𝐵𝐵𝐵 and draw the circumference;  

Step 2. We point the compass in D opening with 
𝐵𝐵𝐵𝐵 and draw the circumference;  

Step 3. We identify the point E at the intersection of 
the circles referred to in steps 1 and 2 above. 

Then the following Lemma 1 holds that: 
Lemma 1 
The triangle BDE is an equilateral triangle and 

therefore the angle 𝐸𝐸𝐸𝐸𝐸𝐸 � is 60° (Fig. 4). 
Proof 
The segment 𝐵𝐵𝐵𝐵 ����� is the radius of the circle from 

step 1 above. The segment 𝐷𝐷𝐷𝐷 is the radius of the 
circle referred to in step 2. Given that the 
circumferences of step 1 and step 2 both have the 
same radius 𝐵𝐵𝐵𝐵, it follows that 𝐵𝐵𝐵𝐵=𝐷𝐷𝐷𝐷=𝐸𝐸𝐸𝐸 and 
then that 𝐵𝐵𝐵𝐵𝐵𝐵 is an equilateral triangle.  

Corollary 1A  
Due to the one to one correspondence that exists 

among the angles at the center of a circle and the 
corresponding arcs, the angle 𝐸𝐸𝐸𝐸𝐸𝐸 �  being of 60° is 
equal to a third of the straight angle (180°) of the 
degenerate triangle ABD, and therefore, the 
circumference arc DE which opposes the angle 
𝐸𝐸𝐸𝐸𝐸𝐸 � results to be equal to one third of the  
semicircle AB with center B that opposes the straight 
angle. 

Now, let us consider some circumferences 
𝐶𝐶𝑖𝑖 belonging to the sheaf of circumferences having 
center in 𝐻𝐻𝑖𝑖  upon the axes of the segment 𝐴𝐴𝐴𝐴, and 
through points A and D (Fig. 1). 

Then let us consider the generic 𝑖𝑖 − 𝑡𝑡ℎ 
circumference 𝐶𝐶𝑖𝑖  having center in 𝐻𝐻𝑖𝑖  and prove the 
following Lemma 2: 

Lemma 2 
Suppose that 𝐸𝐸𝑖𝑖 is the trisection point of the arc 

𝐴𝐴𝐴𝐴 belonging to it (Fig. 6). 
Than the triangle 𝐸𝐸𝑖𝑖𝐷𝐷𝐾𝐾𝑖𝑖  is isosceles.  
Proof  
Let us proceed as follows: 
 pointing the compass in 𝐸𝐸𝑖𝑖  opening 𝐸𝐸𝑖𝑖𝐷𝐷 and 

drawing a circle it is possible to determine the point 
𝐹𝐹𝑖𝑖  as the point of intersection with the circumference 
𝐶𝐶𝑖𝑖;  
 this point 𝐹𝐹𝑖𝑖 , symmetric to 𝐸𝐸𝑖𝑖 with respect to the 

axis of AD, entails, by construction, that the arcs (and 
the related chords) 𝐴𝐴𝐴𝐴𝑖𝑖 , 𝐹𝐹𝑖𝑖𝐸𝐸𝑖𝑖 , and 𝐸𝐸𝑖𝑖𝐷𝐷, are equal to 
each other, and the triangles 𝐷𝐷𝐷𝐷𝑖𝑖𝐸𝐸𝑖𝑖 , 𝐸𝐸𝑖𝑖𝐻𝐻𝑖𝑖𝐹𝐹𝑖𝑖 , and 
𝐹𝐹𝑖𝑖𝐻𝐻𝑖𝑖𝐴𝐴 are isosceles and equal to each other with 
angles at the base equal to α;  
 by construction we have 𝐸𝐸𝑖𝑖𝐷𝐷𝐷𝐷� = 𝐹𝐹𝑖𝑖𝐴𝐴𝐴𝐴� and 

𝐸𝐸𝑖𝑖𝐹𝐹𝑖𝑖𝐴𝐴� =𝐹𝐹𝑖𝑖𝐸𝐸𝑖𝑖𝐷𝐷�  = 2α, the quadrilateral 𝐴𝐴𝐴𝐴𝐸𝐸𝑖𝑖𝐹𝐹𝑖𝑖  is an 
isosceles trapezoid, and then the segment 𝐹𝐹𝑖𝑖𝐸𝐸𝑖𝑖�����  is 
parallel to the segment 𝐴𝐴𝐴𝐴����;  
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Fig. 4  Angle 𝑫𝑫𝑫𝑫𝑫𝑫�  is 𝟔𝟔𝟔𝟔𝒐𝒐. 
 

 
Fig. 6  Circumference 𝑪𝑪𝒊𝒊 having point 𝑬𝑬𝒊𝒊 that trisects arc 𝑨𝑨𝑨𝑨� . 
 

 by drawing the segment 𝐻𝐻𝑖𝑖𝐸𝐸𝑖𝑖  we see that it 
intersects the segment 𝐴𝐴𝐴𝐴 at the point 𝐾𝐾𝑖𝑖 and that the 
angles 𝐸𝐸𝑖𝑖𝐾𝐾𝑖𝑖𝐷𝐷�  and 𝐹𝐹𝑖𝑖𝐸𝐸𝑖𝑖𝐾𝐾𝑖𝑖�  are alternate interior and 
then 𝐸𝐸𝑖𝑖𝐾𝐾𝑖𝑖𝐷𝐷�  = 𝐹𝐹𝑖𝑖𝐸𝐸𝑖𝑖𝐾𝐾𝑖𝑖�  = α, from that it derives that the 
triangle 𝐸𝐸𝑖𝑖𝐷𝐷𝐷𝐷𝑖𝑖is isosceles with the sides 𝐷𝐷𝐸𝐸𝑖𝑖����� = 𝐷𝐷𝐾𝐾𝑖𝑖�����.  

We can now prove the proposition denoted by the 
letter A in the previous section Statement of the 

Problem. 

3. Drawing of a Trisection Point by a 
Straightedge and a Compass 

On the basis of Lemma 2 it was shown that if the 
point 𝐸𝐸𝑖𝑖 trisects the chord AD on the circumference 
𝐶𝐶𝑖𝑖 , then we have 𝐷𝐷𝐸𝐸𝑖𝑖����� = 𝐷𝐷𝐾𝐾𝑖𝑖����� . 
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Fig. 7  Trisection with a straightedge and a compass 
 

It is therefore possible, using a straightedge and a 
compass, to proceed as follows: 

Step 1. drawing a circle 𝐶𝐶𝑖𝑖  with center in 𝐻𝐻𝑖𝑖  upon 
the axes of the segment 𝐴𝐴𝐴𝐴 that belong to the sheaf of 
circumferences passing through A and D ; 

Step 2. setting the straightedge so that it passes 
through the points 𝐻𝐻𝑖𝑖 and near the point B; 

Step 3. pointing the compass in D ; 
Step 4. rotating the straightedge around 𝐻𝐻𝑖𝑖 , 

approaching the point D, and checking, with compass 
pointed in D, that the position in which the point of 
intersection between the line and the segment 𝐴𝐴𝐴𝐴 is 

reached and, at the same time, the point of intersection 
between the line and the circumference 𝐶𝐶𝑖𝑖 , belongs to 
a same circumference with its center in D ( see Fig. 7). 

The intersection between the line and the 
circumference 𝐶𝐶𝑖𝑖  determined according to what 
described above in Step 4., locates the point 𝐸𝐸𝑖𝑖 that 
divides the arc AD, belonging to 𝐶𝐶𝑖𝑖 , into three parts; 
and therefore it trisects the angle 𝐴𝐴𝐴𝐴𝑖𝑖𝐷𝐷� 2. 

Let us show how the procedure described above can 

2  On http://www.asvsa.org/asvsa-lab/trisection  there is a 
Wolfram Mathematica application created by Dr. Roberto 
Cavaliere that allows you to dynamically replicate such steps, 
and the lists of all code used to work on it. 

 

                                                           

http://www.asvsa.org/asvsa-lab/trisection
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be applied to any given angle. 
In fact, given any angle α, it is sufficient (see Fig. 

8): 
to identify and draw with a ruler and a compass the 

bisector of the angle α as it is described in [6]; 
to draw a segment perpendicular to the bisector and 

that intercepts the sides of the angle, indicated with 
the intersections A and D, and indicating with B the 
intersection with the bisector (see [10]); 

to indicate with 𝐻𝐻𝑖𝑖  the vertex of the angle α, and 
point the compass in the vertex;  

to trace an arc of circumference with center in 𝐻𝐻𝑖𝑖  
and passing through the points A and D;  

to proceed as indicated in Steps 2. – 4. described 
above. 

Experiments with Wolfram Mathematica 
Let us now proceed to the proof of the proposition 

referred to B., stated in the section Statement of the 
Problem. 

We suppose that the locus being a conic section 
exists. Considering the proposals of trisection 
provided by Archimedes, Pappus and Apollonius, 
Descartes, and also Clairaut and Bourdon, just to 
name a few of all the mathematicians that worked on 
that problem (see [5]), this assumption is expected to 
be true. 

In what follows, using the computational power of 
Wolfram Mathematica software, we verify that there 
is a conic which passes through C and E, having its 
symmetry center on the axis of 𝐴𝐴𝐴𝐴���� (see [10]), able to 
identify a point 𝐸𝐸𝑖𝑖  on the curve 𝐶𝐶𝑖𝑖  such that:  

𝐷𝐷𝐷𝐷����𝑖𝑖= 𝐷𝐷𝐷𝐷����𝑖𝑖                 (*) 
We have determined the conic sections circle, 

ellipse and hyperbola, considering Fig. 4 and 
imposing the following conditions: 

(1) passing through the point C; 
(2) passage for the point E; 
(3) passage for the symmetrical point 𝐸𝐸� to E with 

respect to the segment 𝐴𝐴𝐴𝐴����; 
(4) having the center lying on the axis 𝐴𝐴𝐴𝐴����. 
In the calculation, we have considered the segment 

𝐴𝐴𝐴𝐴���� = 12, the same steps, however can be done with 
any value of 𝐴𝐴𝐴𝐴����. 

So we set 𝐴𝐴𝐴𝐴���� = 12  and 𝑂𝑂 ≡ (0,0) , we have 
𝐴𝐴 ≡ (−4,0) , 𝐵𝐵 ≡ (2,0) , 𝐶𝐶 ≡ (4,0) , 𝐷𝐷 ≡ (8,0) ; 
Since point 𝐸𝐸, being equidistant from the points B 
and D, and being 𝐵𝐵𝐵𝐵���� = 𝐸𝐸𝐸𝐸���� = 6, E has as coordinates 
𝐸𝐸 ≡ �5;−3√3�, and point 𝐸𝐸� , symmetric to E with 
respect to 𝐴𝐴𝐴𝐴����, has as coordinates 𝐸𝐸� ≡ �5; 3√3�. 

By imposing the conditions we obtain the following 
equation of the circle (see Wolfram code in 
http://www.asvsa.org/asvsa-lab/trisection ): 

 

 
Fig. 8  Main steps of the trisection procedure for a given angle. 

 

http://www.asvsa.org/asvsa-lab/trisection
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𝑥𝑥2 + 𝑦𝑦2 − 36𝑥𝑥 + 128 = 0           (a) 
Now we shall calculate the distances 𝐷𝐷𝐷𝐷����𝑖𝑖  and 𝐷𝐷𝐷𝐷����𝑖𝑖  

and verify if they satisfy the condition (*). 
The following Fig. 9a shows the differences 

between the two distances 𝐷𝐷𝐷𝐷����𝑖𝑖  and 𝐷𝐷𝐷𝐷����𝑖𝑖 . 
So we try to obtain a better approximation by 

deforming the circle in an ellipse with 
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎 𝐵𝐵 �  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎 𝐴𝐴.  

We get the following ellipse (see Wolfram code in 
http://www.asvsa.org/asvsa-lab/trisection ) .  

(𝑥𝑥 − 16)2

122 +
𝑦𝑦2

132 = 1; �  169𝑥𝑥2 + 144𝑦𝑦2 − 

5048𝑥𝑥 + 18928 = 0 ;           (b) 
The next Fig. 9b compares the differences between 

the distances 𝐷𝐷𝐷𝐷����𝑖𝑖  and 𝐷𝐷𝐷𝐷����𝑖𝑖 , under conditions (*), as 
determined by the circle and by the ellipse. 

As the figure clearly shows, the ellipses gives an 
approximation worst than the circumference one. So, 
we have to go ahead with a different conic. At the end 
we try with an hyperbola imposing the above 
conditions, and considering the center in the origin of 
the axis (see Wolfram code in 
http://www.asvsa.org/asvsa-lab/trisection ): 

𝑥𝑥2

42 −
𝑦𝑦2

�−4√3�
2 = 1 �  3𝑥𝑥2 − 𝑦𝑦2 − 48 = 0 ;   (c) 

The following Fig. 9c finally, compares the 
differences between the distances 𝐷𝐷𝐷𝐷����𝑖𝑖  and 𝐷𝐷𝐷𝐷����𝑖𝑖 , 
under conditions (*), as determined by the circle, the 
ellipse and the hyperbola. 

The Fig. 10 shows the circle, the ellipse and the 

hyperbola, and the Table 1. lists the numerical values 
for each one of the three conics, calculated for the 
circumferences having the center in  𝐻𝐻𝑖𝑖  with  𝑖𝑖 =
0,01 𝑡𝑡𝑡𝑡 25 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0,2, of differences between 𝐷𝐷𝐷𝐷����𝑖𝑖  and 
𝐷𝐷𝐷𝐷����𝑖𝑖  (see the Wolfram Mathematica code in 
http://www.asvsa.org/asvsa-lab/trisection. 

As the figure shows the hyperbola gives always 
zero, for the differences in the two distances, which 
means that the hyperbola is the locus of all the points 
that, according to the Lemma 2, trisect the arcs 
relative to the circumferences 𝑪𝑪𝒊𝒊 with center 𝑯𝑯𝒊𝒊 
located on axis of the segment 𝑨𝑨𝑨𝑨, and passing 
through the points A and D. 

The results obtained for the different 
circumferences 𝐶𝐶𝑖𝑖, with i ∈ {1, … ,200.000}, put in 
evidence that the differences are of order 10−7 for 
the circumference and for the ellipse and 0 for the 
hyperbola. The next Fig. 11 shows the three curves 
together (Fig. 11a) and then the hyperbola (Fig. 11b). 

Proof of proposition A introduced in the Statement 
of the problem 

From what has been observed hyperbola represents 
the curve that trisects the arcs of circumferences 𝐶𝐶𝑖𝑖  
with center in 𝐻𝐻𝑖𝑖  and passing through the points A 
and D, and then it trisects the angle 𝐴𝐴𝐻𝐻𝑖𝑖𝐷𝐷� . On the 
basis of the results shown in the numerical example, at 
this point we can provide a proof of proposition A 
introduced in the Statement of the problem.  

We have to verify that, in general, considering any 
segment 𝐴𝐴𝐴𝐴 = 𝜆𝜆, set 𝑂𝑂 ≡ (0; 0) so to have  

 

 
Fig. 9. Comparison of distance differences from 𝑫𝑫𝑫𝑫𝒊𝒊����� to 𝑫𝑫𝑫𝑫𝒊𝒊������, as determined by the circle (a), the ellipse (b) and hyperbola (c) 
 

 

http://www.asvsa.org/asvsa-lab/trisection
http://www.asvsa.org/asvsa-lab/trisection
http://www.asvsa.org/asvsa-lab/trisection
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Table 1  Lists the numerical values of the distance differences from 𝑫𝑫𝑫𝑫𝒊𝒊����� to 𝑫𝑫𝑫𝑫𝒊𝒊������, as determined by the circle (a), the ellipse 
(b) and hyperbola (c). 

 
 

 
Fig. 10  circle (a), ellipse (b) hyperbola (c) 
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Fig. 11  The three conics together and then the Hyperbola  
 

𝐴𝐴 ≡ �− 𝜆𝜆
3

; 0� ; 𝐵𝐵 ≡ �𝜆𝜆
2

; 0� ; 𝐶𝐶 ≡ �𝜆𝜆
3

; 0� ; 

𝐷𝐷 ≡ �2𝜆𝜆
3

; 0� (Fig. 1), the hyperbola of equation  

𝑥𝑥2

�𝜆𝜆3�
2 −

𝑦𝑦2

�−𝜆𝜆3√3�
2             (1) 

due to Lemma 2, trisects the arc 𝐴𝐴𝐴𝐴  of the 
circumference 𝐶𝐶𝑖𝑖  and with center 𝐻𝐻𝑖𝑖  on the axis of 
the segment 𝐴𝐴𝐴𝐴 passing through points 𝐴𝐴 and 𝐷𝐷. 

Proof: 
Given 𝐴𝐴𝐷𝐷 = 𝜆𝜆  , we write (1) in the following 

explicit form: 

𝑥𝑥2 �−
𝜆𝜆
3√

3�
2

− 𝑦𝑦2 �
𝜆𝜆
3
�

2

= �
𝜆𝜆
3
�

2

�−
𝜆𝜆
3√

3�
2

 

𝑥𝑥2 𝜆𝜆
9

2

3 − 𝑦𝑦2 𝜆𝜆
9

2

=
𝜆𝜆
9

2 𝜆𝜆
9

2

3 

3𝑥𝑥2 − 𝑦𝑦2 −
𝜆𝜆
3

2

= 0  

Considering the sheaf of circumferences 𝐶𝐶𝑖𝑖  with 
centers 𝐻𝐻𝑖𝑖  on the axis of the segment 𝐴𝐴𝐴𝐴 , and 
passing through the points 𝐴𝐴 and 𝐷𝐷 , we have to 
verify that (1) is actually the locus of points 𝐸𝐸𝑖𝑖  for 
which it results that the arc 𝐸𝐸𝑖𝑖𝐷𝐷 belonging to the i-th 
circumference 𝐶𝐶𝑖𝑖  of the considered sheaf, is exactly 

equal to the third part of the arc 𝐴𝐴𝐴𝐴 belonging to the 

i-th circumference 𝐶𝐶𝑖𝑖: arc 𝐸𝐸𝑖𝑖𝐷𝐷 =  1
3

 arc 𝐴𝐴𝐴𝐴. 

Named 𝐻𝐻ℎ  a generic point on the axis of the 
segment 𝐴𝐴𝐴𝐴  passing through the point 𝐵𝐵 , having 

coordinates 𝐻𝐻ℎ ≡ �𝜆𝜆
6

; ℎ�  and named 𝐸𝐸𝑘𝑘  a generic 

point belonging to the equation (1), for 𝑥𝑥 = 𝑘𝑘 we 
have: 

3𝑘𝑘2 − 𝑦𝑦2 − 1
3
𝜆𝜆2 ; 𝑦𝑦2 = 3𝑘𝑘2 − 1

3
𝜆𝜆2  from which 

𝑦𝑦1 = �3𝑘𝑘2 − 1
3
𝜆𝜆2 and 𝑦𝑦2 = −�3𝑘𝑘2 − 1

3
𝜆𝜆2; 

for the purpose of this proof, we consider the solution 
𝑦𝑦2 that is in the 4° quadrant, and therefore we have: 

𝐻𝐻ℎ ≡ �𝜆𝜆
6

; ℎ� and 𝐸𝐸𝑘𝑘 ≡ �𝑘𝑘;−�3𝑘𝑘2 − 1
3
𝜆𝜆2�; 

Being the point 𝐻𝐻ℎ  the center of the circumference 
𝐶𝐶𝑖𝑖  (Fig. 9b), it is possible affirm that the segments 
𝐻𝐻ℎ𝐷𝐷 and 𝐻𝐻ℎ𝐸𝐸𝑘𝑘  have to be equal, being the radius of 
the same circumference:  

𝐻𝐻ℎ𝐷𝐷  =  𝐻𝐻ℎ𝐸𝐸𝑘𝑘  

𝐻𝐻ℎ𝐷𝐷
2

= �
𝜆𝜆
6
−

2𝜆𝜆
3
�

2

+ (ℎ − 0)2 = �
𝜆𝜆
2
�

2

+ ℎ2  
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𝐻𝐻ℎ𝐸𝐸𝑘𝑘
2

= �
𝜆𝜆
6
− 𝑘𝑘�

2

+ �ℎ +�3𝑘𝑘2 −
1
3
𝜆𝜆2�

2

=
𝜆𝜆2

36
+ 𝑘𝑘2 −

𝜆𝜆𝜆𝜆
3

+ ℎ2 + 3𝑘𝑘2 −
𝜆𝜆2

3

+ 2ℎ�3𝑘𝑘2 −
1
3
𝜆𝜆2; 

�𝜆𝜆
2
�

2
+ ℎ2 = 𝜆𝜆2

36
+ 𝑘𝑘2 − 𝜆𝜆𝜆𝜆

3
+ ℎ2 + 3𝑘𝑘2 − 𝜆𝜆2

3
+

2ℎ�3𝑘𝑘2 − 1
3
𝜆𝜆2; 

𝜆𝜆2

4
− 𝜆𝜆2

36
+ 𝜆𝜆2

3
− 4𝑘𝑘2 + 𝜆𝜆𝜆𝜆

3
= 2ℎ�3𝑘𝑘2 − 1

3
𝜆𝜆2; 

9𝜆𝜆2 − 𝜆𝜆2 + 12𝜆𝜆2

36
− 4𝑘𝑘2 +

𝜆𝜆𝜆𝜆
3

= 2ℎ�3𝑘𝑘2 −
1
3
𝜆𝜆2; 

2ℎ�3𝑘𝑘2 − 1
3
𝜆𝜆2 = 20𝜆𝜆2

36
− 4𝑘𝑘2 + 𝜆𝜆𝜆𝜆

3
; 

2ℎ�3𝑘𝑘2 − 1
3
𝜆𝜆2 = 5𝜆𝜆2

9
− 4𝑘𝑘2 + 𝜆𝜆𝜆𝜆

3
; 

2ℎ�3𝑘𝑘2 −
1
3
𝜆𝜆2 = �𝑘𝑘 +

𝜆𝜆
3
� �−4𝑘𝑘 +

5𝜆𝜆
3
� ; 

from which ℎ =
�𝜆𝜆3+𝑘𝑘��5𝜆𝜆

3 −4𝑘𝑘�

2�3𝑘𝑘2−1
3𝜆𝜆

2
 and then 𝐻𝐻ℎ ≡

�𝜆𝜆
6

;
�𝜆𝜆3+𝑘𝑘��5𝜆𝜆

3 −4𝑘𝑘�

2�3𝑘𝑘2−1
3𝜆𝜆

2
� 

We determine the straight-line of the equation 
𝑦𝑦 = 𝑚𝑚𝑚𝑚 + 𝑛𝑛 passing through  

𝐻𝐻ℎ ≡ �𝜆𝜆
6

;
�𝜆𝜆3+𝑘𝑘��5𝜆𝜆

3 −4𝑘𝑘�

2�3𝑘𝑘2−1
3𝜆𝜆

2
�  and 

𝐸𝐸𝑘𝑘 ≡ �𝑘𝑘;−�3𝑘𝑘2 − 1
3
𝜆𝜆2�: 

⎩
⎪
⎨

⎪
⎧ �𝜆𝜆3+𝑘𝑘��5𝜆𝜆

3 −4𝑘𝑘�

2�3𝑘𝑘2−1
3𝜆𝜆

2
=  𝜆𝜆

6
𝑚𝑚 + 𝑛𝑛

−�3𝑘𝑘2 − 1
3
𝜆𝜆2 = 𝑘𝑘𝑘𝑘 + 𝑛𝑛

�        (2)  

by subtracting from member to member 

�𝜆𝜆
3

+ 𝑘𝑘��5𝜆𝜆
3
− 4𝑘𝑘�

2�3𝑘𝑘2 − 1
3
𝜆𝜆2

+ �3𝑘𝑘2 −
1
3
𝜆𝜆2

=
𝜆𝜆
6
𝑚𝑚 + 𝑛𝑛 −  𝑘𝑘𝑘𝑘 − 𝑛𝑛; 

�𝜆𝜆3+𝑘𝑘��5𝜆𝜆
3 −4𝑘𝑘�+2�3𝑘𝑘2−1

3𝜆𝜆
2�

2�3𝑘𝑘2−1
3𝜆𝜆

2
= 𝑚𝑚�𝜆𝜆

6
− 𝑘𝑘�; 

5𝜆𝜆2

9
− 4𝑘𝑘2 + 𝜆𝜆𝜆𝜆

3
+ 6𝑘𝑘2 − 2

3
𝜆𝜆2

2�3𝑘𝑘2 − 1
3
𝜆𝜆2

= 𝑚𝑚 �
𝜆𝜆
6
− 𝑘𝑘� ; 

2𝑘𝑘2+𝜆𝜆𝜆𝜆
3 −

1
9𝜆𝜆

2

2�3𝑘𝑘2−1
3𝜆𝜆

2
=  𝑚𝑚 �𝜆𝜆

6
− 𝑘𝑘�; 

�𝜆𝜆6−𝑘𝑘��−
2𝜆𝜆
3 −2𝑘𝑘�

2�3𝑘𝑘2−1
3𝜆𝜆

2
=  𝑚𝑚 �𝜆𝜆

6
− 𝑘𝑘�; 

𝑚𝑚 =
�−2𝜆𝜆

3
− 2𝑘𝑘�

2�3𝑘𝑘2 − 1
3
𝜆𝜆2

=
2 �− 𝜆𝜆

3
− 𝑘𝑘�

2�3𝑘𝑘2 − 1
3
𝜆𝜆2

=
�− 𝜆𝜆

3
− 𝑘𝑘�

�3𝑘𝑘2 − 1
3
𝜆𝜆2

; 

𝑚𝑚 = −
�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
 ; 

and being from (2) that  

−�3𝑘𝑘2 −
1
3
𝜆𝜆2 = 𝑘𝑘𝑘𝑘 + 𝑛𝑛 

we get: 

𝑛𝑛 = −�3𝑘𝑘2 − 1
3
𝜆𝜆2 +

𝑘𝑘�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
; 

from which the straight-line passing through points 
𝐻𝐻ℎ  and 𝐸𝐸𝑘𝑘  has the equation: 

𝑦𝑦 = −
�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
 x −�3𝑘𝑘2 − 1

3
𝜆𝜆2 +

𝑘𝑘�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
     (3) 

Now, we can identify the point 𝐾𝐾𝑘𝑘  so that the 
straight-line (3) intersect the segment 𝐴𝐴𝐴𝐴: 

−
�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
 x −�3𝑘𝑘2 − 1

3
𝜆𝜆2 +

𝑘𝑘�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
= 0; 
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𝑘𝑘�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
−

�𝜆𝜆3+𝑘𝑘�𝑥𝑥

�3𝑘𝑘2−1
3𝜆𝜆

2
 = �3𝑘𝑘2 − 1

3
𝜆𝜆2; 

𝑘𝑘�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
−

�𝜆𝜆3+𝑘𝑘�𝑥𝑥

�3𝑘𝑘2−1
3𝜆𝜆

2
 =

3𝑘𝑘2−1
3𝜆𝜆

2

�3𝑘𝑘2−1
3𝜆𝜆

2
; 

𝑘𝑘�𝜆𝜆3+𝑘𝑘�

�3𝑘𝑘2−1
3𝜆𝜆

2
−

3𝑘𝑘2−1
3𝜆𝜆

2

�3𝑘𝑘2−1
3𝜆𝜆

2
 =

�𝜆𝜆3+𝑘𝑘�𝑥𝑥

�3𝑘𝑘2−1
3𝜆𝜆

2
; 

𝑘𝑘 �𝜆𝜆
3

+ 𝑘𝑘� − �3𝑘𝑘2 − 1
3
𝜆𝜆2� = �𝜆𝜆

3
+ 𝑘𝑘�𝑥𝑥; 

𝑘𝑘 �𝜆𝜆
3

+ 𝑘𝑘� − (3𝑘𝑘 − 𝜆𝜆) �𝜆𝜆
3

+ 𝑘𝑘� = �𝜆𝜆
3

+ 𝑘𝑘�𝑥𝑥; 

𝑘𝑘 − (3𝑘𝑘 − 𝜆𝜆) = 𝑥𝑥; 

𝑥𝑥 = 𝑘𝑘 − 3𝑘𝑘 + 𝜆𝜆; 

from which: 𝐾𝐾𝑘𝑘 ≡ (𝜆𝜆 − 2𝑘𝑘; 0) 
from the proceeds, in order to proof the hypothesis of 
the trisection, we should verify that it is 𝐾𝐾𝑘𝑘𝐷𝐷  =  𝐸𝐸𝑘𝑘𝐷𝐷. 

Because 𝐾𝐾𝑘𝑘 ≡ (𝜆𝜆 − 2𝑘𝑘; 0);  𝐷𝐷 ≡ �2𝜆𝜆
3

; 0� ; 𝐸𝐸𝑘𝑘 ≡

�𝑘𝑘;−�3𝑘𝑘2 − 1
3
𝜆𝜆2�; 

we get: 

𝐾𝐾𝑘𝑘𝐷𝐷
2

= �𝜆𝜆 − 2𝑘𝑘 − 2𝜆𝜆
3
�

2
+ (0 − 0)2; 

𝐾𝐾𝑘𝑘𝐷𝐷
2

= �𝜆𝜆
3
− 2𝑘𝑘�

2
; 

𝐾𝐾𝑘𝑘𝐷𝐷
2

= 𝜆𝜆2

9
− 4

3
𝜆𝜆𝜆𝜆 + 4𝑘𝑘2 ; 

𝐾𝐾𝑘𝑘𝐷𝐷 = �𝜆𝜆
2

9
−

4
3
𝜆𝜆𝜆𝜆 + 4𝑘𝑘2 

and 

𝐸𝐸𝑘𝑘𝐷𝐷
2

= �𝑘𝑘 −
2𝜆𝜆
3
�

2

+ �−�3𝑘𝑘2 −
1
3
𝜆𝜆2 − 0�

2

; 

𝐸𝐸𝑘𝑘𝐷𝐷
2

= 3𝑘𝑘2 −
4𝑘𝑘𝑘𝑘

3
+

4
9
𝜆𝜆2 + 3𝑘𝑘2 −

1
3
𝜆𝜆2; 

𝐸𝐸𝑘𝑘𝐷𝐷
2

=
1
9
𝜆𝜆2 −

4𝑘𝑘𝑘𝑘
3

+ 4𝑘𝑘2; 

𝐸𝐸𝑘𝑘𝐷𝐷 = �1
9
𝜆𝜆2 −

4𝑘𝑘𝑘𝑘
3

+ 4𝑘𝑘2 

so, finally, it results to be true that 𝐾𝐾𝑘𝑘𝐷𝐷  =  𝐸𝐸𝑘𝑘𝐷𝐷 
c.v.d. 

6. Conclusion 

When coming up with a new approach to an old 
problem, we often need to look at this problem 
differently. In this paper we have shown that the locus 
of points that trisects the arcs is an hyperbola. The 
rationality of this evidence can be probably deduced 
imagining a spatial representation based on plans, 
cone and sphere and proceeding through an 
axonometric study. A further field of research comes 
from the event connected to the representation of the 
point limit for 𝐶𝐶𝑖𝑖 with center 𝐻𝐻𝑖𝑖 . It appears obvious 
that due to the different size of the segment 𝐴𝐴𝐴𝐴, it is 
reasonable to assume a different qualification of 
infinity for the segment for 𝐻𝐻𝑖𝑖𝐵𝐵  and infinitesimal 
angle 𝐵𝐵𝐻𝐻𝑖𝑖𝐷𝐷� , and even more is to emerge a difficulty 
of applying the classic Cantorian concept of infinity 
relatively to the infinite dimension of the segment 
𝐻𝐻𝑖𝑖𝐵𝐵  and the evidently greater segment 𝐻𝐻𝑖𝑖𝐷𝐷 . 
Probably the introduction of a different and 
appropriate method of calculation for the infinite and 
infinitesimal could allow a better approach to the 
problem (see [12]; [13]). 
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