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Abstract: Medical ultrasound contrast imaging is a powerful modality undergoing successive developments in the last decade to date. 
Lately, pulse inversion has been used in both ultrasound tissue harmonic and contrast imaging. However, there was a tradeoff 
between resolution and penetration. Chirp excitations partially solved the tradeoff, but the chirp setting parameters were not 
optimized. The present work proposes for the first time combining chirp inversion with ultrasound contrast imaging, with the 
motivation to improve the contrast, by automatically optimizing the setting parameters of chirp excitation, it is thus an optimal 
command problem. Linear chirps, 5 μm diameter microbubbles and gradient ascent algorithm were simulated to optimize the chirp 
setting parameters. Simulations exhibited a gain of 5 dB by automatic optimization of chirp inversion relative to pulse inversion. The 
automatic optimization process was quite fast. Combining chirp inversion with ultrasound contrast imaging led to a maximum 
backscattered power permitting high contrast outcomes and optimum parameters. 
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1. Introduction 

Ultrasound contrast imaging is an inevitable 

modality in medicine. It has significantly improved 

medical diagnosis by ameliorating the contrast after 

injecting a contrast agent into the patient’s vascular 

system [1]. Several methods have been proposed in 

literature to improve the CTR (contrast-to-tissue ratio). 

These methods were classified into two major groups. 

The first group (i) was based on continuous encoding 

such as HCI (harmonic chirp imaging) [2, 3]. HCI has 

improved resolution and increased the SNR 

(signal-to-noise ratio) of images. It was also capable 
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of solving the trade-off between resolution and 

penetration [4, 5]. The second group (ii) was based on 

discrete encoding imaging methods such as pulse 

inversion [6], contrast pulse sequence [7] and pulse 

subtraction [8]. These methods were capable of 

efficiently extracting the harmonic frequency 

components out of the spectrum of backscattered 

signals even if any overlap existed in this spectrum. 

Few years later, in order to benefit from the two 

aforementioned groups that contributed to the 

enhancement of the CTR, several scientists have 

proposed to merge some techniques together. For 

instance, chirp reversal has been proposed in harmonic 

contrast imaging [9] and chirp inversion in tissue 

harmonic imaging [10]. 

In this paper, the authors have proposed for the first 

time to merge chirp inversion with harmonic 
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agent (Subsection 2.3). At the same time, ultrasound 

chirp excitation (Subsection 2.1), which is transmitted 

by a transducer to the explored medium, is encoded 

and simulated (Subsection 2.2). When the ultrasound 

waves interact with the medium perfused with 

microbubbles, echoes are reflected and backscattered 

towards the receiver (Subsection 2.4). At the receiver, 

the electrical signals are decoded and used to construct 

the image. 

2.1 Transmitter, Transmitting Transducer and Chirp 

Excitations 

As already mentioned, a transducer was used to 

transmit chirp excitations. During transmission, these 

chirps were filtered by the passband filters of the 

transmitting transducer Tx (Fig. 1). The bandwidth of 

the simulated transmitting transducer was 74% at -3 

dB and central frequency 2.25 MHz. Chirp excitations 

are signals possessing a dynamic (instantaneous) 

frequency. A chirp ܥ௝ሺݐሻ is said to be linear when its 

dynamic frequency is linear (Eq. (1)) [10]: 

൞
ሻݐ௝ሺܥ ൌ ݌ݔ଴݁ܣ ቀെ

ሺ௧ି௧బሻమ

ଶఙమ ቁ . cos൫ߠ௜ሺݐሻ൯

ሻݐ௜ሺߠ ൌ ൫ߨ2 ௜݂ሺݐሻ൯ݐ ൅ ߮௝ 

௜݂ሺݐሻ ൌ ݂ ൅  ݐߚ

   (1) 

where A0 is the normalized driving pressure of the 

chirp; t0: time delay; t: time; f: starting frequency or 

first setting parameter of chirp; : frequency 

modulation index or second setting parameter; fi: 

instantaneous frequency; ߮ : angular phase; θi: the 

instantaneous phase of the chirp; and σ: width of the 

Gaussian’s envelope, which was chosen through the 

simulation as proposed by Wilhjelm [13] to be 3. Note 

that the well-known pulse definition can be obtained 

from Eq. (1) by setting 0 = ߚ. Chirp excitations were 

then encoded. 

2.2 Chirp Inversion Encoding 

Chirp inversion encoding simulated with Matlab 

(Mathworks, Natick, MA, USA) is the process of 

transmitting two 180° out of phase chirps sequentially 

into the medium perfused with microbubbles. Chirp 

echoes reflected by the contrast agent are then 

summed up such that echoes at the starting frequency f 

cancel out while those at the harmonic frequencies 

show up [6, 10, 14]. Chirp inversion encoding was 

illustrated by the two branches following transmission 

in Fig. 1. The first emitted chirp ܥଵሺݐሻ was fed into a 

time-delay block and then a phase inverse block to get 

ݐଵሺܥ െ ଴ሻݐ  with ߮ଵ ൌ ߨ . The second chirp was 

ሻݐଶሺܥ  with ߮ଶ ൌ 0 . Then ܥଵሺݐ െ ଴ሻݐ  and ܥଶሺݐሻ 

were filtered and fed into the medium of 

microbubbles. 

2.3 Microbubble Model 

Simulated medium consisted of micrometer-sized 

bubbles. For simplicity, and without loss of generality, 

in order to simulate the mean behavior of a 

microbubble cloud, it was assumed that the response 

(non-linear vibration) of a cloud of N microbubbles 

was N times the response of a single microbubble 

possessing the mean properties. 

Bubblesim software [15] was used in this work, in 

order to account for the microbubble’s response when 

exposed to a megahertz-frequency ultrasound chirp. It 

is based on simulating the response by digitally 

solving modified Rayleigh-Plesset model (Eq. (2)). 

ሷܴ ሺݐሻ ሶܴ ሺݐሻ ൅
3
2

ሶܴ ሺݐሻଶ ൅
଴݌ ൅ ሻݐ௜ሺ݌ ൅ ሻݐ௅ሺ݌

௅ߩ
 

െ
௣ಽሺ௧ሻ

௣ಽ௖ಽ
ܴሺݐሻ ൌ 0          (2) 

where R is the instantaneous radius of microbubbles, 
ሶܴ  and ሷܴ  are first and second derivative respectively, 

p0: static pressure; pi: instantaneous acoustic pressure; 

pL: liquid pressure on the surface of the micro-bubbles; 

ρL: liquid density; and cL: velocity of sound in the 

liquid. Eq. (2) was based on modeling microbubbles 

by air-filled particles where the surface layer 

resembles that of an elastic solid. 

SonoVue [16] contrast agent was simulated 

according to experiments in literature. The mean 

diameter of simulated SonoVue (Bracco Research 

SpA, Geneva, Switzerland) microbubbles was 5 μm 

[16] and the shell thickness dSe 1 nm [17]. The shell 
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shear modulus Gs was 46 MPa [15] and the shear 

viscosity 1 Pa·s. 

2.4 Receiving Transducer, Chirp Inversion Decoding 

and Receiver 

The first element of the reception stage (Fig. 1) was 

the transducer Rx, the bandwidth of Rx was 63% at -3 

dB and central frequency 3.5 MHz. For illustration, 

the transducer’s effect was taken into consideration in 

transmission and reception, such that, its bandwidth 

was 160% at -3 dB and central frequency 3 MHz. The 

received echoes from the same transducer were used 

for constructing the ultrasound image. The backscattered 

signals were decoded (Eq. (3)) and a time delay was 

imposed on the second backscattered chirp (Fig. 1).  

൜
ሻݐଵሺݎ ൌ ݐଵሺܥሼ݋݄ܿ݁  െ ଴ሻሽݐ
ݐଶሺݎ െ ଴ሻݐ ൌ ሻሽݐଶሺܥሼ݋݄ܿ݁          (3) 

Then the backscattered chirp y(t) was computed (Eq. 

(4)).  
ሻݐሺݕ ൌ ሻݐଵሺݎ ൅ ݐଶሺݎ െ  ଴ሻ         (4)ݐ

The former phase is called feed forward phase. 

3. Method 

In this section, the automatic optimization of the 

chirp setting parameters that enabled to optimize the 

power in the ultrasound image was presented, thanks 

to the feedback line (dashed line in Fig. 1).  

3.1 Automatic Optimization Technique 

Automatic optimization was based on gradient 

ascent technique inspired from adaptive filtering. It is 

an iterative process that tracks the maximum of a cost 

function J [18] being the backscattered power: 
ሺ߶௞ሻܬ ൌ ׬ ,ݐሺݕ  ߶௞ሻଶ݀(5)           ݐ 

where ߶௞ ൌ ሺ ௞݂, ௞ሻ்ߚ  is the vector of the setting 

parameters to be optimized at the kth iteration, T: the 

transpose; ௞݂ : the starting frequency; ߚ௞ : the 

modulation index; and ݕሺݐ, ߶௞ሻ : the backscattered 

chirp of inversion decoding. The automatic algorithm 

was implemented to find the maximum of ܬሺ߶௞ሻ at 

 :according to the following equation כߚ and כ݂

߶௞
כ ൌ ݔܽ݉݃ݎܽ

థ
൫ܬሺ߶௞ሻ൯          (6) 

The automatic algorithm iteratively generates the 

optimum values of ݂כ  and כߚ  from ܬሺ߶௞ሻ . The 

algorithm was summarized in the following points: 

 Three initial values of (f, β) parameters thus far 

have been predefined. The algorithm launched in the 

forward stage for the first three iterations k = 1, 2, 3; 

 The output of chirp inversion processing (i.e. 

forward process) was fed into the optimization 

feedback after the third iteration, i.e. {k  4}; 

 The cost function was measured as in Eq. (5); 

 The iterative equation (Eq. (6)) was then 

implemented to compute steps proportional to the 

positive of the gradient of J at the current point. This 

step was responsible of setting the maximum power 

that could have been attained. It was equivalent to: 

߶௞ାଵ ൌ ߶௞ ൅ థೖ׏ቀ ߤ
 ሺ߶௞ሻቁ      (7)ܬ

where μ was the speed of convergence of ݂כ and כߚ 

to the optimum value, it was initialized absolutely to 2. 

The choice of 2 was settled on after testing 0.1 ≤ μ ≤ 3; 

 The gradient was approximated by the discrete 

gradient (Eq. (8)) as there was no analytical 

expression that describes the variation of the power as 

a function of the frequency parameters given below: 

థೖ׏
൫ܬሺ߶௞ሻ൯ ൌ

௃ሺథೖሻି௃ሺథೖషభሻ

థೖିథೖషభ
         (8) 

The power of ݕሺݐ, ߶௞ሻ  converged and ሺ݂כ,  ሻכߚ

were automatically obtained. 

3.2 Gain 

The power gain GdB was defined as the ratio of the 

automatically optimized chirp inversion system (i.e. 

the block diagram with the feedback stage (Fig. 1) to 

the pulse inversion imaging [6], i.e. for 0 = ߚ (as 

mentioned in Subsection 2.1). In pulse inversion, the 

frequency parameters were set to fref = 2.25 MHz and 

β = 0 MHz/s [19]. Therefore, the gain GdB was 

obtained by the following equation: 

ௗ஻ܩ ൌ 10 · ଵ଴݃݋݈ ൬
௃ሺ௙כ,ఉכሻ

௃൫௙ೝ೐೑,଴൯
൰         (9) 

4. Simulation Results and Discussion 

Simulations were carried out on an ultrasound 
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contrast agent composed of 5 μm-diameter bubbles. A 

linear chirp of driving pressure 100 kPa with three 

initial predefined central transmitted frequencies 1.5, 3 

and 3.5 MHz as proposed in Ref. [12] and initial 

second frequency parameter assigned the values 0.2, 

0.4 and 0.6 MHz/s were tested using the automatic 

algorithm. 

Fig. 2 represented the power image of the 

backscattered chirp y(t), coded in colors, as a function 

of f and ߚ . The chirp parameters f and ߚ  were 

ranging between 0.5 MHz and 6.5 MHz and -2 MHz/s 

and 2 MHz/s, respectively. The power was computed 

empirically, i.e., point-by-point by (Eq. (5)) in 

logarithmic unit. The power values were associated 

with colormap jet, such that, points exhibiting high 

power were associated a dark red color and those 

exhibiting lowest power outcomes were associated 

dark blue color. This power was considered as our 

cost function. 

From Fig. 2, it was obvious that the maximum of 

the cost function was obtained for ߚ different from 

zero and for f different from fref. This empirically 

demonstrated the necessity of using chirp excitations 

and thus seeking the optimal value of the two setting 

parameters ߚ and f that maximizes the cost function. 

Nevertheless, instead of empirically testing all the 

(f,  ߚ) couples, we desired to achieve this optimally 

and automatically using a gradient ascent method. 

Since the image seemed to be symmetric with 

respect to the line 0 = ߚ, it was sufficient to merely 

study the cost function for ߚ ൐ 0. So we have super 

imposed on (Fig. 2) the trajectory of the automatic 

technique that led to the optimal values. The bold 

black line elaborated the novel automatic optimization 

path and the circles indicated the number of iterations 

that was 7, after which the algorithm converged to the 

optimum setting parameters. Note that fref denotes the 

frequency value of the reference method, which is 

pulse inversion as mentioned in Section 1. 

Fig. 3 represented the variation of the power of the 

backscattered chirp y(t) as a function of the number of 

iterations for chirps of driving pressure 100 kPa. In 

the first iteration, the power of chirp was -32.1 

logarithmic power units, then as the number of 

iterations increased the power increased gradually, 

then decreased at the fourth iteration. Afterwards it 

increased until it reached its maximum of -30.8 

logarithmic power units at the seventh iteration and 

attained a plateau until the fiftieth iteration. This 

variation in the power values proves the sensitivity of 

the cost function J to the choice of (f,  ߚ) couples. 

Note that the power obtained by pulse inversion was 

illustrated by the horizontal dashed line (Fig. 3) and 

the power difference was approximately 5 dB. 
 

 
Fig. 2  The backscattered power (coded in colors) of the 
linear chirp y(t) of driving pressure 100 kPa as a function of 

f and ࢼ with the automatic optimization trace. 
 

 
Fig. 3  Automatic optimization of the backscattered power 
of chirp y(t) with initial driving pressure 100 kPa. 
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Fig. 4  Automatic optimization of the first chirp parameter 
f for initial driving pressure 100 kPa. 
 

Fig. 4 manifested the automatic optimization of f as 

a function of the number of iterations. The optimum 

value of the first setting parameter was attained at the 

point of convergence of the power, i.e., at the seventh 

iteration. The algorithm converged to 3.1 MHz. This 

implied that the optimal transmitted frequency was 3.1 

MHz and was different from the reference frequency 

fref = 2.25 MHz in pulse inversion. The optimal 

frequency was 0.1 MHz above the central frequency 

of the transducer and 0.85 MHz above the reference 

frequency 2.25 MHz in pulse inversion [12], 

regardless of the initial driving pressure level A0.  

Fig. 5 exhibited the variation of the second 

frequency chirp setting parameter ߚ as a function of 

the number of iterations. The optimum value was 0.1 

MHz/s, selected after the seventh iteration where the 

power converged to its maximum value. 

Table 1 represented the optimal setting parameters 

in automatic chirp inversion in addition to the gain 

(Eq. (9)). The novel automatic technique of chirp 

inversion achieved a gain of 5 dB as compared to the 

existing pulse inversion technique. 

To sum up, chirp’s frequency setting parameters, 

transmitted frequency f and frequency modulation 

index β, were optimized and thought to improve the 

backscattered power. Results showed that the 

proposed optimization method does not require apriori 

 
Fig. 5  Automatic optimization of the second chirp setting 

parameter ࢼ for initial driving pressure 100 kPa. 
 
Table 1  Automatic optimization setting parameters and 
gain. 

Setting parameters 
Gain (dB) 

 (MHz/s)כߚ (MHz)כ݂
3.1 0.1 5 

 

knowledge of the microbubble, since it requires 

merely the cost-function. Simulations revealed that 

optimization feedback in chirp inversion was crucial. 

A 5 dB gain was achieved by the automatic feedback 

as compared to pulse inversion where ߚ ൌ 0. The 

speed of convergence of the algorithm was 

appreciated such that it was attained in seven 

iterations knowing that there were three measurements 

required per iteration. 

If the cost function was neither convex nor concave, 

the initial conditions of the frequency parameters 

should be carefully chosen. This could be fulfilled by 

testing various points to meet the demand. Otherwise, 

additional optimization technique capable of selecting 

the proper initial conditions should be considered. 

The major practical advantage of the proposed 

technique is that neither the technician nor clinician is 

required to tune his transducer to any frequency value. 

Indeed, the technique will automatically adapt itself 

and select the optimum setting parameters that 

maximize the backscattered power from the patient. 

The enhancement of the resolution and SNR 

guaranteed by the use of chirp excitations was 
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associated with iterative power increase; this might 

improve the CTR of contrast ultrasound images during 

the whole examination even if different kinds of 

variations occurred.  

5. Conclusion 

Chirp inversion in ultrasound contrast imaging 

accompanied by automatic optimization technique 

enhances the backscattered power. Since the technique 

is not limited to linear chirps, other chirp types could 

be investigated. However, experimental verification of 

the simulation is needed. 
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