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Abstract: This paper is the continuation of the paper [13]. Namely, in [13], the scope of the structural completeness in the class of all
over-systems of the classical predicate calculus, has been established. In this paper we establish the scope of the structural completeness

in the class of all over-systems of the classical functional calculus with identity.
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1 Preliminaries Symbols x4,x5,... are individual variables. V

, denotes the set of all individual variables. Symbols P}’
Let -, ~, V, A, = denote the connectives of

o . L . . . are n-ary predicate letters. The set of all atomic
implication, negation, disjunction, conjunction and

) ) formulas of the form P (xy, ..., X,,), is denoted by At;.
equivalence, respectively. Let here and later

ijkn €N . where N={L2, .}. XCV The symbols A,,V,, are quantifiers. The set §; of

) 11 well-f d f las, i tructed in th 1
denotes that X is a subsetoftheset Y. X € Y denotes atl welHlorimed fotimrias, 15 coustructed n the tisua

by th bols listed above.
that X €Y and ¥V # X. @ denotes the empty set. way, by the symbols listed above

Now we describe the set S; of all well-formed
By Aty = {pi,p?,...,p¥,p%, ...} we denote the set !

. . . formulas for a functional calculus with identity.
of all propositional variables. Hence, S, is the set of

. o Symbols  xq,x;,.. are individual variables. V;
all well-formed formulas, which are built in the usual

iy . denotes the set of all individual variables. Symbols
manner by propositional variables and by means of

. . ai, a,, ... are individual constants. U; denotes the set
logical connectives. MM, denotes the well-known vz !

f all individual tants. Symbols f' -
classical two-valued matrix. Z, denotes the set of all of all individual constants. Symbols f," are n-ary

functional letters. Now we define the set T, of all
formulas valid in the classical two-valued matrix 9t, !

terms. Namely, U; U V; € T; and if ty,..,t, €T},
(see [6], [9], [15]). erms. Namely, U;U V; € T; and if ty,..,t, €T}

then f*(ty,..,t,) € T;. We assume here that P?

In the next paper, we will establish the scope of the structural denotes the predicate letter of identity. We use also the

completeness in the class of all over-systems of Peano’s

Arithmetic System. symbol I, as the predicate letter of identity. Namely,
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and we write sometimes (ty,t,), instead of t;, = t,.
The set of all atomic formulas of the form
Py (ty,...,t;) , is denoted by At;. A,,V,, are
quantifiers. The set S; of all well-formed formulas, is
constructed in the usual manner, by the symbols listed
above. P/(¢) denotes the set of all predicate letters
occuring in ¢, where ¢ € S;. P/(X) denotes the set
of all predicate letters occuring in formulas, which
belong to the set X, where X < S;. U;(¢p) denotes
the set of all individual constants occuring in ¢,
where ¢ € S;. vfj(¢) denotes the set of all free
variables occuring in ¢, where ¢ € S;. T;(¢p) denotes
the set of all terms occuring in ¢, where ¢ € S;.
S1=1{¢ € S;:vfi(¢) = 9}
ANa= Ny, Ay @, if vfi(@) ={x,...,x} and
Va=Vy,...,Vy, a if vfi(a) = {xq,..., x; }. Hence,

Next

Aa=a, if vfi(a) =0 and Va = «a, if vfi(a) =
@. C;(a) denotes the set of all connectives occuring in
a, where a €S,. P!(S;) denotes the set of all
predicate letters, occuring in S;.

Sy is the set of all well-formed formulas, which are
in prenex-conjunctive normal form, where S; € S;
(see [6] pp. 85-97,[2] pp. 186 - 194 and [1] pp. 35 -42
and pp. 130 - 132). We use=,—,<,&,V,V,3 as
symbols. S’ ={¢ € S;: P! (¢p) ={I}} ,
S'={peSvfi(p)=0}, St={peS: ~ ¢
Ci(P)}, St ={¢p € St:vfi(¢) = B}. Rs, denotes the
set of all rules over S;(i € {0,1,1}) (see [8] p.37). For
any X € §; andR € Rs,, Cn(R,X) is the smallest

metalogical

subset of S;, containing X and closed under the rules
of R € Rg (1 €{0,1,1}) . Next, the couple (R, X) is
called a system, whenever X € S;and R S Rs (1€

{0,1,1}). By 7i(i€{0,1}) we denote the rule of

substitution for propositional and predicate letters,
respectively. Namely, ({a},8) € i © h®(a) = B, for
some endomorphism h¢:S; — S; , which is an
extension of the function e:At,— S,e€¢€i(i€
{0,1}). Next, 7! denotes the rule of substitution for
predicate letters in functional calculus with identity.
Namely, ({a},f)€r! © h®(a) = , for some
endomorphism h®:S; — S;, which is an extension of
the function e:At; — S, e € e/ . Of
e(I(tl, tz)) = I(t1,t,) (for details see [5], [7], [8], see
also [10], [12]).

course

Next, here and later, 1, denotes Modus Ponens for
propositional calculus, 7§ denotes Modus Ponens for
predicate calculus and 7§ denotes Modus Ponens for
functional calculus with identity, respectively.

Next, r} denotes the generalization rule for
predicate calculus and r] denotes the generalization
rule for functional calculus with identity. Thus,

Ry = {ro}, R+ = {rg,m{} and Ry, = {rg,ri}.

L, denotes the set of all formulas valid in the
classical predicate calculus and L}, denotes the set of
all formulas valid in the classical functional calculus
with identity.

Now we define the function i:S; — S, as follows:

(a (P (ty, ..., ty) = pi (i € Atyp),

(a, )i(I(tk'tn)) = p1(p1 € Aty),

(ay)i(¢ =) =i(¢) = i(¥),

(a)i(o V) =1i(d) Vi),

(as)i(p AY) = i(d) A i),

(as)i(p =¥) = i(¢) = i),

(a)i(~¢) = ~i(¢),

(ag)i(Ax, &) = i(P),
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(ag)i(Vy, @) = i(¢).

Let ¢ € S; and a € At; and let v: Aty — ||

be arbitrary, but fixed valuation in the matrix I,
such that k" (i(¢)) = 1.

Then:

Apnrna, if v(i(a))=0
) ep(@) ={ANp = a, if v(i(a)) =1
a, if aes!

Now we repeat the well-known properties of the
operation of consequence. Let X € S; and R S Rg,.
Thus,

(¢,)X € Cn(R,X),

(c,)X €Y = Cn(R,X) SCn(R,Y),

(¢;) RER = Cn(R,X) S Cn(R,X),
(c,)Cn(R,Cn(R, X)) < Cn(R,X),
(c;)Cn(R,X) = U{Cn(R,Y):Y € Fin(X)},

Where Y € Fin(X) denotes that Y is the finite subset
of X.

Now we repeat the well-known definitions of the
permissible rule, the derivable rule and the structural
rule (see [S], [8]). Let X © §; and R < Rg,. Thus,

r € Perm(R,X) iff
VIl € SH(V ¢ eSH[I, ¢p) er &I € Cn(R,X) =
¢ € Cn(R, X)]

r € Der(R,X) iff
¢ € Cn(R, X U]

T € Structg, iff
(VI1 € SH)(VPpES)(Ve€EeH[(I,p)ET =
(he(ID), h(p)) € 1] .

Next,

(R, X) € SCply,iff
Structg, N Perm(R,X) S Der(R,X),
Zy = {¢p € Sp:i(p) € Z,},
zy ={¢ € 7z} : vfi(¢) = 8}

2 The Well-Known Theorems

It is well-known fact that on the ground of the

classical functional calculus with identity, the
following theorems are valid (see [2] and [8]):
THEOREM 1. Let a €S, and XSS, . Then,
B € Cn(R, ILuXuf{a}) = a-pecnR,L,u
X).

THEOREM 2. Let a, 3,6, 9,y € S; and

Q1r-r Q@ € {Aspsooes A Vi o ons Vi, &

Then the following formulas are valid on the ground of
the classical functional calculus with identity:

(IDA¢ - ¢

()~~¢ = ¢

V)@ = 8) = {(@=>P) > [¢ = (AP}

WM~ AY) = (¢~ ~Y)

(VDQ1...Qx (¢ = ) = (¢ = Q1... Qx¥),

if x1,...,%, € vfi(¢P)

(VIDA., (¢ = %) = (Va, ¢ = ¥),if 2 € vfi(h)
(VII) ~ Vy, ~¢p = ~~ N\ (@)

(IX)¢p = Vy, @

X)a = (B - (@anp))

XDa = (aVp)

XIDa = (B V a)

XI(a = ) = [a = (B V)]

XIV)(a = 8) = [a—= (BVI)].

THEOREM 3.Cn(R{, U {r]},L}) = L.

3 The Scope of the Structural Completeness
in the Class of all Over-Systems of the

Classical Functional Calculus with Identity
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Lemma 1. Let X € S;, Cn(Ry,, L5 UX) =17,
and(Va € Z)[a € Z3 V ~a € Z3)]. Then,
(VBo € SN[ Bo€Z3 V ~By € Z3].
Proof. At first, we assume that
X < 5,01
Cn(Rby Ly UX) = Z3,(2)
(Va € ZD[a € Z; V ~a € Z3],(3)
Bo € §'.(4)
From (2), by the definition of the set L12 , it follows
that
(Vty € TDINI(ty, t1) € Z3].(5)
At first, we consider the following cases:
(a)(Vv: Aty — |z D[R (i(Bo)) = 1]
or
(a,)(Vv: Aty — [T, D[V (i(By)) = 0]-
Hence, from (1) - (4), it follows that
Bo € Zzor ~Py € Z3.(6)
Next, we must consider the following cases:
(b)(3vy: Aty — [T N[R™ ((Bo)) = 1]
and
(b,)(Fvy: Aty — [Tz ) [R"2 (1(Bo)) = O].
In the cases (b;) and (b,), from (4) and (5), it
follows that
(c)(Vv: Aty — [M)[R"(i(x)) = 1
= h¥(i(Bo)) = 1]
or
(c2)@v: Aty — |, )[A¥ (i) = 1 &
h*(i(Bo)) = 0],
where
ag = NI(ty, t1).(7)
Of course, in (cp), from (1) - (5), one can obtain the

following cases:

(1)~(ag = Boy) € Z3

or
(1))ag = Bo € Z3.
In the case (£,), from (1), (2), one can obtain that
~PBo € Z3.(8)
In the case (/,), from (1), (2), (5) and (7), it follows
that

Bo € Z3.(9)

Now, we consider the case (c3). Hence, from (4), (5)
and (7), one can obtain that
(Vv: Aty — [T D[R (i(ao)) = 1=
h”(i(~Bo)) = 1]. (10)
From (1) - (5) and (10), it follows that we have the
following cases:
(L;)~(ap = ~Bo) € Z3
or
(1) ag = ~Bo € Zs.
In the case (/;), from (1), (2), it follows that
Bo € Z3.(11)
In the case (/,), from (1), (2), (5) and (7), it follows
that
~Bo € Z3.(12)
what completes the proof.
O
Lemma 2. Let a; €S/,X € S;,Cn(R),, L5 UX) =
75,5k € Zs, ty,t, €T
Then,
~a; & Z5&ay # ~I(ty,t,) = h®1(ay) € Zs.
Proof. Let
a; € S, (1)
X < 5,02)
Cn(Rps, Ly U X) = Z3.(3)
St € Z3, t,t; € T (4)
Suppose that

a[~a; & ZL&ay # ~1(ty,t;) =
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h®«1(a;) € Z3].(5)
Hence,
~ay & Z3,(6)
ap # ~1(ty, t2)(7)
hee1(ay) € Z3.(8)
From (6), it follows that
(Fv: Aty — M) [h°(i(ay)) = 11.09)
From (1), (7), one can obtain the following cases:

(1.1) ay = I(ty1,t3)

or
(12) @5 = P} (t1, o, ta)
or
(13) a, = "‘"P;:(tl, ...,tn)
or
(1.4) a1 = ¢1 V P,
or
(1.5) a3 = ¢1 A ¢
or
(1.6)a; = Q1 ---Qk(pl’
where
nk € N(10)
and

Q1 s Qe € {Asys s Ayps Vg o oor Vi J-(11)
In (1.1), from (3), (4), (7), (9) and by (I), one can
obtain that
h®«1(ay) € Z3.(12)
In (1.2) and in (1.3), from (3) and (9), by (I), it
follows that
h®«1(ay) € Z3.(13)
In (1.4) one can assume inductively that
(a,)h®e1(¢1) € Z3
or
(a,)h®1(¢;) € Z3.
From the properties of (I) and from THEOREM 2,
it follows that

héa1(¢p1V ¢2) = h1(p1) V h1(¢).(14)
Hence, from (3) and from (1.4), using THEOREM
2 (XI) and THEOREM 2 (XII), in (%) and in (&4,),
we obtain that
h«1(ay) € Z3.(15)
In (1.5) one can assume inductively that
hee1 () € Z3(16)
and
hé«1(¢,) € Z3.(17)
From the properties of (I) and from THEOREM 2,
it follows that
he«1(¢1 A ¢2) = he«1($1) A h®1(P,).(18)
From (I), (3) and from (1.5), using THEOREM 2
(X), (16) - (18), we get that
h«1(ay) € Z3.(19)
In (1.6) one can assume inductively that
he«1(¢1) € Z3.(20)
Hence, from (1), (3), (1.6) and using THEOREM 2
(IX), one can obtain that
h®«1(ay) € Z3.21)
Thus, in the cases (1.1) - (1.6), it follows that
he«1(ay) € Z3,(22)
what contradicts (8).
O
Lemma 3. Let ay,B; €S,X S S, Cn(Ry,, L5UuX) =
Z3,Z5 € S;,(Va € Z))[a € Z3 V ~a € Z3] and
(Ve € eD)[h®(ay) € Z3 = h®(By) € Z5].
Then,
Nay - B, € Zs.
Proof. At first we assume that
ay, B1 € Sp.(1)
X € 5,02)
Cn(RSy, Ly UX) = Z5,(3)
Z3 c S,(4)
(Va € ZD[a €Z; V ~a € Z3],(5)
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(Ve € eD[h®(ay) € Z3 = h®(By) € Z3].(6)
Suppose that
Nay = By & Z3.(7)
From (1) - (7), by the well-known THEOREM of
Replacement (see [2], pp. 192-194 and [1],
pp.128-132), one can obtain
ai, Bi € 5/.(8)
(Ve € eD[h*(ai) €25 = he(B}) € Z3] )
ANai — pi & Z3.(10)
From (3), (9) and (10), it follows that
Aai,af & Z3.(11)
From (3), by the definition of the set L}, one can
obtain that
(Vk € M)Vt € TDIAI(tk, i) € Z3].(12)
From (2) - (5), by Lemma 1, it follows that
(VBo € SNIBy €23 V ~By € Z3] .(13)
Next, we consider the following cases:
(a1) (3ty, t; € THINI(t1,t2) € Z3]
or
(az) (Vty,t2 € TH[AI(t1, t2) € Z3].
In (a;), from (13), it follows that
3ty 62 € TN~ NI(t1, t2) € Z3].(14)
By the definition of the set Z1, it follows that
(Vty, t, € T)(Vt, € T))(VS €S)
[A It tr) = (~ AI(ty, t5) = 6) € Z3].(15)
From (3), (5), (12), (14) and (15), it follows that
(VS € S)[6 €Z3 V ~b € Z3] .(16)
Hence, from (3) and (8), it follows that
(b) Nai = Bi € Z3
or

(b2)ai< S Z3.

Of course, (b, ) contradicts (10) and (b, ) contradicts
(11).
Thus, the case (aq) is excluded. In the case (a,), it

follows that

(Vtr, t; € TDINI(Ey, t2) € Z3].(17)
Hence,
St c 75.(18)
From (3) and (10), it follows that
~Nai & Z3.(19)
Hence, from (3), (5), (9), (10) and (11), it follows
that
Aai & Z3(20)
and
~NA\ai & Z5.(21)
Hence, by the definition of the setZ}, one can obtain
that
~ai & Z} (22)
From (22), by the definition of the set Z}, one can
obtain that
@v: Aty — |, D[R((a))) = 1].23)
From (1), (2), (3), (8), (18), (22) and (23), by Lemma 2,
one can obtain that
Vit ty €T)) [af = ~1(ty, t2) =
h'ei(ai) € Z3].24)
From (3) and (17), it follows that
(VBi € SVt t € T[ag = ~I(ty, t2) =
Aai = B € Z3].(25)
Hence, from (3), (8), (10), (17) and (24), it follows
that

h®i(a;}) € Z5.(26)
Hence, from (3) and (9), it follows that

hei (B7) € Z3.(27)
From (3) and (8), it follows that
(LB = I(t1, t2)

or

(LB = ~I(ty, t2)

or

(19) ,8{ = Pl?(tlﬂ ey tn)

or
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(1.10)Bf = ~Pl(ty, ..., t)

or
(L1IDB{ =1V ¢,
or
(112)B7 = g1 A ¢
or

(L14)B1 = Q1..Qx ¢,
where n,k € N and
Q1 s Qe € {Asys s Ay Vigy o oer Vi, J-(28)
In (1.7) and (1.8), from (27), by (I), one can obtain
that
Bi € Z3.(29)
Hence, from (3), it follows that
Aaj — Bi € Z3.(30)
In (1.9) and (1.10), from (3) and (27), by (I), one can
obtain that
Nai - Bf € Z3.(31)
In (1.11), from (I), (3) and (27), one can assume
inductively that
() Nai = ¢1 €Z3
or
() Nai = ¢, € Zs.
In (1.11) and (1), from (3), by THEOREM 2 (XIII),
one can obtain that
Nai = Bf € Z3.(32)
In (1.11) and (1), from (3), by THEOREM 2 (XIV),
one can obtain that
Nai - B € Z3.(33)
In (1.12), from (3) and (27), by (I), one can assume
inductively that
Nai = ¢ € Z3(34)
and
Nai - ¢, € Z3.(35)
Thus, in (1.12), from (3), (34), (35) and by
THEOREM 2 (IV), it follows that

Naj — Bf € Z3.(36)
In (1.14), from (3), (27), by (I), one can assume
inductively that
Nai = ¢ € Z3.(37)
Hence, in (1.14), from (3), (28), THEOREM 2 (VI)
and THEOREM 2 (IX), it follows that
Nai = Q1...Qr¢ € Z3.(38)
Hence, from (1.14), it follows that
Naj — Bf € Z3.(39)
In consequence, in (1.7)-(1.14), one can obtain the
contradiction with (10). This completes the proof. [
Lemma 4. Let Cn(R),, L, UX)=275,7;cS,.

Then, (Rp4, Ly U X) € SCpls, = (Va € Z))[a €
Zy V ~a€Zs)
Proof.Let
Cn(Rhy, Ly U X) = Z3,(1)
Z3 € 51,(2)
(Rj+, L5 U X) € SCpls,.(3)
Suppose that

Qa; € ZD)[a; € Z3& ~a; & Z3].(4)
Hence, let
Ay = {ay, ~a1}(5)
where
a; € Z,.(6)
At last, suppose that
(Ve € e))(Va; € A41)@a; € AD{[h®(~a; =
(~a » ~a;))) € Z3 = h*(~a) € Z3] =
he (~a;) € Z3}. (7
From (7) it follows that
(e, € e,{)(ﬂaj € Al)(Va'i € Al){[hel(~ai = (~q
- ~a;)) €Z3 > h°i(~a)
€ Z3] & ho(~q;) € Z3}.
®

Hence, from (5), it follows that
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(a)y = o
or
(a,) = ~aj.
In the case (a,), from (5) and (8), it follows that

there exists e, € &/ such that

(h1(~ay = (~ay > ~1y)) €Z3 = he(~ay)
€ Z3}& hé1(~ay) & Z3
©)
and
{r1(ay = (~ay > ay))€Z3 = het(~ay)
€ Z3}& h®1(ay) & Z3
(10)

From (1) and (9), it follows that
het (~ay) & Zs.(11)

From (1) and (10), it follows that
her(~ay) € Z3 (12)
what contradicts (11).
In the case (4a,), from (5) and (8), it follows that

there exists e, € &! such that

{hez (~a1 = (a; —» ~a1)) €EZ; > héz(ay)
€7Z3}& h%(~ay) & Z3
(13)
and
{hez (y =(qy > ay))€Z3 = he2(a,)
€Z3}& h®(ay) & Z3
(14)

From (1), (13), it follows that
he2(a,) € Z3.(15)
From (1), (14), it follows that
h2(a;) € Z3 (16)
what contradicts (15).
Thus,
(Ve € ei)(Vaj € A1)(3a; € 41)

{[ha (~ai = (~aq; > ~ai)) €Z3 = h°(~a)

€ Z3] = hé(~q;) € Z3}.

a7

Hence, from (5), we obtain the following cases:
Da=aq=aq
I a=q =~
) a; # aj&a; = ay
WV)a; # @ &a; = ~a;.
In the case 1), from (1), (5) and (17), it follows that

(ve € eD){[r(~a; = (~a; > ~a1)) € Z3
= h¢(~ay) € Z3] = hé(~ay)
€ Z3}
(18)
Hence,
(Ve € &) [h®(~ay) € Z3].(19)
From (1) and (19), it follows that
~aq € Z3 ,(20)
what, together with (6) and (17), contradicts (4).
In the case II), from (1), (5) and (17), it follows that
(Ve € s,{){[he(al = (ag —~ al)) €Z; = hé(ay)
€ Z3] = hé(ay) € Z3}
2D
From (21) one can obtain that
(Ve € &) [h®(ay) € Z5].(22)
Hence,
a, €73 .(23)
Thus, (23) together with (6) and (17), contradicts (4).
In the case III), from (1), (5) and (17), it follows that
(Ve € s,{){[he(~al = (ag — ~a1)) € Z3
= hé(ay) € Z3] = hé(~ap) € Z3}.
(24)
Hence, from (1), it follows that
(Ve € eD[h®(a)) € Z3 = h®(~ay) € Z3].(25)
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Let
r = {(h®(a;),h(~ay)): e € &l}.(26)
Hence, from (1) and (25), it follows that
r € Structs, N Perm(R),, L5 UX). (27)
Hence, from (1) and (3), it follows that
r € Der(R),, LLUX). (28)
From (1), (26) and (28), by THEOREM 1, it
follows that
(Ve € &) [h®(~a;) € Z5].(29)
From (29) it follows that
~aq € Z3,(30)
what, together with (6) and (17), contradicts (4).
In the case IV), from (1), (5) and (17), it follows that
(ve € e,{){[he(afl = (~a; - ay)) € Z3
=> hé(~ay) € Z3] = h(ay) € Z3}
(31
Hence, from (1), it follows that
(Ve € eD[h®(~ay) € Z3 > h®(ay) € Z3] .(32)
Let
r = {(h(~ay),h®(a;)): e € €!}.(33)
From (1), (32) and (33), it follows that
r € Structs, N Perm(R),, L5 U X) .(34)
From (1), (3) and (34), it follows that
r € Der(R},, L U X).(35)
Hence, from (1) and (33), by THEOREM 1, one can
obtain that
(Ve € &) [h®(ay) € Z5].(36)
From (36), we obtain that
a, € Z3,(37)
what, together with (6) and (17), contradicts (4). This
completes the proof.
O

Finally (see also [11] and [14]):
Theorem. Let X € S; and Cn(R),, L} U X) = Z5. Then,
(R4, Ly U X) € SCpls, &

(Va€eZDlaez; V ~aeZs]l.
Proof. By Lemma 3 and Lemma 4.

O

Remark. The notion of the structural rule in
propositional calculus was defined in [3] by J. Los and
R. Suszko.

In [4] W. A. Pogorzelski introduced the notion of the
structural completeness of the propositional calculus.
In [5] W. A. Pogorzelski and T. Prucnal introduced the
notion of the structural completeness of the predicate

calculus (see also [7] and [8], p. 103).
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