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1. Introduction 

In 1981 the notion of differential group and the 

notion of group differential structure (based on the 

notion of Sikorski's differential space – see [9]) was 

introduced and investigated by the second author in 

his PhD thesis [4]. Independently, in the same time, an 

analogous notions was investigated by P. 

Multarzyński in his PhD thesis (prepared in the 

Jagiellonian University in Krakov). Some results of 

this works have been published in [5], [6], [7], and [3] 

however most of them have never been presented in in 

the form of an article. Meanwhile, during last ten 

years, an interest in the theory of differential groups 

and groupoids appeared, concerned in applications of 

them in general relativity and cosmology (see 

references in [8]). This article is the first of the series 

of papers concerning differential groupoids and 

describing main results and many details of the theory 

of differential groups. 

Section 2 of the paper contains basic definitions 

concerning theory of groupoids and theory of 

differential spaces. Basic definition and facts 

concerning groupoids can be find in [10] and [11] 

whereas foundations of theory of differential spaces 
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can be find in [9]. In Section 3 we give the definition 

of a differential groupoid which is illustrated by an 

elementary example. Section 4 contains two another 

examples of topological and differential groupoids. 

Without any other explanation we use the following 

symbols: Գ-the set of natural numbers; Ժ-the set of 

integers; Թ-the set of reals. 

2. Preliminaries 

Definition 1. The sequence ሺܩ, ܺ, ,ߙ ,ߚ ݉, ,ߝ ߬ሻ  is 

called a groupoid ܩ over the base ܺ if ܩ and ܺ are 

arbitrary nonempty sets and: (i) the map ߙ: ܩ ՜ ܺ 

called a target and the map  ߚ: ܩ ՜ ܺ called a source 

are surjections; (ii) the map ݉: ሺଶሻܩ ՜   where ,ܩ

ሺଶሻܩ ؔ ሼሺ݃, ݄ሻ א ܩ ൈ :ܩ ሺ݃ሻߚ ൌ  ,ሺ݄ሻሽߙ

called a multiplication satisfies the following 

conditions: 

• ሺ݄݃ሻ݇ ൌ ݃ሺ݄݇ሻ - associativity, 

ሺ݄݃ሻߙ • ൌ ሺ݄݃ሻߚ ሺ݃ሻ andߙ ൌ  ሺ݄ሻߚ

for each ݃, ݄, ݇ א ,instead of ݉ሺ݃) ܩ ݄ሻ we write ݄݃); 

(iii) the embedding ߝ: ܺ ՜ ܩ  called the identity 

section is such that: 

ሺ݃ሻ൯݃ߙ൫ߝ ൌ ݃ ൌ  ,ሺ݃ሻ൯ߚ൫ߝ݃

ሻ൯ݔሺߝ൫ߙ ൌ ݔ ൌ  ሻ൯ݔሺߝ൫ߚ

for each ݃ א ݔ and ܩ א ܺ; 

(iv) the map ߬: ܩ ՜ ܩ  (denote by  ݃ିଵ ൌ ߬ሺ݃ሻ ) 

called the inverce map is such that 

D 
DAVID PUBLISHING 



Differential Groupoids 

 

40

݃߬ሺ݃ሻ ൌ ሺ݃ሻ൯ and ߬ሺ݃ሻ݃ߙ൫ߝ ൌ  ሺ݃ሻ൯ߚ൫ߝ

for each ݃ א  .ܩ

For the definition, basic properties and applications 

of groupoids see [10] or [11].  

Definition 2. A subgroupoid of the groupoid 

ሺܩ, ܺ, ,ߙ ,ߚ ݉, ,ߝ ߬ሻ is a sequence 

൫ܪ, ,ሻܪሺߙ ,ு|ߙ ,ு|ߚ ݉|ுሺమሻ, ,ఈሺுሻߝ ߬|ு൯ , where ܪ is 

nonempty subset of ܩ which is closed under the 

multiplication and the inverse i. e. (i) if ݃, ݄ א  and ܪ

ሺ݃, ݄ሻ א ሺଶሻܩ , then ݄݃ א ܪ ; (ii) if ݄ א ܪ , then 

݄ିଵ א  .ܪ

Definition 3. The groupoid ሺܩ, ܺ, ,ߙ ,ߚ ݉, ,ߝ ߬ሻ 

over the set ܺ is called a topological groupoid, if ܩ 

and ܺ  are topological spaces, ܺ  is a Hausdorff 

space and the mappings ߙ, ,ߚ ݉, ߝ  and ߬ are 

continuous. Then ߬ is a homeomorphism. 

We recall now the definition of a (Sikorski’s) 

differential space. Let  ܯ be a nonempty set and let ࣝ 

be a family of real valued functions on ܯ. Denote by 

߬ࣝ the weakest topology on ܯ with respect to which 

all functions of ࣝ are continuous. A subbase of the 

topology ߬ࣝ consists of sets of the form 

ሼ݌: ݂ሺ݌ሻ ൏ ܽሽ and ሼ݌: ݂ሺ݌ሻ ൐ ܽሽ, 

where ܽ א Թ  and ݂ א ࣝ . A function ݂:ܯ ՜ Թ  is 

called a local ࣝ-function on ܯ if for every ݉ א  ܯ

there is a neighborhood ܸ  of ݉  and ߙ א ࣝ such 

that |݂௏ ൌ  ܯ ௏. The set of all local ࣝ-functions on|ߙ

is denoted by ࣝெ. Note that any function ݂ א ࣝெ is 

continuous with respect to the topology  ߬ࣝ . Then 

߬ࣝಾ
ൌ ߬ࣝ (see [1], [2]). 

A function ݂:ܯ ՜ Թ is called ࣝ -smooth function 

on ܯ  if there exist ݊ א Գ, ߱ א ሺԹ௡ሻ∞ܥ  and 

௡ߙ,ڮ,ଵߙ א ࣝ such that  

݂ ൌ ߱ ל ൫ߙଵ,ߙ,ڮ௡൯. 

The set of all ࣝ - smooth functions on ܯ   is 

denoted by ࣝܿݏ . Since  ࣝ ؿ  and any  ࣝܿݏ

superposition ߱ ל ൫ߙଵ,ߙ,ڮ௡൯  is continuous with 

respect to ߬ࣝ we obtain ߬௦௖ࣝ ൌ ߬ࣝ  (see [1], [2]). 

Definition 4. A set ࣝ of real functions on ܯ is 

said to be a (Sikorski’s) differential structure if: (i) ࣝ 

is closed with respect to localization i.e. ࣝ=ࣝெ; (ii) ࣝ 

is closed with respect to superposition with smooth 

functions i.e. ࣝ ൌ   .ࣝܿݏ

In this case a pair ሺܯ, ࣝሻ is said to be a (Sikorski’s) 

differential space (see [9]). Any element of ࣝ  is 

called a smooth function on ܯ (with respect to ࣝ).  

It is easy to prove that the intersection of any family 

of differential structures defined on a set ܯ ്  is a ׎

differential structure on ܯ (see [1], [2], Proposition 

2.1). 

Let ࣠ be a set of real functions on ܯ. Then the 

intersection ࣝ  of all differential structures on ܯ 

containing ࣠ is a differential structure on ܯ. It is the 

smallest differential structure on ܯ containing ࣠. One 

can easy prove that ࣝ ൌ  ሺsc࣠ሻM. This structure is 

called the differential structure generated by ࣠ and is 

denoted by ݃݁݊ሺ࣠ሻ . Functions of ࣠ are called 

generators of the differential structure ࣝ. We have 

also ߬ሺ௦௖࣠ሻಾ
=߬௦௖࣠ ൌ ߬࣠. 

Let ሺܯ, ࣝሻ and ሺܰ, ࣞሻ be differential spaces. A 

map ܨ: ܯ ՜ ܰ is said to be smooth if for any ߚ א

ࣞ the superposition ߚ ל ܨ א ࣝ . We will denote the 

fact that ࣠ is smooth writing  

:ܨ ሺܯ, ࣝሻ ՜ ሺܰ, ࣞሻ. 

If ܨ: ሺܯ, ࣝሻ ՜ ሺܰ, ࣞሻ  is a bijection and 

:ଵିܨ ሺܰ, ࣞሻ ՜ ሺܯ, ࣝሻ then ܨ is called a 

diffeomorphism. 

If ܣ  is a nonempty subset of ܯ  and ࣝ is a 

differential structure on ܯ  then ஺ࣝ  denotes the 

differential structure on ܣ generated by the family of 

restrictions ൛ߙ|஺: ߙ א ࣝൟ.  The differential space 

ሺܣ, ஺ࣝሻ  is called a differential subspace of ሺܯ, ࣝሻ. 

One can easy prove that if ሺܯ, ࣝሻ and ሺܰ, ࣞሻ are 

differential spaces and ܨ: ܯ ՜ ܰ  then  

:ܨ ሺܯ, ࣝሻ ՜ ሺܰ, ࣞሻ iff ܨ: ሺܯ, ࣝሻ ՜ ሺܨሺܯሻ,  .ሻࣞሻܯሺܨ

If the map ܨ: ሺܯ, ࣝሻ ՜ ሺܨሺܯሻ, ሻࣞሻܯሺܨ  is a 

diffeomorphism then we say that ܨ: ܯ ՜ ܰ  is a 

diffeomorphism onto its range (in ሺܰ, ࣞሻ ). In 

particular the natural embedding  

ܣ ד ݉ հ ݅ሺ݉ሻ ؔ ݉ א   ܯ
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is a diffeomorphism of ሺܣ, ࣝ஺ሻ onto its range in 

ሺܯ, ࣝሻ. 

If ሼሺܯ௜, ࣝ௜ሻሽ௜אூ  is an arbitrary family of 

differential spaces then we consider the Cartesian 

product  

ෑ ௜ܯ

௜אூ

 

as a differential space with the differential structure 

෡۪
௜אூ

ࣝ௜ 

generated by the family of functions 

࣠ ൌ׷ ሼߙ௜ ל :௜ݎ݌ ݅ א ,ܫ ௜ߙ א ࣝ௜ሽ, 

where  

ෑ ௜ܯ ד ሺ݉௜ሻ հ ௝൫ሺ݉௜ሻ൯ݎ݌ ؕ ௝݉ א ௝ܯ

௜אூ

 

for any ݆ א  The topology .ܫ

߬ ෡۪
௜אூ

ࣝ௜ 

coincides with the standard product topology on 

ෑ .௜ܯ
௜אூ

 

We will denote the differential structure 

෡۪
௜אூ

ࣝ∞ሺԹሻ 

on Թூ by ࣝ∞ሺԹூሻ . In the case when ܫ  is an 

݊-element finite set the differential structure ࣝ∞ሺԹூሻ  

coincides with the ordinary differential structure 

ࣝ∞ሺԹ௡ሻ of all real-valued functions on Թ௡ which 

posses partial derivatives of any order (see [9]). In any 

case a function ߙ: Թூ ՜ Թ is an element of 

ࣝ∞ሺԹூሻ iff for any ܽ ൌ ሺܽ௜ሻ א Թூ  there are ݊ א Գ, 

elements ݅ଵ, ݅ଶ, ڮ , ݅௡ א  a set ܷ open in Թ௡and a ,ܫ

function ߱ א ࣝ∞ሺԹ௡ሻ such that  

ܽ א ܷሾ݅ଵ, ݅ଶ, ڮ , ݅௡ሿ

ൌ׷ ൛ሺݔ௜ሻ א Թூ: ൫ݔ௜భ
, ௜భݔ

, ڮ , ௜೙ݔ
൯

א ܷൟ  

and for any ݔ ൌ ሺݔ௜ሻ א ܷሾ݅ଵ, ݅ଶ, ڮ , ݅௡ሿ  we have 

ሻݔሺߙ ൌ ߱൫ݔ௜భ
, ௜భݔ

, ڮ , ௜೙ݔ
൯. 

Let ࣠ be a family of generators of a differential 

structure ࣝ on a set ܯ. The generator embedding of 

the differential space ሺܯ, ࣝሻ into the Cartesian space 

defined by ࣠ is a mapping  

߶࣠: ሺܯ, ࣝሻ ՜ ቀԹ࣠,  ሺԹ࣠ሻቁ∞ܥ

given by the formula 

߶࣠ሺ݉ሻ ൌ ൫ߙሺ݉ሻ൯
ఈ࣠א

 

(for example if ࣠ ൌ ሼߙଵ, ,ଶߙ ଷሽߙ  then ߶࣠ሺ݉ሻ ൌ

൫ߙଵሺ݉ሻ, ,ଶሺ݉ሻߙ ଷሺ݉ሻ൯ߙ א Թଷ ؆ Թ࣠). If ࣠ separates 

points of ܯ  the generator embedding is a 

diffeomorphism onto its image. On that image we 

consider a differential structure of a subspace of 

ቀԹ࣠,  .ሺԹ࣠ሻቁ (see [2], Proposition 2.3)∞ܥ

3. Basic Properties of Differential Groupoids 

Definition 5. Let ሺܩ, ܺ, ,ߙ ,ߚ ݉, ,ߝ ߬ሻ  be a groupoid. 

A differential structure ࣝ on ܩ is called a groupoid 

differential structure, if the following conditions are 

satisfied: (i) the multiplication map ݉: ሺଶሻܩ ՜ ܩ  is 

smooth with respect to the differential structure of the 

differential subspace on ܩሺଶሻ ؿ ܩ ൈ  the inverse (ii) ;ܩ

map ߬: ܩ ՜ ܩ  and the mappings ߝ ל :ߙ ܩ ՜ ܩ  and 

߳ ל :ߚ ܩ ՜   ..are smooth ܩ

A groupoid ܩ equipped with a groupoid differential 

structure ࣝ is called a differential groupoid. 
On ܩ ൈ ܩ  we consider natural differential 

structure of the Cartesian product which we denote by 

ࣝ ෡۪ ࣝ.  

Example 1. Let ሺܺ, ࣞሻ be a differential space. Then 

the groupoid of pairs (ܩ ൌ ܺ ൈ ܺ – see [11]) with the 

differential structure ࣝؔࣞ ෡۪ ࣞ is a differential 

groupoid. 

Let ࣝ be a groupoid differential structure on a 

groupoid ሺܩ, ܺ, ,ߙ ,ߚ ݉, ,ߝ ߬ሻ. We know that ߝሺܺሻ ؿ  .ܩ

On the set ߝሺܺሻ  there exists the structure of 

differential subspace of ܩ, i. e. ࣝఌሺ௑ሻ. Then we will 
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consider ܺ  as a support of the differential space 

ሺܺ, ࣞሻ , where the differential structure ࣞ ൌ

൛݂ ל :ߝ ݂ א ࣝఌሺ௑ሻൟ  is said to be induced from the 

differential structure ࣝఌሺ௑ሻ (or ࣝ) by the map ߝ. One 

can easy show that the identity section  ߝ, the target 

map ߙ  and the source map ߚ are smooth with respect 

to ࣞ i. e. ߝ: ሺܺ, ࣞሻ ՜ ሺܩ, ࣝሻ  and ߙ, :ߚ ሺܩ, ࣝሻ ՜

ሺܺ, ࣞሻ. 

Let ܪ  be a subgroupoid of a groupoid ܩ   

endowed with a groupoid differential structure ࣝ.    

It is easy to show that the set ࣝு  is a groupoid 

differential structure on ܪ . Then the pair ሺܪ, ࣝுሻ    

is called a differential subgroupoid of the   

differential groupoid ሺܩ, ࣝሻ. We will write shortly then 

ܪ  is a differential subgroupoid of a differential 

groupoid ܩ. 

4. Examples of Topological and Differential 
Groupoids 

Example 2. Let ܩ be a set of all diffemorphisms 

between compact subsets of Թ௡ . For arbitrary 

element ݃  of the set ܩ we have: 

݃: ൫ܭଵ, ࣝ∞ሺԹ௡ሻ௄భ
൯ ՜ ൫ܭଶ, ࣝ∞ሺԹ௡ሻ௄మ

൯ , where ܭଵ i 

:݃ ଶ are compact subsets in Թ௡ or shortlyܭ ଵܭ ՜  .ଶܭ

We denote by ܺ௡  the family of all non-empty 

compact subsets in Թ௡ . Let the value of the 

:ߙ ܩ ՜ ܺ௡ at the element ݃ א ܩ  be the image of   

the map ݃: ଵܭ ՜ ሺ݃ሻߙ .ଶ, i. eܭ ൌ   ଶ, and the valueܭ

of the map :ߚ  ܩ ՜ ܺ௡ at ݃ be the domain of the 

diffeomorphism ݃ , i. e. ߚሺ݃ሻ ൌ ଵܭ . The value of  

the embedding ߝ: ܺ௡ ՜  for each compact set ܩ

ܭ א ܺ௡ is the identity map i. e. ሻܭሺߝ ൌ ݅݀௄ . The   

value of the map ߬: ܩ ՜ ݃ at ܩ א  is equal to the ܩ

inverse map i. e. ߬ሺ݃ሻ ൌ ݃ିଵ . As before we 

put ሺଶሻܩ  ൌ ሼሺ݃ଵ, ݃ଶሻ א :ଶܩ ሺ݃ଵሻߚ ൌ ሺ݃ଶሻሽߙ . The 

multiplication ݉: ሺଶሻܩ  ՜  :is defined by equation ܩ

݉ሺ݃ଵ, ݃ଶሻ ൌ ݃ଵ ל ݃ଶ, where ל is an ordinary mappings 

composition. Then the sequence 

ሺܩ, ܺ௡, ,ߙ ,ߚ ݉, ,ߝ ߬ሻ is a groupoid.  

Let for any two compact sets ܭଵ, ଶܭ א ܺ௡ and any 

two diffeomorphisms ݃ଵ, ݃ଶ א   ܩ

݀௡ሺܭଵ, ଶሻܭ ൌ sup
௫א௄భ

൬ inf
௬א௄మ

ԡݔ െ ԡ൰ݕ

ൌ sup
௬א௄మ

൬ inf
௫א௄భ

ԡݔ െ  ԡ൰ݕ

and 

ሚ݀
௡ሺ݃ଵ, ݃ଶሻ ൌ ݀ଶ௡ሺ݂݃ܽݎ ݃ଵ,  .ଶሻ݃ ݂ܽݎ݃

Then ݀௡  and ሚ݀
௡  are metrics on ܺ௡  and ܩ , 

respectively. Mappings ߙ, ,ߚ ݉,  and ߬ are ߝ

continuous with respect to the topology ߬ௗ೙
and 

߬ௗ෨೙
 given by metrics ݀௡ and ሚ݀

௡ respectively. Hence 

ሺܩ, ܺ௡, ,ߙ ,ߚ ݉, ,ߝ ߬ሻ  is a topological groupoid. We 

will denote this groupoid by ܵܥܦሺԹ௡ሻ. 

Example 3. Let ܩ be such as in Example 2 and let 

଴ܩ ؿ ܩ  contains all diffeomorphisms ݃ א ܩ  for 

which the domain ܦ௚ is the cloasure of its interior i.e. 

௚ܦ ൌ ݈ܿ ቀ݅݊ݐ൫ܦ௚൯ቁ. 

Let us consider the set 

෨ܩ ൌ ൛ሺ݃, ܽሻ א ଴ܩ ൈ Թ௡: ܽ א  ,௚ൟܦ

where ݊ א Գ is constant. 

As the base of the groupoid 

ܩ ൌ ൫ܩ෨, ܺ, ,ߙ ,ߚ ݉, ,ߝ ߬൯ we take the set ܺ composed 

of all pairs ሺܭ, ܽሻ, where ܭ is a compact subset of 

Թ௡ and ܽ א  .ܭ

The source and target maps are defined in the 

following way: 

,ሺ݃ߙ ܽሻ ൌ ቀܴ௚, ݃ሺܽሻቁ oraz ߚሺ݃, ܽሻ ൌ ൫ܦ௚, ܽ൯, 

where ܦ௚ is the domain and ܴ௚ is the image of the 

diffeomorphism ݃. 

Groupoid action ݉ on pairs ሺ݃, ܽሻ and ሺ݄, ܾሻ is 

done, if ܦ௛ ൌ ܴ௚  and ܾ ൌ ݃ሺܽሻ . Then 

݉൫ሺ݄, ܾሻ, ሺ݃, ܽሻ൯ ൌ ሺ݄ ל ݃, ܽሻ. The identity secion ߝ 

we define by: 

 ߝሺܭ, ܽሻ ൌ ሺ݅݀௄, ܽሻ for any ሺܭ, ܽሻ א ܺ  and the 

inverse map ߬ has the value 

 ߬ሺ݃, ܽሻ  ൌ  ൫݃ିଵ, ݃ሺܽሻ൯ for any ሺ݃, ܽሻ א  ෨. Onܩ

the set ܩ෨ we consider the family of 

 functions ࣠ ൌ ଵ࣠ ׫ ࣠ଶ ׫ ࣠ଷ , where ଵ࣠  is a 
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family of functions of the form 

 ఎ݂ሺ݃, ܽሻ ൌ ൫݃ሺܽሻ൯ߟ  for ሺ݃, ܽሻ א ෨ܩ  and 

ߟ א  ,ሺԹ௡ሻ∞ܥ

࣠ଶ  is a family of functions ߜ௜ , where for any 

multiindex ݅ א ሺԳ ׫ ሼ0ሽሻ௡we have 

,௜ሺ݃ߜ ܽሻ ൌ
డ|೔|௚

డ௫೔ ሺܽሻ for ሺ݃, ܽሻ א  ෨ܩ

(all partial derivatives exists because ܦ௚ ൌ

݈ܿ ቀ݅݊ݐ൫ܦ௚൯ቁ) and ࣠ଷ is a family of 

functions ݌ఎ  defined by 

,ఎ  ሺ݃݌ ܽሻ ൌ ,ሺܽሻ for ሺ݃ߟ ܽሻ א  ,෨ܩ

where ߟ א  .ሺԹ௡ሻ∞ܥ

The family of functions ࣠ generates the differential 

structure ࣝ on ܩ෨ (ࣝ ൌ ݃݁݊ ࣠). 

We will prove that ࣝ is a groupoid differential 

structure on ܩ෨. For it is enough to show that each 

compositions of functions from families ଵ࣠, ࣠ଶ and 

࣠ଷ  with mappings ݉, ߬, ߝ ל ߝ and ߙ ל ߚ  are  

smooth. 

Let us take an arbitrary function ఎ݂ א ଵ࣠. Then we 

have 

ఎ݂ ቀ݉൫ሺ݄, ܾሻ, ሺ݃, ܽሻ൯ቁ ൌ ఎ݂ሺ݄ ל ݃, ܽሻ

ൌ ൫ሺ݄ߟ ל ݃ሻሺܽሻ൯ ൌ ߟ ቀ݄൫݃ሺܽሻ൯ቁ

ൌ ൫݄ሺܾሻ൯ߟ ൌ ఎ݂ሺ݄, ܾሻ 

which means that ൫ ఎ݂ ל ݉൯ሺߦ, ሻߪ ൌ ఎ݂ሺߦሻ  for 

all ሺߦ, ሻߪ א ෨ଶ. Hence ఎ݂ܩ ל ݉ is an element of the 

differential structure ࣝ ෡۪ ࣝ  on the space ܩ෨ଶ . We 

have also 

ఎ݂൫߬ሺ݃, ܽሻ൯ ൌ ఎ݂൫݃ିଵ, ݃ሺܽሻ൯ ൌ ߟ ቀ݃ିଵ൫݃ሺܽሻ൯ቁ

ൌ ሺܽሻߟ ൌ ,ఎሺ݃݌ ܽሻ 

for each element ሺ݃, ܽሻ א ෨ܩ  which means that ఎ݂ ל
߬ ൌ ఎ݌ א ࣠ଷ ؿ ࣝ. 

Subsequently, for each element ሺ݃, ܽሻ א  ෨ܩ

ఎ݂൫ሺߝ ל ,ሻሺ݃ߙ ܽሻ൯ ൌ ఎ݂ ቀߝ൫ߙሺ݃, ܽሻ൯ቁ ൌ

ఎ݂ ൬ߝ ቀܴ௚, ݃ሺܽሻቁ൰ ൌ ఎ݂ ൬݅݀ோ೒
, ݃ሺܽሻ൰ ൌ

ߟ ൬݅݀ோ೒
൫݃ሺܽሻ൯൰ ൌ ൫݃ሺܽሻ൯ߟ ൌ ఎ݂ሺ݃, ܽሻ. 

Then ఎ݂ ל ሺߝ ל ሻߙ ൌ ఎ݂ א ଵ࣠ ؿ ࣝ . Similarly, for 

each element ሺ݃, ܽሻ א  ෨ܩ

ఎ݂൫ሺߝ ל ,ሻሺ݃ߚ ܽሻ൯ ൌ ఎ݂ ቀߝ൫ߚሺ݃, ܽሻ൯ቁ ൌ ఎ݂ ቀߝ൫ܦ௚, ܽ൯ቁ

ൌ ఎ݂ ቀ݅݀஽೒
, ܽቁ ൌ ߟ ൬݅݀஽೒

ሺܽሻ൰

ൌ ሺܽሻߟ ൌ ,ఎሺ݃݌ ܽሻ 

which means that 

ఎ݂ ל ሺߝ ל ሻߚ ൌ ఎ݌ א ࣠ଷ ؿ ࣝ. 

Now we can make similar considerations for an 

arbitrary function 

 

௜ߜ ቀ݉൫ሺ݄, ܾሻ, ሺ݃, ܽሻ൯ቁ ൌ ௜ሺ݄ߜ ל ݃, ܽሻ ൌ 

ൌ
߲|௜|

௜ݔ߲ ሺ݄ ל ݃ሻሺܽሻ ൌ 

ൌ ෍ ௝ܿ,௦భ,ڮ,௦೙

௞భڮ௞೙

ଵஸ|௝|ஸ|௜|
|௞భ|ାڮା|௞೙|ୀ|௝|
|௦భ|ାڮା|௦೙|ୀ|௜|

߲|௝|

௝ݕ߲ ቀ݄൫݃ሺܽሻ൯ቁ ቌ
߲|௦భ|

௦భݔ߲
݃ሺܽሻቍ

௞భ

ڮ ቌ
߲|௦೙|

௦೙ݔ߲
݃ሺܽሻቍ

௞೙
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ൌ ෍ ௝ܿ,௦భ,ڮ,௦೙

௞భڮ௞೙

ଵஸ|௝|ஸ|௜|
|௞భ|ାڮା|௞೙|ୀ|௝|
|௦భ|ାڮା|௦೙|ୀ|௜|

,௝ሺ݄ߜ ܾሻߜ௦భ

௞భሺ݃, ܽሻ ڮ ௦೙ߜ

௞೙ሺ݃, ܽሻ 

 

where ௝ܿ,௦భ,ڮ,௦೙

௞భڮ௞೙ א Ժ . Then ߜ௜ ל ݉ is a polynomial 

function of several variables composed with elements 

of ࣠ଶ and because of that it is an element of ࣝ. 

Let us consider the superposition ߜ௜ ל ߬. We have 

,௜൫߬ሺ݃ߜ ܽሻ൯ ൌ ,௜൫݃ିଵߜ ݃ሺܽሻ൯ ൌ 

ൌ
డ|೔|

డ௫೔ ݃ିଵ൫݃ሺܽሻ൯. 

It is know from the course of calculus that the 

derivative 
డ|೔|

డ௫೔ ݃ିଵሺܾሻ is a rational function of partial 

derivatives of the map ݃ taken at the point ݃ିଵሺܾሻ. 

Then 
డ|೔|

డ௫೔ ሺ݃ିଵሻ൫݃ሺܽሻ൯ is a rational function of partial 

derivatives of the map ݃ taken at the point ܽ (which 

are elements of ࣠ଶ). Hence it belongs to ࣝ. 

Subsequently we consider the superposition 

ߝ௜ሺሺߜ ל  .ሻሻߙ

ߝ௜൫ሺߜ ל ,ሻሺ݃ߙ ܽሻ൯ ൌ ௜ߜ ቀߝ൫ߙሺ݃, ܽሻ൯ቁ

ൌ ௜ߜ ൬ߝ ቀܴ௚, ݃ሺܽሻቁ൰

ൌ ௜ߜ ൬݅݀ோ೒
, ݃ሺܽሻ൰ ൌ

߲|௜|

௜ݔ߲ ݅݀ோ೒
൫݃ሺܽሻ൯

ൌ
߲|௜|

௜ݔ߲ ݃ሺܽሻ ൌ ,௜ሺ݃ߜ ܽሻ 

for each element ሺ݃, ܽሻ א ௜ߜ ෨. Thenܩ ל ሺߝ ל ሻߙ ൌ ௜ߜ א
࣠ଶ ؿ ࣝ. Similarly 

ߝ௜൫ሺߜ ל ,ሻሺ݃ߚ ܽሻ൯ ൌ ௜ߜ ቀߝ൫ߚሺ݃, ܽሻ൯ቁ ൌ

௜ߜ ቀߝ൫ܦ௚, ܽ൯ቁ ൌ ௜ߜ ቀ݅݀஽೒
, ܽቁ ൌ

డ|೔|

డ௫೔ ݅݀஽೒
ሺܽሻ ൌ

 .(or 1 0) ݐ݊ܽݐݏ݊݋ܿ

Since ߜ௜ሺሺߝ ל  ሻሻ is a constant function it belongsߚ

to ࣝ. 

Let’s take any function ݌ఎ א ࣠ଷ. Then we have 

ఎ݌  ቀ݉൫ሺ݄, ܾሻ, ሺ݃, ܽሻ൯ቁ ൌ ఎሺ݄݌  ל ݃, ܽሻ ൌ ሺܽሻߟ ൌ

,ఎሺ݃݌  ܽሻ. 

Then ൫݌ఎ ל ݉൯ሺߦ, ሻߪ ൌ ,ߦሻ for all ሺߦఎሺ݌ ሻߪ א  .෨ሺଶሻܩ

It means that the superposition ݌ఎ ל ݉ is a element of 

the differential structure ࣝ ෡۪ ࣝ on the space ܩ෨ሺଶሻ. 

We have 

,ఎ൫߬ሺ݃݌ ܽሻ൯ ൌ ,ఎ൫݃ିଵ݌ ݃ሺܽሻ൯ ൌ ൫݃ሺܽሻ൯ߟ ൌ ఎ݂ሺ݃, ܽሻ 

for each element ሺ݃, ܽሻ א ෨ܩ . Hence ݌ఎ ל ߬ ൌ ఎ݂ א

ଵ࣠ ؿ ࣝ. Since 

ߝఎ൫ሺ݌ ל ,ሻሺ݃ߙ ܽሻ൯ ൌ ఎ݌ ቀߝ൫ߙሺ݃, ܽሻ൯ቁ

ൌ ఎ݌ ൬ߝ ቀܴ௚, ݃ሺܽሻቁ൰

ൌ ఎ݌ ൬݅݀ோ೒
, ݃ሺܽሻ൰ ൌ ൫݃ሺܽሻ൯ߟ

ൌ ఎ݂ሺ݃, ܽሻ 

for each element  ሺ݃, ܽሻ א ෨ܩ  we obtain that 

ఎ݌ ל ሺߝ ל ሻߙ ൌ ఎ݂ א ଵ࣠ ؿ ࣝ. Similarly 

ߝఎ൫ሺ݌ ל ,ሻሺ݃ߚ ܽሻ൯ ൌ ఎ݌ ቀߝ൫ߚሺ݃, ܽሻ൯ቁ

ൌ ఎ݌ ቀߝ൫ܦ௚, ܽ൯ቁ ൌ ఎ݌ ቀ݅݀஽೒
, ܽቁ

ൌ ሺܽሻߟ ൌ ,ఎሺ݃݌ ܽሻ 

for each element ሺ݃, ܽሻ א ఎ݌ ෨. It means thatܩ ל ሺߝ ל
ሻߚ ൌ ఎ݌ א ࣠ଷ ؿ ࣝ. 

Finally we see that ࣝ is a groupoid differential 

structure on ܩ෨ i. e. ሺܩ, ࣝሻ is a differential groupoid. 
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